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The Manin conjecture is established for a split singular cubic surface in P, with singu-

larity type Ds.

1 Introduction

Let S C P? be the cubic surface defined by
XX + XoX5 + X, %0 = 0. (1.1)

Then S is a singular del Pezzo surface with a unique singularity (0:0:0: 1) of type Ds
and three lines, each of which is defined over Q.

Let U be the Zariski open subset formed by deleting the lines from S. Our principal
object of study in this paper is the cardinality

Ny g(B) =#{x e U(Q) | H(x) < B},

for any B > 1. Here H is the usual height on P3, in which H(x) is defined as
max{|Xo|,...,|x3|}, provided that the point x € P3(Q) is represented by integral coordi-

nates (xp, ..., x3) that are relatively coprime. In Figure 1, we have plotted an affine model
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Fig. 1. Points of height < 100 on the Ds cubic surface.

of S, together with all of the rational points of low height that it contains. The following

is our principal result.

Theorem. We have

Ny z(B) = cs,zB(log B)® + O(B(log B)®(loglog B)),

where the leading constant is

1
CSH = 530400 ™ 1;[””

with
(1-3) (1+5+5)
wp = - — -+ —,
b p p p?

oo = /
1ol 121 |, |2 |15 2 (0 2 + 27| <1, 2220

Xaz dxp dx; dxs.

It is straightforward to check that the surface Sis neither toric nor an equivariant
compactification of Gg. Thus, this result does not follow from the work of Tschinkel and
his collaborators [1, 7]. Our theorem confirms the conjecture of Manin [13] since the

Picard group of the minimal desingularization S of the split del Pezzo surface S has rank
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7. Furthermore, the leading constant cs g coincides with Peyre's prediction [14]. To check

this, we begin by observing that

~  alS)  1/120 1
Ol(S) = = = ,
#W(Ds) 1920 230400

by [9, Theorem 4] and [12, Theorem 1.3], where Sy is a split smooth cubic surface and
#W(Ds) is the order of the Weyl group of the root system Ds. Next, one easily verifies that
the constant wy, in the theorem is the real density, which is computed by writing x; as a
function of xy, x1, X, and using the Leray form x;, 2 dxy dx; dxo. Finally, it is straightforward
to compute the p-adic densities as being equal to w),.

Our work is the latest in a sequence of attacks upon the Manin conjecture for
del Pezzo surfaces, a comprehensive survey of which can be found in [5]. A number of

authors have established the conjecture for the surface
X1 X0 X3 + Xg =0,

which has singularity type 3A,. The sharpest unconditional result available is due to la
Breteche [2]. Furthermore, in joint work with la Breteche [4], the authors have recently

resolved the conjecture for the surface
X% + Xx5 + x5 =0,

which has singularity type Eg. Our main result signifies only the third example of a cubic
surface for which the Manin conjecture has been resolved.

The proof of the theorem draws upon the expanding store of technical machinery
that has been developed to study the growth rate of rational points on singular del Pezzo
surfaces. In particular, we will take advantage of the estimates involving exponential
sums that featured in [4]. In the latter setting these tools were required to get an asymp-
totic formula for the relevant counting function with error term of the shape O(B!~°).
However, in their present form, they are not even enough to establish an asymptotic for-
mula in the D5 setting. Instead we will need to revisit the proofs of these results in order
to sharpen the estimates to an extent that they can be used to establish the theorem.
In addition to these refined estimates, we will often be in a position to abbreviate our
argument by taking advantage of [10], where several useful auxiliary results are framed
in a more general context.

In keeping with current thinking on the arithmetic of split del Pezzo surfaces,

the proof of our theorem relies on passing to a universal torsor, which in the present
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setting is an open subset of the hypersurface
nangotz + nangnyng + nzaf =0, (1.2)

embedded in A!° = SpecQln, ..., ns, o1, az]. Furthermore, as with most proofs of the
Manin conjecture for singular del Pezzo surfaces of low degree, the shape of the cone
of effective divisors of the corresponding minimal desingularization plays an important
role in our work. For the surfaces treated in [3, 4, 11], the fact that the effective cone is
simplicial streamlines the proofs considerably. For the surface studied in [6], this was
not the case, but it was nonetheless possible to exploit the fact that the dual of the
effective cone is the difference of two simplicial cones. For the cubic surface (1.1), the
dual of the effective cone is again the difference of two simplicial cones. However, we

choose to ignore this fact and rely on a more general strategy instead.

2 Arithmetic Functions and Exponential Sums
Define the multiplicative arithmetic functions

1
o"l@ =] (1 - 5) ,oglg =Y _d? g =2"9glg),

plg dlq

for any k € Z.o, where w(q) denotes the number of distinct prime factors of g. These
functions will feature quite heavily in our work and we will need to know the average
order of the latter.

Lemma 1. For any k € Z.o we have

Z hi(q) <% Qlog Q. O
g<Q

Proof. Let k € Z.( be given and let ¢ > 0. Then we have

Yl =) 290 N (dy---di)?

g<a g<kaQ di,....dklq
o0
&, Z (dl . dk)sfl/z Z zw(u)
dl ..... dkzl uga/[dl ..... dk]
o0
(dy - dg)E1/?
<. QlogQ _—,
sQloga ) [dy, ..., di]

di,..., dir=1
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where [a, b] denotes the least common multiple of a, b € Z. . We easily check that the final
sum is absolutely convergent by considering the corresponding Euler product, which has
local factors of the shape 1 + O,(p*~%/?). [ |

Given integers a, b, q, with g > 0, we will be led to consider the quadratic expo-

nential sum

q
Sqla,b) =" eylav® + bv). (2.1)

v=1

Our study of this should be compared with the corresponding sum studied in [4, equation
(3.1)], involving instead a cubic phase av® + bv?. In [4, Lemma 4] an upper bound of the
shape 0.(gcd(qg, b)q'/?*?) is established for the cubic sum. The following result shows that

we can do better in the quadratic setting.
Lemma 2. For any a,b € Z with gcd(q, a,b) = 1, we have
Sqla, b) < gedlq, a)'/?q'/2. 0

Proof. Writing w = v + x in the second step, we find that

q
1Se@, DI = > eglal® — w?) + blv —w))

v,w=1

I
M

eq(—a2vx + x*) — bx)

v,x=1

>
Il

q
eg(—ax’ —bx) ) ey(—2avx).

1 v=1

M=

X:

The inner sum is q if g | 2ax and 0 otherwise. Let h = gcd(a, q) and write g = hq', a = ha’
with ged(a’, g') = 1. Then

q
Sqa, b)I* = q ) e;(—ax* — bx) < 2qh,
x=1

q'12x

and the result follows. ]

Our next results concern the function ¥ (t) = {t} — 1/2, where {t} is the fractional

part of t € R. The following estimate improves upon [3, Lemma 5].
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Lemma 3. ForanyteR,beZ, qe€Z.owith ged(d,q) =1, we have

q
t — bx?
Yoo ( . ) < hi(@)loglg + 1)g"/2. O
gcd}((X:,c})=l

Proof. Let S(g) denote the sum that is to be estimated. By Md6bius inversion it follows
that

_ 2
S =Y um Y w(M>

n
nlg 0<x' <q/n al

_ t/(mn) — bnx?/m
= Z un)m Z ) ( a2/ mn) ) .

nlq 0<x <L
m=gcd(n,q/n)

We claim that

— bx?
Yooy (t a ) < glg)loglg + 1)g'?, (2.2)

0<x<q

for any t € R, b€ Z and q € Z-o with gcd(b, q) = 1. Under this assumption, it therefore
follows that

Slg) < Y |uln)imglg)loglg + 1)(g/(mn))*/?

nlq
m=gcd(n,q/n)
_ 1/2 |n(n)| ng(n,Q/n)l/z
= g(q)loglg + 1)q E v

nlq

& 2°9g(q)log(q + 1)g'/%.

This is satisfactory for the lemma, since h,(q) = 2°@g(q).
To establish (2.2) we follow the proof of [3, Lemma 4], finding that

T(g, m,¥)
E ¥ < ) L1+ E E %:
0<req i 1<i—gm dlEm/4ll
ged(?’,q/m)=1

t — bx?

where

T(gm,¢)= Y eqmll’bx’).

0<x<q
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Rather than applying Weyl's inequality as in [3, Lemma 4], we simply break into m

residue classes modulo g/m and apply Lemma 2 to deduce that

T(g, m, ') < m(g/m)*/? = (mq)"/%.

Now

Z le/r™t < r Z ¢! <« rloglr + 1),

1</ <r 1<l <r

for any r € Z.o. Hence,

Z " (t —qsz) <« 1+loglg + 1)q1/22m71/2

miq

< glg)loglq + 1)g*/?,
which thereby concludes the proof of (2.2). |

For positive integers a, b, we define the function

* *(gcd(n, a)), if gcd(n,b) =1,
Fuyln) = {¢> (n)/¢*(gcd(n, a)), if gcd(n,b) 2.3)
0, if ged(n, b) > 1.

We combine Lemma 3 with the proof of [6, Lemma 1] to obtain the following result.

Lemma 4. Let0 < t; <t and gcd(w, qg) = 1. We have

Z Z fap(n) = (t2 — t1) - p*(bq) H (1 _ #)

1seo<q t1<n<ty ptabq
gcd(e,9)=1 n=wp? (mod q)

+0 (2°P log(t, + 2)hi(g) loglg + 1)g"/?) . O

Proof. In the proof of [6, Lemma 1],

T = > 1

d 'ty <m<d 'ty
md=ap? (mod q)

is estimated as (t; — t;)/(dq) + O(1), for given d coprime to g. Using [4, Lemma 7], we

make this precise as

_ 14 _ T2 14 T2
Y = ty t n 1[/ d ty dOtQ _ w d to dOtQ ,
dq q q
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where d is chosen such that dd = 1 (mod q). Our task is to compute

Yo Y (fapxwd)z.

ISesq  1<d<ty
ged(o,q9)=1 ged(d,g)=1
For the main term, we may extend the summation over d to all positive integers,

since

_ e 2w .
Y hot g U] 5 gl i)
1<0<q d>t; d>ts
ged(d,q)=1

As in [6, Lemma 1], we see that the sum over d € Z.¢ is ¢(t2 — t1)/q, with

-0 5)

plb ptabq
rtq

Summing this over g, we get co¢p*(q)(t2 — t1). It is easy to see that cy¢p*(q) agrees with the
leading constant in the statement of the lemma.

For the error term, we exchange the summations over d and ¢. Applying Lemma 3,
we obtain the contribution

<Fl@ Y |(fapxwd) < 2°"loglt, + 2)F(q),

1<d<t,
ged(d,g)=1

with F(q) = hy(g)log(q + 1)g*/%. This completes the proof of the lemma. [ |

Givenb, c, q € Z such that g > 0 and a real-valued function f defined on an interval
I CR,let

Sif.a =Yy ij w(m’>

xeZNI y=1 q
y?*=bx (mod q)
ged(y,g)=1

It is interesting to compare this sum with the sort of sums that featured in our corre-
sponding investigation of the Eg cubic surface. The sole difference between [4, equation
(4.1)] and S;(f, q) is that the argument involves ( f(x) — cxy)/q, rather than ( f(x) — cy)/q.

We will be interested in studying S;(f,q) when f e C'(I; Ao). Here, if I = [t;, t,]
and Ao > 1, then CU(I; X¢) is defined to be the set of real-valued differentiable functions
f, such that f’ is monotonic and of constant sign on (¢, t3), with | f(¢2) — f(t1)] + 1 < Ao.
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It will be convenient to define
m(I) = meas(I) + 2.

We will need a version of [4, Lemma 10], in which the factor gm(I)* is made more explicit.

This is achieved in the following result.

Lemma5. Let X = gm(I). Assume gcd(bc,q) = 1 and f € C(I; Ao). For any ¢ > 0, we have

I) | k(g Ay m(D)V?
Si(f.q) < (hz(q)ql/2 + r(q)zmc(l ) + 101;%)( 0 ;L}) ) (log X)?,

where 7(n) = 3_;, 1 is the divisor function. O

In comparing this with [4, Lemma 10], one sees that the first and third term in
both results share the same approximate order of magnitude. However, the middle term
is improved from 1/q'/® to 1/q. This saving is crucial in our work. It arises from the fact
that the current setup leads us to estimate the quadratic exponential sums (2.1) with
a = 0, rather than the corresponding cubic sums with phase av® + bv? and b = 0. In the
former case we are dealing with linear exponential sums, for which we have very good

control, and in the latter case we only have the bound 0,(g?/3+?) available.

Proof of Lemma 5. Let nlo;q) =#{1 <n < q|n?=a (mod q)}. Replacing the bound
nle; @) <. q¢° by nla; q) < 299+ in the application of Vaaler’s trigonometric formula in

the proof of [4, Lemma 10], we obtain

wlg

20@m(1) L1
SilfiQ <« —F—+ ; & T (fq;

for any H > 1, where

q

Tf.gR =Y Y  elhflx)—chy.

xeZNI y=1
y?*=bx (mod q)
ged(y.g)=1

As in [4, Lemma 10], we rewrite this as
q

1
Lif.gh) = > Ailg;—k,h, f)B(g; h, k),

k=1
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with

Allg; —k,h, fi = ) egl—kx+ hf(x)

xeZNI

and

4q 4q
B(gh,k) =) Z eqlku — chv) = eq(bkv® — chv),

—bu (mod q) gcd v q)=1
ged(v,g)=1

II M»Q

where b is the multiplicative inverse of b modulo q. Since gcd(q, bk, ch) = gcd(q, k, h), we
have (with h =dh/, k =dk/, g=dq)

Ti(f.q;h E —-— E Ailq; =K K, AB(dq;dn, dkK).
dlhq —q’/2<k’<q’/2
ged(k' I q)=1

Write each v modulo g uniquelyasv =y+ g'zwith1 < y<q and 1 < z < d. Then

q d
Bdq;dh,dk)=)_ >  esBk'y*—ch'y)= fld,q)B(q; k)
=1 gcd(y—&fz’:zl,dq/):l

with f(d,q') < d, just as in [4, Lemma 10]. Therefore,

1
Tf, g <> = Y. |Alg;-K K, NIB; R, K.
dlhq g —q'/2<k'<q'/2
ged(k', 0 ,q')=1

For the contribution from the case k' =0, note that gcd(h/,q’) = 1. We have
Ar(q; 0k, f) < m(I) trivially, and

q q/d
B(giW, 0= ) eyl—ch'v)=) u(d) Zeq/d( ch'v).
gcdz);ql’):l dlg

The inner sum is q’'/d if (q’'/d) | ch’ (which is possible only in the case q'/d =1 since
ged(g, ) = ged(q’, k') = 1) and 0 otherwise. Thus, B(g’;h',0) = u(g’), whence the total
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contribution to T;(f, g; h) from the case k' = 0 is

< Z m(I 9 < "o geain, g,
d|hq q

where o(n) =} _;, d is the sum of divisors function.
For the total contribution to T;(f, g; h) from the case k' # 0, we note that

!

Al K K, f W (@ + h'ro) = |z—/|(1 + hio/q),

by [4, Lemma 5] for f e C(I; Ao). Also

/

q
Blg;h, k)= ) eg®k'v*—ch'v)=> ule Z eq/(bk'ev® — ch'v),

v=1 el
ged(v,q')=1 7

where g’ = eq”. By Lemma 2,

|B(q/, h/’ k/)| < Z |M(e)|q//1/2 gcd(q//,Bk/e)l/Z

elq’

q/1/2
<) lute)l Y ged(q, k)2 ged(q”, €)'/
elq’

< 2w(q/) ng(q/, k/)l/zq/l/z_

The contribution from the case k' # 0 is therefore

/

< Z Y Lt hio/@)20 gediq, k)2
dlhq 1<k'<q'/2
ged(k',h',q')=1
ng(q k/)1/2
1+ hio/q)2¢?q!/? Z Z Shank KL
d\hq k <q'/2 k

& (1 + hio/q)ha(q) loglg + 1)g"/2.

Plugging the contribution from k¥’ =0 and k' # 0 to T;(f, q; h) into S;(f,q), we
deduce, for any H > 1, that S;(f, q) is

)

n &
m( - 4 Z <(1 + hio/q)h2(q) log(q + 1)g*/? + ((2 o(ged(h, q)))

h=1
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Observing that
d
- 2lecdha) o(ged(h, q) =Y old Z — < (log H)Z# < (log H)z(q)?,
h<H dlq h<H dla

dlh

we therefore deduce that

29@m(]) N t(g)*m(I)(log H)

= +1log(q + Dh2(q)g"/?(log H) + log(q + Dha(q)ro H/q"/2.

SiI(f. 9«

Let

qY4m(1)V2
log(g + 1)/2g(q)

1/2

If H > 1, we may use this H in the estimate above, together with g + 1 < X, in order
to obtain the lemma. If H < 1, so that g"/*m(I)"/2 < A}/*(log q)/2g(q), we deduce from the
trivial estimate S;(f, q) < 2°?m(I) that the lemma holds in this case too. |

3 The Universal Torsor

Let S be the Ds cubic surface (1.1), let U C S be the open subset formed by deleting the
lines from S, and let S be the minimal desingularization of S. In this section we will
establish an explicit bijection between U(Q) and the integral points on the universal
torsor above S, subject to a number of coprimality conditions. For this we will follow the
strategy explained in [11].

To establish the bijection we will introduce new variables ny,...,ng and a1, az. It

will be convenient to henceforth write

772(711/-'-:776): '7/2(771,-.-,778), Ol=(011,0!2)

and

6
”(kl ka,ks ka,ks ke) _ 1_[ m’_ci,

for any (ky, ..., ke) € QS.
Let us recall some information concerning the geometry of S from [8, Section 8].
Blowing up the singularity (0: 0:0: 1) on S results in the exceptional divisors Ejy, ..., Es

in a Ds-configuration on the minimal desingularization x : S— S. Let Eg, E;, Eg Tesp.
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Fx B E5 @

/

Fig. 2. Configuration of curves on S.

A

A1, Ay on S be the strict transforms under 7 of the three lines E{={x=x =0}, E] =
{X0 = x» = 0}, Ej = {x, = x3 = 0} resp. the curves A] = {x; = Xox3 + x2 = 0} and A4, = {x3 =
XXz + x2 = 0} on S. The extended Dynkin diagram in Figure 2 is the dual graph of the
configuration of the curves Ej, ..., Eg, A;, 4; on S.

By [8, Section 8], nonzero global sections #;,...,ns, 1,02 corresponding to
E,,..., Eg, A, A; form a generating set of the Cox ring of S. The ideal of relations in Cox(§)
is generated by nandaz + nanZning + nsa?. We express the sections 7*(x;), for 0 <i < 3, of

the anticanonical class —K3 in terms of the generators of Cox(S) as follows:

4,3,2,3,2,2 3,2,2,2,1,1 2,1,1,2,2,0) 2
*(x3)) = (" 7,7 oy, ' ) )

(r*(x0), ..., 1.1 n7M8, NgA2).

The general strategy of [11] suggests that U(Q) should be parametrized by certain

integral points on the variety Spec(Cox(S)). This is confirmed in the the following result.
Lemma 6. We have
Ny,u(B) = #T(B),

where 7 (B) is the set of (y/, &) € Z7, x Z_o x Z? such that (1.2) holds, with

max{|n(4'3'2'3'2'2’ S|, (@222 0, |, [g@11220,2, 1< B (3.1)
and
ged(az, mnzns) =1, (3.2)
gcdlo, ninans) =1, (3.3)
gcd(ng, ninz2nanansnes) =1, (3.4)
ged(nz, ninanznane) = 1, (3.5)

coprimality between 7y, ..., ng as in Figure 2. (3.6)
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The coprimality conditions in (3.6) are achieved by taking n; and »; to be coprime
if and only if the divisors E; and E; are not adjacent in the diagram. The reader is invited

to consider the correspondence between

e the variables of the parametrization and the generators of Cox(S),

e the torsor equation (1.2) and the relation in Cox(S),

e the height conditions (3.1) and the expressions of 7*(x;) in terms of the gener-
ators of Cox(g),

e the coprimality conditions (3.2)-(3.6) and the configuration of the curves as-

sociated to the generators of Cox(S) encoded in Figure 2.

The proof of Lemma 6 is elementary, but modeled according to the geom-
etry of S. The following additional geometric information is relevant. Contracting
Eg¢,E;, Ey, E3, E7, E5 in this order leads to a map ¢; : S — P2 that is the blow-up of six
points in the projective plane. We may choose ¢;(E4), ¢1(4A;), ¢1(Eg) as the coordinate lines

/

in P2 = {(n, : o} : np)}. Then ¢;(A,) is the quadric n,n; + @/* = 0. The morphisms ¢;, 7 and

the projection

¢2 1S --» Pz,

X = (x0:x :X)

from the singularity (0:0: 0 : 1), form a commutative diagram of rational maps between
S, S, and P2. The inverse map of ¢, is

¢3 . ]PZ = S,

(g z oty 2 ) > (0 ey g < mgoty)
where o), = —n}n5 — o/2. The maps ¢,, ¢3 give a bijection between the complement U of the
lines on S and {(n} : &} : ng) € P? | n}, ng # 0}, and furthermore, induce a bijection between
U(Q) and the integral points

{(a, 01,8, 02) € Ziog X Z x Zigo x Z | ged(ng, a1, 02) = 1, oz + nang + of = 0}.

Motivated by the way the curves Es, E7, E3, E;, E2, Eg occur in ¢; as the blow-ups
of intersection points of ¢;(E4), ¢1(Eg), $1(A1), $1(A,), one introduces the following further

variables:

ns = gcd(na, ng), 17 = ged(ns, ng), n3 = gedng, a1, az),
m = gcd(nz, na, a2), n2 = ged(ny, az), ne = ged(nz, a).
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Although we omit the details here, it is now straightforward to derive the bijection
described in the statement of Lemma 6 using elementary number theory.

In analyzing the height conditions apparent in (3.1), we will meet a number of
real-valued functions, whose size it will be crucial to understand. We begin with the
observation that (3.1) is equivalent to h(y’, «1; B) < 1, where

4,3,2,3,2,2)

3,2,2,2,1,1
"1( N7 ( oy

n

2.3 2 2

2,1,1,2,2,0), 2 NaNsN7Mg + N378]
'78|, 3
n27g

’ ’

h(y',a1; B) = B ! max

'
In what follows we will need to work with the regions

R(B) = {(',01) € R® | my,...,n7,In8] = 1, h(n',a1; B) < 1},

R/I(B) — {n c RB | Niy-- 116 2 1, ”(4,3,2,3,2,2) < B, "(5,5,3,4,2,4) 2 B}:
Ry(m; B) = {(n7,n8,21) € R* | 97 > 0, hiy',1; B) < 1},

R'(B) = {(n,a1) € R? | g € R} (B), (n7,m8, 01) € Ry(n; B)},

f 9 771/-”,77621/ 77720! h(n/r(xl;B)glr
=1 a1) eR
g432322) < B 653424 5 p

In keeping with the philosophy of [6], the definitions of these regions are dictated by
the polytope whose volume is defined to be the constant a(9), as computed using an

alternative method in the introduction. In fact one has

~ 7 21+ 2x%+x3+x0+ 2% —x7 2 0,
a(S) =vol {x e RS,

4x + 3% + 2x3 + 3x4 + 2% + 2% +x7 = 1

6 6x7 +5x +3x3 +4x4 + 2x5 +4x > 1,
=vol {x e R}, , (3.7)
4x) + 3% + 2x3 +3xa 4+ 2x5 + 2x5 < 1

to which R/ (B) is closely related.

Perhaps a few more words are in order concerning the role of the cone of effective
divisors in our work. The parametrization of U(Q) in Lemma 6 suggests that Ny, g(B)
should be comparable to the volume of R(B). On the other hand, the factors «(S) and
o Of the conjectured leading constant in our theorem suggest the appearance of R'(B)
instead. The latter is constructed from R (B), which comes from the dual of the effective

cone, and from R,(y; B), which is obtained from the region whose volume is wy. At
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some point we will therefore need to make a transition from R(B) to R'(B). Rather than

distributing this procedure over the entire proof, as in our previous investigation [6], we

will save this transition until Lemma 14, where it signifies the final step in our argument.

We are now ready to record the various integrals that will feature in our work,

together with some basic estimates for them. All of the bounds are simple enough to

deduce in themselves, but readily follow from applications of [10, Lemma 5.1]. Bearing

this in mind, we have

1
veim) = [ L d,
(' t)ER(B), n72Insl N2
1
Vlb(ﬂ/, B) = / 2 dtll
(' ,t1)€R(B), Ingl>n7 M2Mg
>
Vily'; B) = Vi(y'; B) < i o
(€{a,b) 772/ 773/ 776|778|1/2
and
Vi (n, ng; B) = / Vi(n, t7,ng; B) dt;
t7
B5/6 B2
<« min , ,
7(0.1/6,1/2,1/3,2/3,1/3) |1)5|7/6 ' 3(7,64535)
b b d B3/4
Vv, (n,n7; B) = / VY (n,m7,tg; B) dig < (0,1/4,1/2,1/4,1/2,1/2),,3/4"
tg n N7
and finally

Vi (n; B)=/ V3 (n, tg; B) dtg,

tg

V2(n; B)=/ V2(y, t7; B) dt,

t7

Vs(n; B) = V&(y; B) + V2(n; B) < ST

We now have everything in place to start the proof of the theorem.

4 First Summation

(3.8)

(3.9

(3.10)

(3.11)

For fixed ny,...,ns, let N7 be the number of («;,®;) that contribute to Ny y(B). Let
I =1(y'; B) be the set of t; € R satisfying hl(y/,t;; B) < 1. By definition, Vi(y’; B) =

meas(I)/(n2n3).
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Table 1 Dictionary for applying [10, Proposition 2.4].

(r,s,t) (3,1,2) 8 m
(g, ... ) (ng; Na, 115, 17) (@o; ai,...,a,) (1;1,2,3)
(BoiBrys - - -1 Bs) (15 13) (bo; by, ..., by) (2;1)
voivir. - vt) (a2; m2, n6) (cr,....c) (1,2)
IT(e) 77471577; I8, &) N1ManNs
I1(B) N3 ', B) m
M(y) nang (s, y) mn2

We would like to begin by applying [10, Proposition 2.4], which is concerned with
a much more general setting. In order to facilitate our use of this result, Table 1 presents
a dictionary between the notation adopted in [10] and the special case considered here.

We may now apply [10, Proposition 2.4] to deduce that
N, = 0:(0)Vi(n’; B) + Ri(n'; B),

where

n_ ulk)gp* (n1nansnz)
)= k\nX]%z k¢*(ged(n:, kna)) Z !

god(k,nans)=1 1<g<knang
M3N4a)=

nanzne=—e*ns (mod knznd)
gedlo knan)=1

and the error term R;(y’; B) is the sum of terms of the form

Yoo ulk) > k) > A,

k2|nin2 ki|mnansnz 1<o<konan?
6
ged(kz mana)=1 ged(ky kzna)=1 natyne=—0n3 (mod kznzng)

gedlo kznznd)=1

with

A=y ki 'bo — onsnrky _y ki ‘b — onsnski
kzﬁzﬂg kzﬁzng '

one for each of the intervals that form I, with start and end points by = by(y’; B) and
by = bi(y'; B). Here, @ denotes the multiplicative inverse of an integer a € (Z/kan2niZ)*.
Our first task is to show that the overall contribution from R; makes a satisfactory

contribution to Ny g(B).

Lemma 7. We have

Ny u(B) = Z

1 €L 5% Zzo
(3.4), (3.5), (3.6) O

1) Vi(n’; B) + O(B(log B)®).
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Proof. We must show that once summed over 5’ € Z7; x Z.o such that (3.4), (3.5) and
(3.6) hold, the term R (y’; B) contributes O(B(log B)®). Let g = kzn2n3. We remove (3.4) by a

Mobius inversion. This leads us to estimate

Z Ri(ﬂl 7771 B)r

7)€z’
(3.5), (3.6)

where R; (5, n7; B) is defined to be

Yoo owka) Y uk) )Y uked,

kz2|n1n2 k1lninansnz kg|n1nz2nznansne

ged(kz, nzna)=1 ged(kr kanz)=1

with
onsn7ki
A=y Y Z(—w(—),
ngeZNI' 1<0<q i€{0,1} q
nan7kgng=—0%ns (mod q)
ged(e,9)=1

where I’ is the allowed interval for n; and by, b; as above depend on #;,...,17 and ng =

kgng. We may split the summation over 5y € I’ into subintervals I” where we have by, b; €
CY(I", xo) as functions of ng. In view of the bounds for |kgny| and |k;«}| that follow from

the inequalities in the definition of R(B), it follows that

B

"« ———, M<K

2,1,1,2,2,0) 2 3,2,2,2,1,1)"
7 ),77 7' )

Since gcd(ns, q) = 1, we may restrict the summation over kg to kg | n1n3nans such
that gcd(ks, q) = 1. Then gcd(nanansks, q) = 1 and ged(nsnsk;, q) = 1, so that we can apply
Lemma 5 to obtain

2

T B h B

22(1qz)22 2 (5 217(?1)3 2,2,3/2,1) )(10gB)2.
y,( ,,,,, )7]7 (logB)n /2,7/4,3/2,2,3/2, N7

A« (hz(q)q”2

Note that hk(nzng) &K nyhak(ng) for any k € Z.o. Writing, temporarily, £ = log B we

deduce that the total contribution from the first term is

DY h@LPqV* < Y (mnananans) 2 halne) L0y *nane

N,....M7 k1,k2,kg N1yeeil)7

rrrrr
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by Lemma 1. The total contribution from the second term is

2w(ns)

B
Z Z T(Q)Zﬁzm < BL? Z

N1,---m7 ki, ka2 ks n3

< BLA.

13

Finally, the total contribution from the third term is

hi(Q)BL e20mp
Z Z 1(q) <. BL Z (n112n3n47s5) 2(n6)

(5/2,7/4,3/2,2,3/2,1) n7 n(5/2,7/4,3/2,2,3/2,1) n7

This therefore completes the proof of the lemma.

5 Second Summation

Let Ny ;(B) be the number of (', &) € 7(B) subject to [ns| < 17, and let N}, ;(B) be the

remaining number of elements of 7(B). Lemma 7 can be modified in an obvious way to

give estimates for N2 ;(B) and N, ;(B). For N ,(B), we sum over 7, first and over ng

afterwards, and for N,l}'H(B), we do the reverse.

5.1 Case |ng| > 57

We rewrite the result of Lemma 7 as follows. Removing (3.4) by a Moébius inversion, and

adding gcd(ksg, kT)gT)é) =1 to prevent that A = 0, we arrive at the formula

(k)™ )
N B = Sy MO s s Y ulke A+ O(Bllog B)®),
’ . ko*(ged(ny, knz))
(7)€L, klninz 1<0<kn2n? kg|mnanans
(3.5), (3.6) gcd(k,nana)=1 ged(o kian2)=1 8cd(ks knz2nf)=1
where
A= > VP(n, n7, keng; B).
Ng€ZLso

nan7keng=—0%ns (mod knan?)
kslngl>n7
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Lemma 8. We have

Np 5 (B) = Z 92(n, 17) V2 (n, n7; B) + O(B(log B)),

(n.n7)eZ’,
(3.5), (3.6)
where
1-2/p
92, n7) = ¢* (mnansnansne)d™ (ninanansny) H —_— 0
1-1/p
plm
Pf'72713714

Proof. Let q = knznZ and

(k)™ (n1nansnz)
Nity, t) = ) - Yo ulke) Y Ny loity,t),
kininz k¢ (ng(}h'knz)) kslninanans 1<o<q

ged(k,nzna)=1 ged(kg,q)=1 ged(o,q)=1
where
Np 1. (0 t1, t2) = {ng € (t1/ ks, t2/ kgl | nansksng = —0®ns (mod g)}.

As in [4, Section 8.3], we have

) ty—t kit — ao? kg't; — ao?
N} (05 11, 85) = = 1+w<8 ! Q)—w(u

ksq q q

where a is the unique integer modulo g with nansksa = —n3 (mod q). Clearly nansksng =
—0%n3 (mod q) is equivalent to n = ae? (mod g) for any such a. Using Lemma 3, we deduce
that N(t;, tp) is

(t2 — t1)02(n, n7) + 0 (2¢tmm)getmnanans) p, (n,n2) log (n2n3 + 1)(7727]2)1/2).

A straightforward application of partial summation therefore reveals the total error as

being

< Y getmnelgelnnanns p, (9,02 (log B) (nz2n2) " sup VP(n, n7, ns; B)
n.n7 ngl>n7

BlogB
(n112) gl ) 2
< Z 2@lmnz) gwlnnznans h1 (’72776) ”(2,3/2,3/2’3/2,1'1)
n

« Bl(log B)®.

Here, in the second step, we have used y*3%322/y, < B and |ng| > 77 and the bound (3.8)

for VP, The final step uses Lemma 1. |
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5.2 Case n7>|ng|

We rewrite the result of Lemma 7. Recall the definition (2.3) of the function f;; for
positive integers a, b. Noting that we may replace (3.5) by gcd(n7, n1n3ns) = 1, it follows
that

(K)op*( )
Ng (B = Y oL ¢ nats 3 A+0(BllogB)),
' - ko*(ged(ny, kn2))
(n,ms)€Z8 )X Z1o klninz 1<o<knzn?
(3.4),(3.6)  gcdlk,mana)=1 ged(g,knyn?)=1
where
A= Z ﬁ75/ﬂ1773?74(n7)V1a(nr N7, MN8: B).
17€Z20
nanns=—0%ns (mod knznd)
n722nsl

Here we automatically have gcd(nans, knz2n3) = 1. Thus, the congruence involving ¢ in A

determines n; uniquely modulo knzn?.

Lemma 9. We have

Ngg(B)= > 95, ns Vs, ns; B)+ O(B(log B)°),
(9,18)€Z8 s x Z 20
(3.4), 3.6)
where
1-2/p
9%(n, — b* * [ 1—1/p2. (]
£01,n0) = &"(nmznsnane)g” Onnanans) [ 1= 1 [] a-1/p%
plm Pimnznznansne
Pinanzna
Proof. Letq = knznZ, ¢ = nz2n% and
w(k)p*(n1n4ans)
N(t, to) = na (7).
(t1,t2) Z k¢*(ng(U1,kn2)) Z Z ﬁlsm% 74(’77)
klnin2 1<0<q t1<n7<t2
ged(k,n3na)=1 ged(e,q)=1 nansns=—0*ns (mod q)

It follows from Lemma 4 that N(t;, t2) is

_ K™ (mnans) 2
(t2 — t1) k\g kgl kng) ¢*mnanaq)  [] (1 —1/p?
mnz ptaninsnans

ged(k,nzna)=1
+0 (2@tmm)getmnn) 1og(t, — 11 + 2)hy(q) loglg’ + 1)g™/?).
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A little thought reveals that the main term here is (¢, — t1)95(y, 7). Using partial
summation, we estimate the total error as
< Z zw(r/mz)zw(mnam)(log B)2h1 (77277?3)(772'7(23)1/2 sup V&(y,n7,ns; B)
N7 n72nsl

glmnz) gwlm ’73"4)h1 (,72 77%)
,,(2,3/2,3/2,3/2,1,1)

< BllogB)*)

n

< Bllog B)®,

using n432322ps| < p%32322y, < B and (3.8) in the second step and Lemma 1 in the

final step. |

6 Third Summation

Throughout the remainder of the paper we set E = B(log B)®(loglog B) for the total error
term that appears in our main result. In this section and the next we will need to compute
the average order of certain complicated multivariable arithmetic functions, sometimes
weighted by piecewise continuous functions. As previously, we will place ourselves in
the context of the more general investigation carried out in [10]. Here, given r € Z.g
and C € Ry;, a number of rather general sets of functions are introduced: ©;,(C, n;)
[10, Definition 3.8], ®,,.(C) [10, Definition 4.2], G)g’r [10, Definition 7.7] and G);’r(C) [10,
Definition 7.8]. We will not redefine these sets here, but content ourselves with recording

the inclusions
®}, D ©,,(C) C ©,,48rC® n,) N ©,,(48r(3"C)°%)

that are explained in [10, Figure 2].
In the notation of that are explained in [10, Definition 7.7], our manipulations

will involve the function

93(n) = [ | 03 plIpm) € O} (6.1)
p

for any 5 € Z%,, where I,(n) = {i € {1,...,6}: p| n;}, and

(1- 1), I=9,
2
(1- Il)) (1- %), I={1},
93,p() =1 (1~ 110)3, I={2},{4},{1,2},{1,3},{1,4},{2,6},{4,5}
(1-1)% I ={3},(5), (6},

0, all other I Cc {1,...,6}.
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6.1 Case |ng| > 17

Lemma 10. We have
Np y(B) = > 93(n)VP(y; B) + O(E),
”GZEU

where 3 is given by (6.1). O

Proof. Our proof is based on combining [10, Proposition 3.9] with Lemma 8. We will

apply the former to 9 (y, 777)V2b(77, n7; B) summed over n; > 1, with (r,s) = (5, 1) and

92(y,n7), if (3.5), (3.6) hold,
vy, n7) =
0, otherwise.

There are a number of preliminary hypotheses that need to be checked in using

[10, Proposition 3.9]. Local factors of ¥ = [, 9p(Ip(n, n7)) € O}, are given by 9,(I), equal

to
1, I=9,
(1-1H@-2), 1=q),
(1- %,)2, I ={2},{4},{5},{1,2},{1,3},{1,4},{2,6},{4,5},{5, 7},
1-1, I=1{3},(6},(7),
0, all other I Cc {1,...,7}.

We see that ¢ € ©,(3) C ©;,7(C, n7), for an appropriate C € Z.o.

For Vzb, we observe that (3.10) implies

B B 71/4
|;:2(’717’71.B)<< (,1,1,1,1,1) .< (4,3,2,3,2,2) >
1’1 ::::: 777 7] ::::: n7

and that V2(y, n7; B) = 0 unless y*32322p, < B.

Thus, everything is in place for an application of [10, Proposition 3.9], giving

B
5 91V, 15 B) = A, ol ) [ 200, 6 B) e + O(E)

n721 1

= V3(n)V2(y; B) + O(E),

where we check A(%(y, n7), n7) = ¥3(y) by [10, Corollary 7.10]. [ ]
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6.2 Case n7>|ns|
Lemma 11. We have

N§ 4(B) =) d3(n) Vs (n; B) + O(E),
neZ

with ¢3 given by (6.1). O

Proof. This time our proof is based on combining [10, Proposition 3.10] with Lemma 9,
the former being applied with r = 5. As previously, there are a number of preliminary
hypotheses that need to be checked in order to use this result. For the first of these, we
define

v5(n, ng), if (3.4), (3.6) hold,
ﬂ(”! nS) =
0, otherwise.

As in the proof of Lemma 10, we have ¢ € ©,7(C, ng), for some C € Z-.
Next, (3.9) implies that

Vig B) < B min (—B )1/6 B
+ 18; '
2 pLLLLLD e (653424 | po|-1 7653424)|p0|-1

An application of [10, Proposition 3.10] now gives the expected main term, together with

a total error term O(E). [ |

7 Completion of the Proof

We put back together our estimates for N} (B) and Ng ,(B) that were obtained in Lem-

mas 10 and 11, respectively. This yields the following result.
Lemma 12. We have

Nyu(B) =Y 93 Vs(n; B) + O(E),
r/eZ

with ¢35 given by (6.1). O
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It remains to handle the summation over 5y, ..., ns. This is achieved in the next

result.

Lemma 13.

1
(1_[ P) (n’,a1)€R(B) 77277(25

Proof. Since 3 € ©,(4), there is a C € Z.( such that @3 € ©,,(C). This and the bound
(3.11) for V3(»; B) show that we are able to apply [10, Proposition 4.3] with (r, s) = (6, 0) to

conclude that

> 93 Vs(; B) = 0o Vo(B) + O(E).

Here,
Vo(B) = / Vg(ﬂ; B) di] —/ —dﬂ dOl],
7 R(B) 772775
and 9 is the “average” of ¥ (y) over 1y, ..., ns, which is computed as
1\’ 1 1 2 1 1 1 1
do=[](1-= 1+ )+(--=5)+2(=—-=)+3=+5—
) b p p D p p p p
1 7
T2 60 )
» p p p?
= l_[a)p
p
using [10, Corollary 7.10]. [ |

The subsequent task is to modify the domain of integration, replacing R(B) by
R'(B). This is the final step needed to extract the main term as it appears in the statement

of the theorem.

Lemma 14. We have

NU H(B w /
l_[ P (n’,a1)eR/(B 772’76

(E). O

Proof. Let

V(i)(B) — / (772772)_1 dy’ do,
h(y',a1;B)<1, (y',a1)€R;(B)
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where
{" 0[1 GR | 771r---,777:|778| 2 1}1
= {( ! 051) S R | Nire-- s N74 |r)8| 2 1/ ”(4'3'2’3'2'2) < B}/
7)1,---,777:|778| P ]-r
(', 1) € R® g ,
77(4'3'2'3'2'2) < B, )1(6,5,3,4,2,4) > B
Nir--- o N7 2 ]-r
(', 1) 4,3,2,3.2,2 42,4 !
71( ,3,2,3,2,2) < B, )1(6,5,3, ,2,4) > B
Ni,---4176 P 1! nz P> O/
Ra(B) = 1 (0, 01) € R® g g
71(4'3'2'3’2’2) < B, )1(6,5,3,4,2,4) > B
For 1 < i < 4, we will show that |[V¥(B) — V%~V (B)| « B(log B)®. Since V'?(B) = (B) and

V@ (B) = ﬁn )R B) \(n2n3)~" dn’ day, this is enough to establish the lemma.

It turns out that in applying [10, Lemma 5.1] to obtain (3.8)—(3.11), only the in-
equality h(y’,a;; B) < 1 is used in the definition of R(B). Hence, the same bounds hold if
we replace R(B) by R'(B) in the definitions of V2, V.

For i = 1, the inequality 532322 < B follows from h(y’,a1; B) < 1 and n; > 1.
Therefore, V9 (B) = VV(B).

Fori = 2 we use a variation of (3.9) for the integration over «;, 7. Then integrating

over |ng| > 1 and 3424 < Band 1 < n,...,ns < B, we deduce that

B5/6
7(0.1/6,1/2,1/3,2/3,1/3) |5|7/6

|V(2)(B) _ V(l)(B)l < / dﬂ d’78
n.M8

B
< / (1,1,1,1,1,0) dny - dns
N5 n

« Bl(log B)®.

For i = 3 we begin by using (3.8) for the integration over «;. Then integrating over
Ing| < 1, n7 < B/(n*32322) 5653424 > B and 1< ny,...,n5 < B, we deduce that

Bl/2
v¥(B) - V?(B)| « 71— dndnz dng
1/2 1/2 1/2
n7ms Mo’ M3 Nelnsl

B3/2
< f n 72512323 dn
7

« B(log B)®.
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Finally, for i =4 we use (3.10) for the integration over o, ng. Then, integrating

over 0 < 7 < 1, p*32322 < Band 1 < n,...,ns < B, we obtain

B3/4
|V(4)(B) _ V(3)(B)| & f d)] d’l7

3/
- 71(0'1/4'1/2'1/4'1/2'1/2)717/

B
< / pLLLLLO) dny - - dns
-

.....

« Bl(log B)®.

This completes the proof of the lemma. |
Substituting
o= p&32322 ), Y 322210 ) Y P2 1122002,
B ’ 1 B ’ 2 B

into wy, for fixed € R>O, we obtain

wWoo B
/ —dﬂ7 dngdoy = ———.
(

17.m8,01)€R,(n; B) 772775 n1--- Mg

Finally, by substituting x; = }Zg'g for1 <1 < 6into (3.7), written as an integral, we deduce
that

(S)(log B)S [ dn_
eR}(B) M -

This completes the proof of the theorem.
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