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Introduction

In this article we extend the study of ‘plumbing’ initiated in [10] to the case of
fibred even-dimensional knots. Plumbing is a geometric operation on the fibre-surfaces
of two fibred knots of the same dimension that produces another such knot.

All knots obtained in this way are ‘free’ (i.e. simple in a strong sense) (cf. § 1) and
non-spherical knots occur. We classify these fibred free even-dimensional knots
algebraically by means of equivalence classes of triples of matrices (cf. §2). This
classification is due to Kojima[7] in the case of spherical knots but some of our proofs
differ from [7].

As a result of the classification, we show that there are exactly 4 types of nontrivial
knots of smallest possible rank.

In §3 we define the concept of plumbing for even-dimensional knots, characterize
the triples of matrices associated with knots obtained by plumbing (Theorem 3-4) and
show that there exist infinitely many free fibred knots that are NOT obtained by this
process (Theorem 3-6).

Spinning an odd-dimensional simple fibred knot K produces an even-dimensional
free fibred knot o/(K) (cf. §4). We compute the matrix triple associated to such a spun
knot and recover in this context a result of C. Kearton [4]. In particular we show that
if K is obtained by plumbing, so is the spun knot o(K).

1. Definitions

All manifolds considered are differentiable; ¢ will always denote an integer > 4.

A (2g)-dimensional knot is a closed oriented submanifold K of dimension 2¢ of the
oriented (2¢ + 2)-dimensional sphere S2+2 such that K is (¢ — 2)-connected.

The knot K is called spherical if K is homeomorphic to S,

K is a free knot if m(S%+2\K) x~ m,(S*) for i < ¢—1 and n,(S%+2\K) is a torsion-free
abelian group. '

It is well known that every (2¢)-dimensional knot K bounds a Seifert surface V, i.e.
a (2 + 1)-dimensional oriented submanifold of S22+2, The normal bundle to V in §2¢+2
is trivial and there are two maps ¢, (resp.i_): ¥V — §22+2\V obtained by pushing points
of V in the positive (resp. negative) direction of this bundle.

A free Seifert surface V for K is a (¢—1)-connected Seifert surface such that
m,(V) ~ H(V) is a free abelian group.

Lemma 1-1. K is a free knot if and only if K admits a free Seifert surface.
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118 Danier LINES

Proof. Let K be a free knot and V be a Seifert surface for K. By ([8], theorem 2) we
may suppose that ¥V is (¢ — 1)-connected; ([8], lemma 3) implies that

iv: H(V)~ Hy(S8%+2\7)

are injective. ([5], p. 246) shows that under these circumstances the torsion subgroups
of m,(8%+2\K) and H,(8%+2\V) are isomorphic, hence V is (¢ — 1)-connected and H,(V)
is free abelian.

Conversely, suppose that K admits a free Seifert surface V. Let X be the infinite
cyclic cover of K and set ¥ = S%+2\V, The standard construction of X from copies of ¥
implies that 7,(8%¢+2\K) is isomorphic to ,(S?) for s < ¢~ 1 (cf. [6], § 2). By Alexander
duality and universal coefficients H(Y) is a free abelian group; the kernels of
t+: H(V)— H(Y) are therefore generated by indivisible elements. Applying ([8],
lemma 3) to these elements, one gets a new free Seifert surface V' for K such that
iy Hy(V') - H,(8%+%\V’) are both injective. The argument of ([5], p. 246) shows again
that m (8%2+%\K) is torsion-free.

Let Tk be the tubular neighbourhood of K; Tk is a trivial disc bundle over K.

Definition. K is fibred if there is a trivialization ®: TJ; — K xD? such that
pry0 ®@: 0T, - S' extends to a locally trivial fibration of §2¢+2\T' . over 8. The inverse
image of a point is (after collaring) a Seifert surface for K called the fibre-surface.

Note that if K is a free fibred knot and F is the fibre-surface, F is necessarily a free
Seifert surface for K since F has the homotopy type of the infinite cyclic cover X of K.

Using Lefschetz duality and universal coefficients one easily proves the following:

Lemma 1-2. If K i3 a (2q)-dimensional knot bounding a free Seifert surface V, then:

(i) B(R)=0for0<k<q—2andq+2< k<2,

(i) B(V)=HB¥V)=0fork<g—1landk >q+2.

H, (V) and H¥V) are free abelian for k= ¢, ¢+ 1.

Remark. By a theorem of Smale [12], V is obtained from the disc D%+! by attaching
handles of index ¢ and ¢ + 1.

The following lemma is proved using Alexander duality.
LemMma 1-3. Let V be a free Seifert surface in 8%a+2 and W be a tubular neighbourhood of V.
Set W' = S2a+2\W. The two linking forms
L: H(W) xH,,(W') > Z,
L': H(W') xH,,(W)—> 1,
are unimodular, in particular H(W') and H,, ,(W') are free abelian groups.

The following bilinear forms are attached to a free Seifert surface V': the intersection
form

I: H(V) xH, (V)= Z;
the (homological) Seifert forms

A H(V)xHy (VY > 2 (x5 y) > Lix; i, y),
A_H(V)xH, (V) >Z (x;y)—> L(z; i_y).

Note that I(z; y) = L(z; 1,y —i_y) = A, (z; y) - A_(z; y).
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On even-dimensional fibred knots obtained by plumbing 119

LemMA 1-4. Let K be a (2g)-dimensional knot bounding a free Seifert surface V with
intersection form I; then K is spherical if and only if I is unimodular.

Proof. Consider the two relative intersection forms of V
H(V) xHyyy(V; 0V) > Z,
q(V V) xH, (V) ~>1Z.

Since H(V) and H(V; 0V) are free abelian, Lefschetz duality implies that J and J'
are unimodular. Furthermore I(z; y) = J(z; py) = J'(p'z; y) where

H,po(V) > Hpo(V;8V) and  p': H(V) ~ Hy(V; aV)

are the natural maps. This shows that I is unimodular if and only if p and p’ are
isomorphisms. The long exact sequence of the pair (V; 9V) shows that the latter is
equivalent to H(K) = 0forg—1 < k < ¢+ 1. Since ¢ > 3, this condition is satisfied if
and only if K is homeomorphic to S%2.

Lemma 1-5. Let V be a free Seifert surface in S%+2, Then ty: H (V) — H,(S%+3\V) are
tsomorphisms for k = ¢, g+ 1 if and only if A, and A_ are unimodular.

Proof. iy: H,\(V) - H,,,(8%+%\V) are isomorphisms if and only if
A+(%; y) = L(#; t+y)

are unimodular forms, by Lemma 1-3. Conversely if 4, and A_ are unimodular, to
show that iy: Hy(V) - H,(8%+%\V) are also isomorphisms, consider the equality

L'(is2; y) = L(x; ixy) = Az(x; y)
and recall that L’ is unimodular.

ProrosrTION 1-6. Let K be a (2q)-dimensional knot bounding a free Seifert surface V
and let A, and A_ be the associated Seifert forms. Then K is fibred with fibre-surface V if
and only if A, and A_ are unimodular.

Proof. If K is fibred with fibre-surface V, 7, and ¢_ are homotopy equivalences and
induce isomorphisms in homology. Lemma 1-5 shows that 4, and 4_ are unimodular.
Conversely if 4, and A_areunimodularis: H(V)> Hk(SW“\ V)are 1somorphlsms for
all k. Denote by Ty a tubular neighbourhood of ¥ in §%+2. Since ¥ and S?‘H”\Tp are
simply connected, the %-cobordism theorem implies that 82‘1+2\TV is diffeomorphic to
V x[0, 1]. This shows that K is fibred with fibre-surface V.

We now recall the definition and some properties of the homotopy linking number.

Let f: Sett ¢, S2+2and g: §9+1 ¢, S2%+1 be two embeddings with disjoint image. Since
g(8?*1) is unknotted in S%+2, 7, ,(§22+%\g(S9*1)) is isomorphic to =,,,(8?) which is
cyclic of order 2. Consider {f]en,,,(8%+2\g(S?*!)) and define the homotopy linking
number Z(f; g) to be 0 if f represents the trivial element, 1 otherwise. It can be shown
that % is symmetric in f and g.

Lemma 1-7. (i) Let f,g: S89+1 ¢, 8§2+2 be embeddings with disjoint image, let
A: Da+e ¢, Qa+e

be an embedding such that A|0D+% = g and such that A is in general position with f. Let A be
a (2q + 2)-ball in S%+2 engulfing the intersections of A and f such that

A(A) = A(D?¥2) n A i8 a properly embedded (q + 2)-disc,
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120 Danier LiNes
and A(f) = f(89%1) n A is a properly embedded (q+ 1)-disc.

Consider [0A(f)] as an element of m(0A\OA(Q)) ~ Z/2; then L(f; g) and [2A(f)]
represent the same element in Z /2.

(ii) Let F,G: D2 ¢, D%+3 be proper embeddings such that F|oDet2 = f, G|oDt2 = g
and suppose that F(D?+2) n G(D*2) = & ; then ZL(f; g) = 0.

Proof. (i) Since ¢ > 3, the sphere pairs (S2+2; g(S¢+1)) and (2A%+2; 9A(A)) are
unknotted, so that §%+2\g(87+!) (resp. dJA\@A(A)) has the homotopy type of Se+!
(resp. 89). There is a suspension isomorphism 7,(9A\0A(A)) - 7, (8% +2\g(S2+1)) which
sends the homotopy class of 0A(f) to the homotopy class of f. This shows that Z(f; g)
and 9A(f) correspond to the same element of Z/2.

(ii) The inclusion of S%+2\g(82+1) in D2e+3\G(D9+2) gives an exact sequence:

14 o(DMN\G(DAF); Sras2\g(Se+1)) 5 7 (Soasn\g(Sert)) 5 (D3| G (Do),

Since ¢ > 3, the ball pair (D%+3; G(Dt+?)) is unknotted, ¢, is an isomorphism and 9 is
the zero homomorphism. F representsan element in 7, ,(D%+3\G(De+2); S%+2\g(Se+1))
and clearly o[F] = [f]. This shows that Z(f; g) = 0.

Let K be a 2g-dimensional knot bounding a free Seifert surface ¥ and let z and y be
elements of 7, (V). Since ¢ > 4, we can represent x and y by embeddings

By S 6 V
(cf. [2]). Set A (x; y) = L(¢,; 1, 0 ¢,). This defines a bilinear map
Aoy (V) X7y (V) > Z/2

and induces a bilinear form over F, on the F,-vector space 7,,,(V) @ F,, which we still
denote by 7 and call the homotopy Seifert form of V.

A theorem of Whitehead ([14], chapter XII, theorem 3-12) shows that the following
sequence is exact:

0 > H(V)/2H V)~ 100a(V) > H, (V) > 0,

where h is the Hurewicz map and 7 is defined as follows: let 7,: S¢+1 — 8¢ represent
the non-trivial element of m,,,(87), and let f: 82— V represent any element a of
H,(V)/2H,(V). Set 5(a) to be the homotopy class of foy,.
Let
{or}k=1,...,r bea Z-basis of H(V),
{B}l=1,...,s beaZ-basisof H,,(V)

and gf be any lift of g,in 7, (V). Set af = y(x;). 7,,1(V) @ Fyis a F,-vector space of
dimension 7 + 8 with basis {af ; A#}. Define an s xs matrix B with coefficients in F, by
the formula B;; = «Z(8f; ff). To simplify the notation we denote by the same symbol
a bilinear form and its matrix with respect to a given basis.

LeMMA 1-8. The matrixz of the Fy-bilinear form & with respect to the basis above is

0 4 +)
AT B [’
Proof. Suppose that x and y in m, (V) are represented by ¢, and ¢,: §¢+1 - V where
¢ =f07m and f,: 8¢, V, ¢,: 8%, V are embeddings. The Whitehead exact
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On even-dimensional fibred knots obtained by plumbing 121

sequence applied to the space §22+2\s, ¢, (S9+1) shows that 7 sends the homology class
carried by f,(8?) to the homotopy class of ¢, therefore

A (2; y) = L(f(S9); i, $,(87%1)) (mod 2)
where L denotes the ordinary linking number in S$%+2, It is then easy to see that
o (of; off) = Oand o (af; BY) = A, (a;; B;) (mod 2). Pushing the representatives of the
homotopy classes in the negative direction of the tubular neighbourhood of ¥V and
applying the same argument shows that &/(87; a%) = 4_(; £,) (mod 2).

Recall that C. T.C. Wall ([13], p. 256) has defined a generalized intersection number
I (V) xTg 1 (V) > 7,4,(89) =~ Z/2. In exactly the same way one can define a
relative bilinear map #: 7 (V) xm (V; 8V) — 7,,,(87). These two maps induce
bilinear forms over F,:

I (V) @ Fy xmy (V) @ Fy > Fy,
F iy (V) ® Fy xmyy(V; 0V) @ Fy > F.

Remark 1-9. # and _# can be computed as follows (cf. [7],lemma 1). Representz and y
inm,,(V)byembeddingsf,g: 87+! ¢, V ingeneral position and engulf their intersection

in the interior of a (29 + 1) —ball A contained in V such that A(f) = f(S?t') n A and
A(g) = g(871) n A are properly embedded discs; 2A(f) is an element of

7 (0A\OA(g)) ~ Z/2.

Then 4 (x; y) and 6A(f) correspond to the same element in Z/2. The procedure for £ is
the same except that y is represented by a properly embedded disc in V.

Lemma 1-10. The following properties hold:

(i) SFlx;y) = Alx; py) where p: my (V) - w1 (V; 0F) 18 the natural map.

(i) J =of -AT.

(iii) # is non singular.

Proof. (i) Is evident from Remark 1-9.

(ii) Let z and y be elements of 7,(V); we have
(A —LT) (2, y) = Lx; i,y)—L(y; 1,.2) = L(2; 1,9 —1_Y).

Let f,, f,: 8¢*' ¢, V represent x and y and let A be a (2¢+ 1)-ball in V engulfing all
intersections of f, and f, such that A(f.) = f.(S¢*)n A and A(f,) = f,(8¢)n A are
properly embedded (g + 1)-discs. Thicken A to a (2¢ + 2)-ball A’ along thenormal bundle
to V and denote by C the cylinder spanning i, f,(87+!) and 1_f,(8?+1) in the tubular
neighbourhood of V. By deleting a neighbourhood of an arc joining i, f,(87+) to
t_f,(87%1) and missing f,(S2+1) one produces a (g + 2)-disc D such that

f(89t) n D = f(8941) n f,(S7+1).

Lemma 1-7 shows that #(x; i, y —i_y) is represented by A(f,) in 77,(8A"\@A’ n D) and
Remark 1-9 that #(x;y) is represented by A(f,) in 7,(8A\0A n D). Since the two pairs
(2A; A n D)and (9A’; @A’ n D) are unknotted the inclusion of 9A\0A n Din dA’\6A’ n D
induces an isomorphism between the homotopy groups. This proves that

Pl y) = Llx;i,y—i_y).
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122 DavieL LINES

(iii) Using ([14], chapter VII, theorem 7-12) one sees that 7,(V; V) is isomorphic to
m(V/0V) for k < g+ 1. Therefore there is a relative Whitehead exact sequence

0> Hy(V;0V)/2H(V; 0V} > 7y (V; V) > H,(V; 8V) - 0.

The following diagram of F, vector spaces clearly commutes:

0> Hy(V;0V)®Fy; = my ) (V; 8V) @ Fy > Hy 3 (V; 0V) @ F3 > 0
JadJ’ Jad s JyadJ
0 < Hom (H,,;(V); Fy) <~ Hom (7,,,(V); F,) < Hom (Hy(V); F;) < 0

Since ad J and ad J’ are isomorphisms, so is ad #.

2. Classification of free fibred knots

Let K be a 2g-dimensional free fibred knot with fibre-surface F and infinite cyclic
cover X. F and X have the same homotopy type and H,(F)isisomorphic to H,(S%+2\F)
which is dual to H,,,(F) (Lemma 1-3).

Definitions. The integer r = rank H,(F) = rank H,,,(F) = rank H,(X) depends on K
only and is called the rank of the free fibred knot K.

Denote by M,(R) the set of » xr matrices over a ring R. A Seifert triple is a triple of
matrices (4,; A_; B) where A,,A_eM/(Z) and Be M/(F,). Such a triple is called
unimodular if A, and 4_ are unimodular. Two triples (4,;4_; B)and (4} ; A" ; B)are
equivalent if there exist X, Ze GL,(Z) and Y € M,(F,) such that:

(@) XTA,Z=A", and XTA_Z =4’

0 (5 2 G S Dl ) o

This is clearly an equivalence relation.

THEOREM 2-1. (Classification theorem). For q¢ > 4, there is a one-to-one correspondence
between:

(i) <sotopy classes of (q—1)-connected (2q+ 1)-submanifolds of S8%+2 such that:
H,(F) i3 free abelian, K = 0F is non-empty and (q— 2)-connected, K is fibred and F is
a fibre-surface for K ;

(ii) vsotopy classes of (2q)-dimensional free fibred knots;

(iii) equivalence classes of unimodular Seifert triples.

The correspondence associates to a representative F of the isotopy class in (i): the
isotopy class of oF for (ii); the equivalence class of the Seifert triple (4,; A_; B) con-
structed as follows: Choose bases {,} for H (F), {§;} for H,,,(F) and lifts ff in 7, ,(F)
and set (4,);; = 4 (o;; B;), (A )y; = A(a5; By), By = L (BE; BY)-

We decompose the proof of this theorem in a series of lemmas.

LEMMA 2-2. Let F be the fibre-surface for a free fibred knot in 8%+2 and let {a,}, {f,} and
{ai}, {Bi}, k = 1, ..., 7 be two bases of H(F) and H,,(F) respectively with lifts ff and g
in 7,1 (F). Then the associated Seifert triples are equivalent.

Proof. Let X (resp. Z) be the unimodular matrices expressing a;, (resp. £;) in terms
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On even-dimensional fibred knots obtained by plumbing 123
of a, (resp. B,). The matrix expressing the basis {&;# £,#}of 7,,,(F) ® F,in terms of
{af PBf} is clearly of the form U = (f }Zf) for some Y e M,(F,). This shows that
A, = XTA:Z and o' = UTHU.

Lemma 2-8. Two isotopic free surfaces of a free knot have equivalent Seifert triples.

Proof. The isotopy induces isomorphisms between the homology and homotopy
groups of the two surfaces. The Seifert triples computed with respect to corresponding
bases will be the same.

The proof of theorem 3 of [7] applies without change to the following lemma.:

LEMMA 2-4. Let K be a free knot and let V and V'’ be two free Seifert surfaces for K with
equivalent Seifert triples, then V and V' are isotopic.

LeMMa 2-5. Let K be a 2g-dimensional free fibred knot, and let F and F' be two fibre-
surfaces for K. Then F and F' are isotopic.

Proof. Unfortunately the argument given in ([7], lemma 4) breaks down if the
intersection forms of F and F” are degenerate. One must instead consider the homology
and homotopy Blanchfield pairings of K (cf. [3]):

(3> HyX) xH,y(X) - Q(t)/2[¢; ¢4,
HE ”q+1(X) ®F, ><7Tq+1(X) ® Fy = Fyt)/Folt; t71].

These pairings can be computed using the surfaces F and F” (ef. [3], § 11): If(d,;A_;B)
and (4, ; A" ; B') are the corresponding Seifert triples, then: (t—1) (¢4, — A_)! and
(t—1) (¢4, — A" )~* are matrix representatives of (;);

(t-1)(tf —fT) and (t—1)(tL' —L'T)?

are matrix representatives of [;].

These pairings depend on K only. Viewing H(X)k = ¢, ¢+ 1 as a free abelian group
and m,,,(X) ® F, as a finite dimensional F,-vector space we see that there must exist
unimodular matrices X and Z and a F,-matrix Y such that:

(t—1)Z¢A, —A ) X-T = (t—1) (¢4}, — A1) over Q[t; t-1]/Z[t; 1]

(t—1) (X Y) et — Ty (X Y ) ' (t—1) (b —Z'T)"1  over Fy(t)/Fylt; £
0 Z 0 Z

Set A(t) = det (¢4, —A_). These equations are in fact valid over Z[¢; t-11/(A) and
F,[¢; £-1]/(A?) respectively. Since A is a monic polynomial, we can apply the arguments
of [(9], proposition 2) to conclude that (4,; 4_; B) and (4);; A”; B') are equivalent
Seifert triples. Lemma 2-4 shows that F and F’ are isotopic.

To prove the realization part of the theorem we need some of the information given
in the following lemma, the full content of which will be used in the next section.

Lemma 2:6. Let V be a free surface for a 2q-dimensional knot and let k be an integer. Then
for all (u#; v¥)em(V; 0V) xmy (V; 2V) there are proper embeddings

fui (D% 8D%) & (V5 9V) and  f,: (D?¥1; 001 o (V; 0F)
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e I
/ Inessential discs

Fig. 1

and an embedding g: D%+1 ¢, V such that: f,(D?) and f, (DY) intersect in V in exactly k
points, f,(D?) and f,(D?) are contained ing(D%1), 0V n g(DM+1) i3 a tubular neighbourhood
of f,(0D%) U f (6D?+) (ef. Fig. 1).

Proof. Since ¢ > 4 and (V; V) is a (¢— 1)-connected pair, we may represent » and v
by proper embeddings f,, and f, intersecting in a finite number of points (say 7). Con-
struct [ — 1 properly embedded g-dimensional discs that intersect each f,(D?+!) in 1
oriented point in ¥V and compress to oV (cf. Fig. 1). Tube these discs together and to
fu(D9) inside 2V to produce a properly embedded disc still representing . Apply the
Whitney trick to reduce the geometric intersection number to 1. Let f, and f; denote
the new embeddings and let 7}, and T, be their tubular neighbourhoods. T, y T}, is an
embedded (2¢ + 1)-disec with corners. Construct again k— 1 ¢-dimensional discs inter-
secting f in one oriented point inside 7}, which compress to 8V and tube them together;
choose two arcs with the same end points connecting these discs to f,,(2.D4) one of which
igin 6V and the other in T}, U 7,,. The union of these two arcs bounds a 2-disc which can
be fattened to a (2¢ + 1)-dimensional disc A. The union of A and 7}, U T, is again a
(2¢ + 1)-disc inside which Whitney trick can be applied to get the desired result.

Lemma 2-7. For each Seifert triple (A, ; A_; B) and each q > 4 there exists a free Seifert
surface V in 8%+2 which realizes (A ; 4_; B).

Proof. (By induction on the dimension d of the matrices). Ford = 0, Visa (2¢+1)-
dimensional disc. If & > 1let ¥ be a free Seifert surface realizing (4%, 4% ; B%) where X°
denotes the upper left d xd corner of the matrix X. Set

.
( x-{ Ty ) b, )
0
A A° B
= A_ = B =
33 Zg bg
~ y1+ oo y; z+ . y‘l_ * y; Z_ - Cl * cd e o

Let {«;} (resp. {8;}) be a basis of H,(V,) (resp. H,,(V,)),i = 1, ...,d, with lifts 8f e m_,(V;).

Since

and

T+ HyVp) x Hyyo(Vo; V) > Z

J': HyVy: ) x Hypy (V) > Z
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On even-dimensional fibred knots obtained by plumbing 125

are unimodular and #: 7 (V) ® F, x7,.1(Vy; %) ® Fp - [, is non-singular (Lemma
1-10), there exist u € Hy(V,; ;) and v# em,,,(V; 0%;) such that

J(a;; bo¥) = of ~xf,
I'(u; B:) = 4 ~ i
and f(ﬂ#;'u# =b.—c.,

By Lemma 2-6 we can represent % and v# by proper embeddings f,: D‘l o ¥y,
fo: D1 ¢, W, such that f, and f, intersect in z, —z_ points. Let g,: D?¢, qu+2\V be an
embedding such that oV, n g,(D?) = g,(D?) = f,(2D?). Thicken g,(D9) to a g-handle of
dimension 2¢ + 1 meeting ¥, in a tubular neighbourhood of f,(¢D9) and denote by V' the

union of ¥ and this handle. Note that ¢,.: ;- 82¢+2\}; extend to mapsi.: V' — §2+3\ P,
We can find an embedding g,: D+t ¢, 8%+2\V’ such that:

oV’ n g (DY) = g,(0D™H) = [ (8D+),
L(8,; i 8;) =y,
L(i_a;; 8,) = «f,
..?(z'_ﬂf; S,) = b;,
L(8,; 1, 8,) = 2%,

where Su = gu(Dq) Ufu(Dq)’ Sv = gv(Dq+l) va(Dq+l)_

Consider a tubular neighbourhood 7, of S, in 8%+2: 7, is a trivial (¢ + 1)-disc bundle
over 8¢+l and ¢, | f,(D?*1) is a section of the associated sphere bundle over f,(D?+1). The
extensions of this section to a section over S, are in one-to-one correspondence with
elements of 77, ,(8%) ~ Z/2. Consider the section corresponding to e € F,; the orthogonal
complement to this section gives a (g + 1)-handle attached to V’. Let V be the union of
V' and this handle. Lemma 1-10 shows that V has Seifert triple (4,; 4_; B).

The proof of Theorem 2-1 is straightforward from the preceding lemmas.

Using Theorem 2-1, it is easy to classify free fibred (2¢)-dimensional knots of rank 1.

LeMMA 2-8. There are exactly 4 types of free fibred knots of rank 1, corresponding to the
equivalence classes of Seifert triples

(1, 1;0)~(-1; —1;0)
(1, 1;1)~(-1; -1;1)
(1, =1;0) ~ (—-1;1;0)
(1; ~1;1)~ (=1;151).

Definition. In analogy with [10], § 2, we call these knots Hopf knots and their fibre-
surfaces Hopf bands.

3. Plumbing

Let Y be a disjoint union of copies of 87 x D? and 8¢-! x D?+1 and let f: Y ¢, D%+
be an embedding.

Let K, and K, be two free fibred knots bounding fibre-surfaces F, and F, in S%+2,
Divide 8%+2 into two hemispheres B, and B, intersecting in a (2¢+ 1)-dimensional
sphere 8. Let yy: D%+1 ¢, S be an embedding and suppose that:
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126 DaxnierL LiNes
(@) F;<B; (:=1,2),
(i) Hn8=FnS=FnkK=yDu1),
(iii) OF; nY(D%+) = F, ny(0D*+1) = Yrof(Y)
OF, n y(D™*) = Fy n y(0D%*) = yr(9D%*H)\fro f(Y),
(iv) the orientations of F; and F, match on yr(D%+1),

Fig. 2

Fig. 2 illustrates the situation. This construction is reminiscent of the generalized
plumbing fer classical knots considered in [11], §2.

LemMmaA 3-1. F, U F, is a manifold with corners.

Proof. Consider a collar C of yr(D%+!) in F,: G, = F, u C is clearly a manifold with
corners. There is an embedding ¢: Y x[0, 1] ¢, F, such that ¢(Y x{0}) = f(Y); F, cut
along ¢(Y x(0, 1)) is a manifold with corners consisting of two components one of
which is yr(D%+1), denote by G, the other component. F; U F, can be viewed as G, U G,
sewn along ¢(Y x{1}) and is therefore a manifold with corners.

Denote by F, O F, the submanifold of §2+2 obtained by smoothing the corners of
F, U F, (F, O F, depends of course on ¢/, f and the decomposition of §2+2),

Definition. F, O F, is said to be obtained by plumbing together F, and F,.

ProrosriTioN 3-2. If K, and K, are free fibred knots with fibre-surfaces Fy and F,,
K = o(F, O F,) is a free fibred knot with fibre-surface F, 0 F,. If (A% ; A% ; BY)i =1, 2
are Seifert triples for F,, F; O F, admits the Seifert triple (4., ; A_; B) where either:

41 ¢ AL 0 B! D
* = + + = - =
‘)A+“(o Ai)’ A-“(c AE)’ B“(o B2)

AL 0 A O B! 0
or %) A+=(0: A%,)’ A-=(o Aﬂ.)’ B =(D Bz)

Sor some integral matrices C,., C_ and some F,-matriz D.
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On even-dimensional fibred knots obtained by plumbing 127

Proof. Van Kampen and Mayer—Vietoris arguments show that K is (g — 2)-connected;
F = F, O F, is clearly (g=1)-connected and

H(F) ~ H(F,) ® H(F,) (k=1,9+1),
Tl F) = 7oy (Fy) @ mpa(F;)  (using Whitehead’s exact sequence).

So we may choose for F the bases corresponding to the direct sum decomposition and
represent these by embeddmgs in the relevant F,. Suppose that i, : F — §2¢+2\ F pushes
all points of yr(D%+1) into B The Seifert triple has the form given in (*) since ¢, (F,) is
separated from F, by a small push-off of the sphere S. Similarly if ¢, pushes yr(D%+1)
into Bz, (**) holds. Since det 4. = det A1 det A%, Proposition 1-6 shows that K is a
fibred knot with fibre-surface F.

Definition. A (2¢q)-dimensional knot K is said to be oblained by plumbing if there is a
sequence of (2¢ + 1)-manifolds F, F, ..., F, embedded in 82+2 gsuch that F, = D%+,
oF, = K and F,, is obtained by plumbing together F; and a Hopf band.

Remark. K is a free fibred knot by Proposition 3-2.

Definition. A Seifert triple (T, ; T_; B) is called triangular if T', (resp. T'_) is uni-
modular and upper (resp. lower) triangular.

LemMA 3-3. Any triangular triple (T, ; T_; B) is equivalent to (T, ; T_; B) where B is
upper triangular.

Proof. Since T', and T'_ are triangular and have + 1 in their diagonal, one can change
by row and colum operations B to an upper triangular matrix B without affecting
T, ,and T

THEOREM 3-4. A free fibred knot is obtained by plumbing if and only if it admits a
triangular Seifert triple.

Proof. Let K be obtained by plumbing. We prove the theorem by induction on the
rank rof K. If r = 1, K is a Hopfknot. Let F' be the fibre-surface obtained by plumbing
together the » first Hopf bands. By induction F’ admits a triangular triple (7', ; T_; B’)
Proposition 3-2 shows that plumbing a Hopf band of type (¢, ; €_; b) together with F’
produces a free Seifert surface with triple (4, ; A_; B), where

x, 0
T, : T

4, = z, |’ 4.= 0
0o ... 0 €, ¥ - Y, €_

0 Y

T, T :

or A, = 0 , A_= y
r
x, x, €, 0 0 €_
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128 DanierL LiNEs

In the second case perform column operations using e, to annihilate (z, ... z,) and row

operations using e_ to annihilate (y, ... y,)”; this changes 4, (resp. 4_) to an upper

(resp. lower) triangular matrix, so that (4, ; 4_; B) is equivalent to a triangular triple.

Conversely suppose that K admits a triangular triple (7', ; T_; B). We may assume

that Bisupper triangular (Lemma 3-3) and we perform an induction on the dimension d

of the matrices. If d = 1, choose the Hopf band correspondmg to the triple. If
> 2 (T,; T_; B)is of the form

x, 0 b,

T, : T. B :

T, = xy |’ = o |° 8= by
0 ... 0] e, Y - Ya | €- 0 ... 05,

By induction there is a Seifert surface obtained by plumbing Hopf bands admitting
the triangular triple (T",; 7" ; B’) with respect to some bases {«,}, {8,} and lifts g7,
1 =1,...,d. Lemma 2-6 and the same argument as in the proof of Lemma 2-7 show that
there are proper embeddings f,: D? ¢ F', f,: D1 ¢, F' intersecting in ¢, —¢” points
representing homotopy classes u# and v# such that

J(a;; ho#) = ;
J'(h#; B;) = ys,
]( f; '”#) = bi' r

Furthermore, by Lemma 2-6 the image of these embeddings is contained in a (2 + 1)-
disc A embedded in F’ meeting F’ in a tubular neighbourhood of f,(2D?) and f,(2De+1).
Thicken A on the negative side of F' to get a (2g+ 2)-ball B; inside this ball attdch a
g-handle and a (¢ + 1)-handle as described in the proof of Lemma 2-7. The new surface
F admits (T',; 7_; B) as a Seifert triple. The union of A and the two attached handles
forms a Hopf band of type (e, ; €_; by) which is plumbed together with F. The classifi-
cation theorem shows that dF is isotopic to K.

Ezxamples of spherical free fibred knots not obtained by plumbing

LemmaA 3-5. Let p be a prime, n a positive integer and €, = + 1 for i = 1,2. To any
solution of r

" = €,(p")
(*)1 @+ 1)" = e(p™)
2 + 1 5 0(p)

there correspond Seifert triples that are not equivalent to any triangular triple.

Proof. Let a be a solution of (*) and let « and £ be integers such that a® = el +ap®,
(a+1)" = ¢, + fp™. Set
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,

a+1

p

)

129

0 a+1 P O

! {(—1)%ap 0o ..... 0 a+1
4 a p T
O
0 a P
A_= .
0 Q P
—1y'gp O ..... 0
| (=V"p 0 a |

and let B be any F,-matrix. det 4, =¢,, det A_=¢, and det(4,—4_)=1. If
(4,; A_; B) were equivalent to a triangular triple (7', ; T"_; B’) there would exist uni-
modular matrices X and Z such that X7(4, —tA_)Z = T, —tT_over Z[t]. Project this
equality to F,[¢] and denote by a the ideal of F,[¢] generated by the 1-minors of
A, —tA_; we have a = ((a+ 1) —fa). On the other hand, since T, and 7_have +1 on
their diagonal entries, a should contain 1 —¢ or 1 +¢ (or both). The only possibility is
that 20 + 1 = 0 (p) which contradicts (*).

Examples of solutions of (*)
Setn=3,p="7¢6=—1,¢6=+1;a =18 is a solution of (*) with a = 20, # = 17.
Forn =p—1,¢, = ¢, = 1, the following values are taken from [1], p. 68 ([ag, a,, ...,
a,_1] denotes 7= a,;p):

p="T a=[2,4,6,3,0,2] and a=1[4,2,0,3,6,4]
p=13; a=[3,11,6,9,7,2,4,4,8,8,1, 5]
and a=1[91,635,10,8,8,4,4,1,11,7].
THEOREM 3-6. For any q > 4 there exist spherical (2q)-dimensional free fibred knots of
arbitrarily high rank that are not obtained by plumbing.

Proof. Consider Seifert triples obtained by taking block sums of the matrices
described in Lemma 3-5 and realize them by free fibred knots.

4. Applications to spinning

In this section we consider odd-dimensional knots as defined in [10]. Recall that one
can give the following definition for the spinning of a knot (cf. [4]):

Let K be a (not necessarily spherical) (2¢ — 1)-dimensional knot and B, be a (2¢ + 1)-
dimensional ball in §2¢+1 such that B, n K is a (2 — 1)-ball and the pair (By; B, n K) is
unknotted. Set B = §%+1\B,, and £ = K\B,.

[ PSP 100
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130 DanierL LINES
Definition. The spinning of K is the (2¢)-dimensional knot
o(K) = (08 xD?) U, (B x0D?)

in the sphere S%+% = (6B xD?)y (B xoD?).
Let V be a Seifert surface for K, and suppose that the pair (B,; Byn V) is diffeo-
morphic to the pair (D%+1; H) where D%+1 denotes the unit disc in R2¢+! and

H = {(xl, ...,qu_,,l)Equ"'llx% = 0, xzq+1 = O}.
Set V' =¥V nBand A= VnaB;then
o(V) = (A xD?) Upxape (V' x0D?)

is a Seifert surface for o(K) in §22+2,

THEOREM4-1. Let K be a simple (29 — 1)-dimenstonal knot, and supposethatq > 4. Then

(i) o(K) is a free (2q)-dimensional knot;

(ii) <f V 18a simple Seifert surface for K with associated Seifert matriz A, o(V) 18 a free
Seifert surface for o(K) with associated Seifert triple (A; (— 1)3+1AT; 0);

(iii) K 18 fibred with fibre-surface F if and only if o(K) is a free fibred knot with fibre-
surface o(F);

(iv) if K is obtained by plumbing, so is o(K).

Proof. We refer to [10] for the properties of odd-dimensional knots we use.

(i) Let V be a simple Seifert surface for K. H,(V) = 0 for k+ g and H,(V) is free
abelian. It is easy to see that o(V) is (¢ — 1)-connected and that

Hq(g( V)) = Hq( V) ® HO(SI) = Hq( V))
Hy 1 (o(V)) = Hy(V) ® Hy(SY) = Hy(V).

This shows that o(V) is a free Seifert surface for o(X).

(ii) Let (y;} (¢ = 1,...,7) be a basis of H,(V); we may represent y; by an embedding
@,;: 87 ¢, V'. The embeddings

a;:8%¢ V' xoD? < o(V)
x> (§i(x); 1)
and b;: 82 x8¢, V' x0D? < (V)
(; ) (¢i(x); t)

represent a basis of H,(a(V)) (resp. H,,,(a(V)).

Let C; be a singular (g + 1)-chain in B such that 9C; = ¢,(89); the algebraic inter-
section number of C; and ¢, ¢,(89) is Ly, o(7;; ¢.Y;)- The singular chain

C; x{1} ¢ B xoD* c Su+2

intersects algebraically ¢,5;(S? x8) also in Lg.,(y,; ¢,7y;) points. As a,(S?) bounds
C; x{1}, this shows that with respect to these bases 4, = 4. Similarly,

Loy 11(s5 1-75) = Lyogi2(a:(89); 2_5;(82 x87));
since Logi1(ys; iov;) = (= 1)2* Loy o755 2472),

we have 4_ = (—1)2t1 4T,
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To compute the homotopy linking form, consider the submanifold V= ¥’ x D2 of
the (2g + 3)-dimensional ball B x D2. The normal bundle to ¥ in B xD? is trivial, so
thati,: (V) ¢ S%+2extendstoamapi,: ¥ ¢, B xD2. ¥ has the homotopy type of ¥,
so that (V) ~ H(V) and H,,,(V) = 0. Consider the two exact sequences:

0 — m(a(V))/2m(a(V)) > 7411 (0(V)) > Hyyy(0(V)) > 0
(%) Vi Via \
0 — 7 (V)/21 (V) —> 7y (V) —> H,y (V) = 0— 0,

where 7, and 4, are induced by the inclusion of o(V) in V. As é,: Hy(o(V)) - Hy( V)is an
isomorphism, so is i,: m(o(V)) > m,(V), and it is easy to see using (*) that any
u€ Hyy(o(V)) admits a lift u#emy,1(o(V)) such that iy(u¥) = 0. Forj=1,..,r, let
b;: 87+ ¢, §22+2 be an embedding such that h([b;]) = b; and 4,(b;) = 0; b; extends to a
map F;: D#42 ¥, and since ¢ > 4 we may assume that F; is an embedding. By
Lemma 1-7; #([b,]; [B;]) = L go041(bs; 1.8;) = 0 since F,(D?) n i, {(D+?) = &.

(iii) K is fibred if and only if 4 is unimodular ([10], lemma 1-1); (4; (—1)2t147; 0)
is a unimodular triple if and only if o (K) is fibred with fibre-surface o (¥') (Proposition
1-6). :

(iv) If K is obtained by plumbing, K admits a unimodular lower (or upper)
triangular Seifert matrix (cf. {10], proposition 2-4). This shows that (4; (—1)2+1 47; 0)
is a triangular triple and that o(K) is obtained by plumbing.

Remark. Part (ii) of this theorem is the analogue for Seifert triples of the result of
C. Kearton [4] concerning the Blanchfield pairing of a simple spun knot.
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ment during the preparation of thisarticle. 1 also thank the Department of Mathematics
of the University of Durham for their hospitality and the Science and Engineering
Research Council of Great Britain for their grant.
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