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We study smooth projective varieties with small dual variety using methods from sym-
plectic topology. For such varieties, we prove that the hyperplane class is an invertible
element in the quantum cohomology of their hyperplane sections. We also prove that the
affine part of such varieties are subcritical. We derive several topological and algebraic
geometric consequences from that. The main tool in our work is the Seidel representa-

tion associated to Hamiltonian fibrations.

1 Introduction and Summary of the Main Results

In this paper, we study a special class of complex algebraic manifolds called projective
manifolds with small dual. A projectively embedded algebraic manifold X c CPY is said
to have small dual if the dual variety X* ¢ (CP")* has (complex) codimension >2. Recall
that the dual variety X* of a projectively embedded algebraic manifold X c CPY is by
definition the space of all hyperplanes H ¢ CPY that are not transverse to X, that is,

X*={H e (CPY)* | H is somewhere tangent to X}.

Let us mention that for “most” manifolds the codimension of X* is 1, however, in special

situations the codimension might be larger. To measure to which extent X deviates from
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the typical case one defines the defect of an algebraic manifold X c CPY by
def(X) = codimc(X™) — 1.

(Some authors call this quantity dual defect to distinguish it from other “defects”
appearing in projective geometry, such as secant defect, see, for example, [32, 48]. In this
paper, we will, however, stick to the wording “defect”, which is attributed to A. Landman
in [20, 21].)

Thus, we will call manifolds with small dual also manifolds with positive defect.
Note that this is not an intrinsic property of X, but rather of a given projective embed-
ding of X.

The class of algebraic manifolds with small dual was studied by many authors,
for instance, see [5, 20, 21, 27, 31, 45], see also [47] for a survey. The study of the relation
between X* and the topology of X (and its hyperplane sections) had been initiated earlier
in [2]. These works show that manifolds with small dual have very special geometry. In
this paper, we will show that such manifolds also exhibit unique properties from the
point of view of symplectic topology.

Our main results are concerned with geometric properties of a smooth hyper-
plane section ¥ C X of a manifold X c CPY with small dual, under the additional
assumption that b,(X) = 1. (Here and in what follows, we denote by b;(X) = dim HI(X;R)
the j'th Betti-number of X.) By a well-known result of Ein [21], the assumption b, (X) =1
implies that both X and X are Fano manifolds.

For a space Y, we will denote from now on by
H*(Y):= H*(Y; Z)/torsion

the torsion-free part of the integral cohomology H*(Y;Z). Denote by QH*(X; A) =
(H*(X) ® A)* the quantum cohomology ring of X with coefficients in the Novikov ring
A=7ZIq,q '] (see below for our grading conventions), and endowed with the quantum

product x. We prove the following theorem.

Theorem A. Let X C CPY be an algebraic manifold with small dual, b,(X)=1 and
dim¢(X) > 2. Let ¥ be a smooth hyperplane section of X. Let w be the restriction of
the Fubini-Study Kahler form of CPY to X. Then

[w] € QH?(Z; A)

is an invertible element with respect to the quantum product. O
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We will actually prove a slightly stronger result in Section 4 (see Theorem 4.2
and the discussion after it). In Theorem 9.1 in Section 9, we will establish a much more
general, though less precise, version of this theorem.

A classical result of Lanteri and Struppa [33] (see also [2]) on the topology of
projective manifolds with positive defect states that if X ¢ CPY is a projective manifold
with dim¢ X =n and def(X) =k > 0, then

bi(X)=bj (X)Vn—(k—1)<j<n+k—1.
(In Section 6, we will reprove this fact using Morse theory). As we will see in Corollary
B, Theorem A implies stronger topological restrictions in the case b, (X) = 1.
As mentioned above, under the assumption b,(X) = 1 the manifold X is Fano. The

quantum cohomology QH"(X; A) = (H*(X) ® A)* admits a grading induced from both
factors H*(X) and A. Here we grade A by taking deg(q) =2C 5, where

Cy =min{c’(A)>0| Ac image (72(¥) — Hy(¥;Z))} €N

is the minimal Chern number of ¥. Here, we have denoted by ¢ € H*(X;Z) the first

Chern class of the tangent bundle TX of ¥. Theorem A implies that the map
x[w]: QH"(Z; A) — QH (X A), ar— ax[w]
is an isomorphism. In our case, a computation of Ein [21] gives
2Cx=n+k+2, 2Cs=n+k

(It is well known, by a result of Landman, that n and k must have the same parity,

see Section 2.) Define now the cohomology of X graded cyclically as follows:

H'(X) =@ H(X).  bi(X)=rank H(X). (1)

leZ

Define H(X¥) and b;(¥) in a similar way (note that in the definition of H(X) one has to
replace also Cx by Cx). Theorem A together with a simple application of the Lefschetz

hyperplane section theorem give the following result:
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Corollary B. Let X c CP" be an algebraic manifold with small dual and b,(X) = 1. Then
bj(X) = Ej+2(X), Vj € Z. Moreover, if ¥ C X is a smooth hyperplane section then similarly
to X, we have b;(¥) =b;»(%),VjeZ. O

A similar result (for subcritical manifolds) has been previously obtained by
He [29] using methods of contact homology.

If dim¢(X) = nand def(X) =k, Theorem B implies the following relations among
the Betti numbers of X:

bj(X) + bjinikr2(X) =bj2(X) + bjinikia(X), YO<j<n+k-1,

buii(X) =bpiks2(X) + 1, bpjrt1(X) = bpyiys3(X),

and the following ones for those of X:

bj(X) + bjinik(X) =bj2(X) + bjniri2(X), YO<j<n+k-3,

bpik—2(E) =bpik(X) + 1, bpik—1(2) =bpiir1 ().

We will prove a slightly stronger result in Section 4, see Corollary 4.4.

Example. Consider the complex Grassmannian X = Gr(5, 2) C CP?® of two-dimensional
subspaces in C® embedded in projective space by the Pliicker embedding. It is known
that def(X) =2, see [27, 38, 47]. We have dim¢(X) =6 and 2Cx = 10. The table of Betti

numbers of X is given as follows:

q |0|1]|2|3|4|5|6|7|8|9|10]|11]12
byX)|1]|0|1]|0|2|0|2]0|2[0|1]0]1

Further implications of Theorem A are obtained by studying the algebraic prop-
erties of the inverse [w]~!. First note that due to degree reasons the inverse element
should be of the form

[0l =anik2 ® g7 € QH(Z; A),
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where an k2 € H**2(X) is a nontrivial element. Moreover, this element needs to satisfy

the following conditions:
[l Uanik2=0, ([@]*anr2)1=1,
where ([w] * apik—2)1 € H°(X) is determined by the condition that
(([0] % otnik-2)1, —) = GWY (PDIw], PD(@nsk-2). —).

Here PD stands for Poincaré duality, and for a € QH!(X; A) and i € Z we denote by (a); €
H'"%¢x (%) the coefficient of ¢ in a. The notation GW7 (4, B, C) stands for the Gromov-
Witten invariant counting the number of rational curves u: CP! — ¥ passing through
three cycles representing the homology classes A, B, and C with ¢; (w,[CP!]) = jCx.

So in our case, the fact that ([w] * ayik_2)1 # 0 implies that X is uniruled. The
uniruldness of ¥ (as well as that of X) was previously known and the variety of rational
curves on it was studied by Ein [21]. Finally, note that the uniruldness of X follows also
from the results of He [29] in combination with Theorem 6.1.

The method of proof of Theorem A is an application of the theory of Hamiltonian
fibrations and, in particular, their Seidel elements, see [44]. In [44], Seidel constructed a

representation of 7; (Ham(X, w)) on QH(X; A) given by a group homomorphism
S:m Ham (X, w)) — QH(X; A)™,

where QH(X; A)* is the group of invertible elements of the quantum cohomology
algebra.

Theorem A follows from:

Theorem C. Let X C CPY be an algebraic manifold with small dual and b,(X) = 1. Let
Y C X be a smooth hyperplane section of X and denote by » the symplectic structure
induced on ¥ from CPY. There exists a nontrivial element 1 # A € 7, (Ham(X, w)) whose
Seidel element is given by

S(\) =lwl € QH*(Z; A). 0

See Theorems 4.2 and 9.1 for more general statements.
Before we turn to examples, let us mention that by results of [4], based on Mori

theory, the classification of manifolds with small dual is reduced to the case by(X) =1.
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Here is a list of examples of manifolds with small dual and b,(X) =1 (see [47] for more
details):

Examples.

(1) X=CP"c CP"™! has def(X)=n.

(2) X=Gr@2l+1,2) embedded via the Plicker embedding has def(X)=2.
(See [27, 38, 47].)

(3) X =S5 C CP!® the 10-dimensional spinor variety has def(X) = 4. (See [34, 47].)

(4) In any of the examples (1)-(3), one can take iterated hyperplane sections and
still obtain manifolds with def > 0 and b, =1, provided that the number of

iterations does not exceed the defect—1. (See Section 2.) O

The manifolds in (1)-(3) together with the corresponding hyperplane sections (4)
are the only known examples of projective manifolds with small dual and by(X)=1,
see [5, 45]. On the basis of these examples, it is conjectured in [5] that all nonlinear
algebraic manifolds with b,(X) =1 have def(X) < 4.

Organization of the paper. The rest of the paper is organized as follows:
In Section 2, we recall basic facts on projective manifolds with small dual. In Section 3,
we review relevant results from the theory of Hamiltonian fibrations and the Seidel rep-
resentation. In Section 4, we explain the relation between manifolds with small dual
and Hamiltonian fibrations. In Section 5, we prove Theorems A and C. In Section 6, we
discuss the relation between manifolds with small dual and subcritical Stein manifolds
and derive some topological consequences from that. Corollary B is proved in Section 7.
In Section 8, we present more applications of our methods to questions on the sym-
plectic topology and algebraic geometry of manifolds with small dual. We also outline
an alternative proof of Corollary B based on Lagrangian Floer theory. In Section 9, we
explain how to generalize Theorem A to the case by(X) > 1 (or more generally to non-
monotone manifolds). In the same section, we also work out explicitly such an example.
Finally, in Section 10, we discuss some open questions and further possible directions

of study.

2 Basic Results on Projective Manifolds with Small Dual

Let XCCPY be an algebraic manifold of dimc X=n. Denote by (CPY)* the dual

projective space parametrizing hyperplanes H c CPY. To X one associates the dual
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variety X* C (CPY)*, which (in the case X is smooth) is defined as
X*={H | H is somewhere tangent to X}.

We refer the reader to [47] for a detailed account on the subject of projective duality. In
this section, we will review basic properties of projective manifolds with positive defect.
Define the defect of X to be

def(X) = codimc X* — 1.

Note that when X* is a hypersurface the defect of X is zero. An important feature of
the defect is the following: if def(X) =k then for a smooth point of the dual variety,
HeX;

+ns the singular part sing(XN H) of XN H is a projective space of dimension k

linearly embedded in CPY. Thus, X is covered by projective spaces of dimension k, and,
in particular, there is a projective line through every point of X (see [30]).

Next, the defect of X and that of a hyperplane section ¥ C X of X are related as
follows (see [20]):

def(¥) = max{def(X) — 1, 0}. (2)

A well-known (unpublished) result of Landman states that for manifolds X with small
dual we have the following congruence dim¢(X) = def(X) (mod 2) (see [21, 47] for a proof
of this).

Later, Ein proved in [21] the following. Let X Cc CPY be an algebraic manifold
with dimc(X)=n and def(X)=k> 0. Denote by ¢ the first Chern class of X. Then
through every point in X there exists a projective line S with

n+k
cf(S)=—— +1.
2
Of special importance is the case b2(X) =1, which was extensively studied by

Ein in [21]. In this case, we have:

cf=<nzk+1)-h, (3)

where he H%(X) =7 is the positive generator, which is also the class of the restriction
(to X) of the Kahler form of CP¥. In particular, in this case both X and X are Fano

manifolds.
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3 Hamiltonian Fibrations

In what follows, we will use the theory of symplectic and Hamiltonian fibrations and
their invariants. We refer the reader to [28, 36, 37] for the foundations.

Let 7 : X — B be a smooth locally trivial fibration with fiber ¥ and base B which
are both closed manifolds. We will assume in addition that B is a simply connected
manifold. Further, let £2 be a closed 2-form on X such that the restriction £2p = f?lxb to
each fiber X, =7 ~1(b), be B, is a symplectic form. Fix by € B, and let ws be a symplectic
form on ¥ such that (¥, wy) is symplectomorphic to (X, §25,). This structure is a special
case of a so-called Hamiltonian fibration. It is well known that under these assumptions
all fibers (X}, £25) are symplectomorphic and in fact the structure group of = can be
reduced to Ham(X, wyx).

We will assume from now on that B = S?. We identify S? = CP! in a standard way

and view S? as a Riemann surface whose complex structure is denoted by j.

3.1 Holomorphic curves in Hamiltonian fibrations

Let 7 : (X, 2) - S? be a Hamiltonian fibration as above. Denote by T'X =ker(Dn) the
vertical part of the tangent bundle of X. We now introduce almost complex structures
compatible with the fibration. These are by definition almost complex structures J on X

with the following properties:

(1) The projection 7 is (J, j)-holomorphic.

(2) For every ze S the restriction J, of J to ¥, is compatible with the symplectic
form 2., that is, £2,(J¢, J;n) = 2,(&, n) for every &, n € T;f(, and £2,(&, J,€) >0
for every 0 # £ € T/ X.

We denote the space of such almost complex structures by J (7, £2).
Denote by HJ C H,(X;Z) the set of classes A such that 7,(A) = [S%]. Given A and
J e J(x, ) denote by M*(A, J) the space of J-holomorphic sections in the class 4, that

is, the space of maps i: S —> X with the following properties:

(1) @is (j, J)-holomorphic.
(2) @ is a section, that is, 7 o t=1d.
3) @[S =A.

Fix 7y € S? and fix an identification (X, wy) ~ (X, 25,). The space of sections comes with
an evaluation map:
evj, - MS(A, j) — X, evj!ZO(a) =1(zy).
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3.1.1 Transversality

In order to obtain regularity and transversality properties for the moduli spaces of holo-
morphic sections and their evaluation maps, we will need to work with so-called regular
almost complex structures. Moreover, since the moduli spaces of holomorphic sections
are usually not compact they do not carry fundamental classes and so the evaluation
maps do not induce in a straightforward way homology classes in their target (¥ in this
case). The reason for noncompactness of these moduli spaces is that a sequence of holo-
morphic sections might develop bubbles in one of the fibers (see, e.g., [37]). The simplest
way to overcome this difficulty is to make some positivity assumptions on the fiber ¥
(called monotonicity). Under such conditions, the moduli spaces of holomorphic sec-
tions admits a nice compactification which makes it possible to define homology classes

induced by the evaluation maps. Here is the relevant definition.

Definition 3.1. Let (X, wy) be a symplectic manifold. Denote by Hy(X) C Hy(X; Z) the
image of the Hurewicz homomorphism 7,(¥) — H,(X;Z). Denote by ¢ € H3(X; Z)
the first Chern class of the tangent bundle (TX, Js), where Js is any almost com-
plex structure compatible with wy. The symplectic manifold (X, wx) is called spheri-
cally monotone if there exists a constant A > 0 such that for every Ae Hj(X) we have
wx(A) =Acy (A). For example, if ¥ is a Fano manifold and w5 is a symplectic form with

[wx]=c then obviously (¥, wy) is spherically monotone. O

From now on, we assume that the fiber (X, wy) of 7 : (X, £2) —> S? is spherically
monotone. Denote by ¢} = ¢ (T"X) € H(X) the vertical Chern class, that is, the first Chern
class of the vertical tangent bundle of X. The following is proved in [37, 44]. There exists
a dense subset jreg(n, 2)c J(x, £2) such that for every J e jreg(n, 2) and every Ac H}
the following holds:

(1) For every Ac H7, the moduli space M®(4, J) of J-holomorphic sections in

the class A is either empty or a smooth manifold of dimension
dimg M* (4, J) = dimg X + 2} (A).

Moreover, Ms(A, j) has a canonical orientation.

(2) The evaluation map ev;, : M*(A,J)— X is a pseudo-cycle (see [37] for
the definition). In particular, its Poincaré dual gives a cohomology class
S(A; J) € HAZ; Z)tree = HY(X; Z) /torsion, where d= —2c!(A). Moreover, the
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class S(A; j) is independent of the regular J used to define it. Therefore,

we will denote it from now on by S (A).

We refer the reader to [37, 44] for more general results on transversality.

The definition of regularity for J € J(xr, £2) involves three ingredients. The first
is that the restriction J,, of Jto ¥ = X, is regular in the sense of [37, Chapter 3], namely
that the linearization of the 0 7, ~operator at every .J,-holomorphic curve in ¥ is sur-
jective. (In addition one has to require that certain evaluation maps for tuples of such
curves are mutually transverse.) The second ingredient is that (the vertical part of) the
] ;-operator at every J-holomorphic section is surjective. The third one is that ev Jz 18
transverse to all J, -holomorphic bubble trees in X.

In practice, we will have to compute cohomology classes of the type S(A) =
S(A; J) using a specific choice of J that naturally appears in our context. It is not an
easy task to decide whether a given almost complex structure J is regular or not. How-
ever, in some situations, it is possible to compute some of the classes S(A) by using
almost complex structures J that satisfy weaker conditions than regularity. Criteria for
verification of these conditions have been developed in [44] (see Proposition 7.11 there)
and in [37] (see Sections 3.3 and 3.4). Below, we will actually not appeal to such criteria

and use simpler arguments.

3.2 The Seidel representation

Let (¥, wy) be a closed monotone symplectic manifold (see Definition 3.1 is Section 3.1.1).

Denote by Cx € N the minimal Chern number, that is,
Cys =min{cy (4) | A€ Hy, ¢’ (A) > 0}.

Denote by A =7Z[g™!, q] the ring of Laurent polynomials. We endow A with a grading by
setting deg(q) =2Cy. Let QH*(X; A) = (H*(XY) ® A)* be the quantum cohomology of ¥,
where the grading is induced from both factors H*(X') and A. We endow QH(X; A) with
the quantum product *. The unity will be denoted as usual by 1 € QH?(X; A). We refer the
reader to [37, Chapter 11] for the definitions and foundations of quantum cohomology.
(Note, however, that our grading conventions are slightly different than the ones in [37].)

With our grading conventions, we have:

QH/(2; A) =P HI 2 (2)q.
leZ
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We will also need a coefficient extension of QH(X; A). Denote by A =Z[t', t] the ring
of Laurent polynomials in the variable ¢, graded so that deg(t)=2. Consider now
QH*(¥; A) = (H*(X) ® A)*, endowed with the quantum product . We can regard A as
an algebra over A using the embedding of rings induced by g — t°=. This also induces
an embedding of rings

QH*(X; A) —> QH*(X: A).

We will, therefore, view from now on QH(X; A) as a subring of QH(X; A) by setting
q=1t°>.

In [44], Seidel associated to a Hamiltonian fibration 7 : X —> S? with fiber ¥ an
invertible element S(r) € QH(X; A). We refer the reader to [37, 44] for a detailed account
of this theory. Here is a brief review of the main construction.

Pick a regular almost complex structure Je jreg(n, ). Define a class:

Stry="Y S(A:J) ®t94 c QHO(Z: A). (4)

Ae HY

Note that since the degree of S(A4,J) is —Zc'f(A), aclass Ae HJ contributes to the sum
in (4) only if
2 —2n<2c’(A)<0. (5)

The class S() is called the Seidel element of the fibration = : (X, £2) —> S2.

In what follows, it will be more convenient to work with the more “economical”
ring A rather than A. We will now define a normalized version of the Seidel element,
denoted S(r), which lives in QH(X; A). Fix a reference class A € HJ and set ¢(7) =
(:11’(1210). Define now

S() =t (). (6)

Since any two classes in HJ differ by a class in H; (X), there exists a uniquely defined

function v : H] — Z such that
(A =cy(m) +v(A)Cyx, YAecH].
As g = t°> we have

S(r)i=Y S(& J)®q"» eQH 2™ (x; A). (7)

AeHé‘



4424 P. Biran and Y. Jerby

By abuse of terminology, we will call S(r) also the Seidel element of the fibration
. Of course the element S(r) (as well as its degree) depends on the choice of the ref-
erence section Ay, however, different reference sections A, will result in elements that
differ by a factor of the type g" for some r € Z. In particular, many algebraic properties
of S(rr) (such as invertibility) do not depend on this choice. We will therefore ignore this

ambiguity from now on.

3.2.1 Relations to Hamiltonian loops

An important feature of the theory is the connection between Hamiltonian fibrations
over S? with fiber (¥, wx) and 7, (Ham(X, ws)). To a loop based at the identity A = {¢:}scs
in Ham(X, ws) one can associate a Hamiltonian fibration 7, : M; — S? as follows. Let D,
and D_ be two copies of the unit disk in C, where the orientation on D_ is reversed.
Define:

1, = ((2 x D) | ]2 x D_)> /~ where (x, €"i%) ~ (¢;(x), €71, (8)

Identifying S?>~ D, Uy D_ we obtain a fibration 7 : M, — S?. As the elements of A are
symplectic diffeomorphisms, the form wy gives rise to a family of symplectic forms
{§2,) ,cs2 on the fibers X, = 771(2) of 7. Moreover, 7 : (M, {§2,} ,c52) —> S? is locally trivial.
Since the elements of A are in fact Hamiltonian diffeomorphisms it follows that the
family of fiberwise forms {w,},cs2 can be extended to a closed 2-form 2 on M, that is,
2|5, = 2, for every z. See [37, 44] for the proofs. We therefore obtain from this construc-
tion a Hamiltonian fibration x : (1\71,\, f)) — 52

From the construction, one can see that homotopic loops in Ham(X, wy), give rise
to isomorphic fibrations. We denote the isomorphism class of fibrations corresponding
to an element y € 7 (Ham(X, wy)) by 7,.

Conversely, if 7 : (M, 2) —> S? is a Hamiltonian fibration with fiber (¥, wy) one
can express M as a gluing of two trivial bundles over the two hemispheres in S2.
The gluing map would be a loop of Hamiltonian diffeomorphisms of (X, wy). Differ-
ent trivializations lead to homotopic loops. Thus, the fibration = determines a class
y(7) e my(Ham(X, wy)).

This correspondence has the following properties in relation to the Seidel ele-

ments (see [44] for the proofs):

S‘(rryl.yz) = S(JTVI) * S(nyz) Yy, Y2 € mi(Ham(Y, wy)).
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Here * stands for the quantum product. The unit element e < 7;(Ham(X, ws)) corre-
sponds to the trivial fibration 7.: ¥ x S?> — S? and we have S(7,) =1€ QH(Z; A). It
follows that S(r) is an invertible element in QH(X; A) for every . The corresponding

homomorphism

S:mHam(X, wx)) — QH(X, )X, y+— S(7,)

(which by abuse of notation we also denote by S), where QH(X, A)* is the group of invert-
ible elements in QH(X, A), is called the Seidel representation.

As mentioned before, for our purposes it would be more convenient to work with
the normalized version S(r) of the Seidel element rather than with S(). We claim that
any normalized Seidel element S(x) is invertible in QH(X; A) (not just in QH(X; A)).
To see this, denote by y € 7;(Ham(X)) the homotopy class of loops corresponding to
the fibration 7 (so that 7 =m,). Denote by 7’ =m,-1 the fibration corresponding to the
inverse of y. Choose two reference sections A, and Ay for 7 and 7/, respectively.
The corresponding normalized Seidel elements are S() =t~ S(x), S(') =t~ 2" S(x").

Since S, x S,y = 1, we have
S(r) % S(r') =t~ @M =a),
But S(r) and S(7’) both belong to the subring QH(X; A) of QH(X; A), hence their product

S() * S(’) € QH(X; A) too. Thus, t~*™~%@) = g" for some r € Z. It follows that S(r) is
invertible in QH(X'; A).

4 From Manifolds with Small Dual to Hamiltonian Fibrations

Let X ¢ CPY be a projective manifold with small dual. Put n=dim¢ X and k= def(X) >
0. Since X* C (CPY)* has codimension k+ 1> 2, we can find a pencil of hyperplanes
£ C (CPY)* such that ¢ does not intersect X*. Consider the manifold

X={(x,H)|Hetl, xeH} C X x L.

Identify £ = CP! = S? in an obvious way. Denote by
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the obvious projections. The map p can be considered as the blowup of X along the base
locus of the pencil £. The map 7, is a honest holomorphic fibration (without singularities)
over ¢ = CP! with fibers #, ' (H)= X N H.

Denote by o, the symplectic form on X induced from the Fubini-Study K&ahler
form of CP". Let wg be an area form on S* with [, wse = 1. Endow X x S* with w, ® ws
and denote by 2 the restriction of w, ® ws to X C X x S?. The restriction of 2 to the
fibers K~2|ﬂ£71(H), H e ¢, coincides with the symplectic forms w,|x~g. Thus, m, X —> S%is

a Hamiltonian fibration. Fix a point Hp € ¢, and set (X, wx) = (7, ' (Ho), 0y | xnm,)-

Remark 4.1. Different pencils ¢ C (CPY)* with £ N X* = @ give rise to isomorphic Hamil-
tonian fibrations. This is so because the real codimension of X* is at least 4 hence any
two pencils ¢ and ¢ which do not intersect X* can be connected by a real path of pencils
in the complement of X*. Thus, the isomorphism class of the Hamiltonian fibration 7,
the element y (7y) € m;(Ham(X, wy)), as well as the corresponding Seidel element S(r,)

can all be viewed as invariants of the projective embedding X c CPY, O

Theorem 4.2. Let XC CPY be an algebraic manifold with dim¢(X)=n>2 and
def(X) = k> 0. Denote by H} (X) = image (72(X) — Ha(X; Z)) C H2(X; Z) the image of the
Hurewicz homomorphism. Denote by h € H?(X) the class dual to the hyperplane section.
Assume that there exists 0 < 1 € Q such that ¢(A) = Ah(A) for every A€ Hy(X). Then the
Seidel element of the fibration 7, : X —> ¢ is

S(my) =lws] € QHA(Z; A).

The degree of the variable g € A is deg(q) = ”Zik O

The proof of this Theorem is given in Section 5.

Remark 4.3. The condition c¢X(A4)=1h(4), YA€ H;, implies that )»:”’“Tk*z. Indeed,
as explained in Section 2, manifolds X with small dual contain projective lines

SCc X (embedded linearly in CPY) with c{‘(S):”*Tk*z. As h(S)=1 it follows that
A= n+]2€+2. O

Examples. Theorem 4.2 applies for example to algebraic manifolds X ¢ CPY with small

dual that satisfy one of the following conditions:

(1) by(X)=1.
(2) More generally, the free part of HJ(X) has rank 1.
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This is so because in both of these cases we must have h=Ac{ for some 1 € Q. The
fact that A > 0 follows from the existence of rational curves S C X with ¢f(S) = ”*Tk*z as

explained in Section 2. O

Here is a concrete class of examples with b, (X) > 1 (hence different than those
in Section 1) to which Theorem 4.2 applies. Let YC CP™ be any algebraic manifold
with 7,(Y) =0 (or more generally with hy(A) =0 for every Ae HZS(Y), where hy is the
Poincaré dual of the hyperplane class on Y). Let i : CP™ x CP™ —s CP"Dm+D-1 he the
Segre embedding and put X =i(CP" x Y). It is well known (see [46, Theorem 6.5]) that

def(X) > n— dimc(Y),
hence if n> dim¢(Y), X will have a small dual. Note that the conditions of Theorem 4.2
are obviously satisfied.
One could generalize this example further by replacing CP™ with any manifold

Z satisfying ¢ (A) = Lhz(A) for every Ac H;(Z) for some %> 0 and such that def(Z) >

dimc(Y). (See [46] for more on such examples.)
Corollary 4.4. Under the assumptions of Theorem 4.2, we have
bj(X)=bj12(X), bj(X)=bji2(¥) VjeL,

where the definition of Bj is given in (1) in Section 1. Or, put in an unwrapped way, we

have the following identities for X:

bi(X) + bjynikr2(X) =bj2(X) + bjinikra(X), VO<j<n+k-1,

bopr(X) =bpyir2(X) + 1, bpyi1(X) = bpyiy3(X) + b1 (X)),

and the following ones for X:

bj(X) + bjinik(X) = bj12(X) + bjinikia(¥), YO0<j<n+k-3,

buii2(2) =bpi(Z) + 1, bpi1(E) =bpiger1(2) + bi(D). O

The proof is given in Section 7
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5 Proofs of Theorem 4.2 and Theorems A and C

As noted in the discussion after the statement of Theorem 4.2, Theorems A and C
from Section 1 are immediate consequences of Theorem 4.2. Therefore, we will concen-
trate in this section in proving the latter. We will make throughout this section the same
assumptions as in Theorem 4.2 and use here the construction and notation of Section 4.

For a hyperplane H € (CPY)* write ¥y = X N H. For a pencil ¢ C (CPY)* denote by
By =Xy, N Xy, C X, (Hy, H €{), its base locus. Recall that p: X —> X can be viewed as
the blowup of X along B,. Denote by E C X the exceptional divisor of this blowup. The
restriction p|g : E —> B, is a holomorphic fibration with fiber CP!. Denote the homology
class of this fiber by F € H,(X; Z). Since dimg B, = 2n — 4, the map induced by inclusion
Hy(X\ By; Z) — Hy(X; Z) is an isomorphism, hence we obtain an obvious injection j:
H,(X;Z) — H,(X;Z). The second homology of X is then given by

Hy(X;Z) = j(H2(X; Z)) ® LF.

The (2n — 2)th homology of X fits into the following exact sequence:

0 —> ZIE] —> Hyy 2(X; 7) 2> Hpp o(X; Z) — O,

where the first map is induced by the inclusion. We obviously have p, o j =id. Denote
by ¥ C X the proper transform of X (with respect to p) in X. The intersection pairing

between H,, » and H, in X is related to the one in X as follows:

V- j(A=p(V)-A VVeHy 2(X;Z), AcHy)X;Z),
(9)
[X]-F=1, [E]l-F=-1, [E]l-j(A =0 VAecH,(X;Z).

Consider now the fibration 7,: X —> ¢. The fiber over Hye ¢ is precisely ¥ = ¥y,. It

follows from (9) that the set of classes H,* that represent sections of 7 satisfies:

HY C{j(A) +dF|[X]-A=1—d}. (10)

Denote by Jp the standard complex structure of X (coming from the structure of

X as an algebraic manifold). Denote by R(X) C H,(X; Z) the positive cone generated by
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classes that represent Jy-holomorphic rational curves in X, that is,
R(X) = {Z al[C;il|a; € Z>o, C; C X is a rational Jy-holomorphic curve} )

Lemma 5.1. Let A= j(A) +dF € H)', with Ac Hy(X;Z), de Z. If S(A) #0 then Ae R(X)
and d <1, with equality if and only if A=0. O

Proof. Denote by Jo the standard complex structure on X C X x £, namely the com-
plex structure induced from the standard complex structure J, @i on X x £. Let .7;1 be
a sequence of regular almost complex structures on X with J, — Jo. Since S(4, J,) #0,
there exist jn—holomorphic sections w, € M*(A4, jn). After passing to the limit n— oo,
we obtain by Gromov compactness theorem a (possibly reducible) jo-holomorphic curve
D C X in the class A. As p: X— Xis (jo, Jo)-holomorphic it follows that p(D) is a Jy-
holomorphic rational curve, hence A= p,(ID]) € R(X).

Next, recall that [¥]- A=1 — d. But ¥ C X is ample, hence [Y¥]- A=1 — d> 0 with
equality if and only if A=0. |

The next lemma shows that when d < 1 the sections in the class A do not con-

tribute to the Seidel element in (7).

Lemma 5.2. Let A= j(A)+ dF € H}* with Ac Hy(X;Z) and d < 1. Then ¢!(4) > 0. In par-

ticular, in view of (5), A does not contribute to S(w;). O

Proof. Denote by ¢f the first Chern class of (the tangent bundle of) X and by cf that
of X. Since X is the blowup of X along B, the relation between these Chern classes is
given by

of = p'cf — PD(ED), (1)

where PD([E]) € H%(X) stands for the Poincaré dual of [E]. (See, e.g., [26].)
Denote by ¢! the first Chern class of ¢=CP!. Since A represents sections of 7,
we have

(A = cf (&) — 1} () (A =cf (A) - 2.

Together with (11) and (9) this implies:

(A =p"(c)(A) —[El- A—2=cX(A) +d—2. (12)
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By Lemma 5.1, A€ R(X) C Hy(X), hence by Remark 4.3, we have

k+2 k+2 k+2
= =" s =" - o)

o (4

Together with (12) we obtain

n+k_

C’f(A):nT—i_k(l—d)—lz 1>0,

because d< 1 and n> 2. [ |
We now turn to the case A= F. Let b € B,. Define
fly:t — X, p(z)=(b,2).
It is easy to see that @i, is a :fo—holomorphic section of m, representing the class F.

Lemma 5.3. The sections @, for b € B, are the only jo—holomorphic sections in the class

F, hence M*(F, jo) ={Tp | b € By}. The evaluation map is given by
evy ., (p)=be X

and is an orientation preserving diffeomorphism between M?*(F, :IE)) and the base

locus B,. U

Proof. Letu:¢{—> Xbea jo—holomorphic section in the class F. Write @i(2z) = (v(2), z) €
X x £. Due to our choice of J, v is a Jo-holomorphic map. Since p,(F)=0 the map v=
po u:f{—> X must be constant, say v(z) =b, b € X. But v(2) € X, for every z< . It follows

that b€ N, X, = B,. The rest of the statements in the lemma are immediate. [ |

We are now ready for the following.

Proof of Theorem 4.2. In view of (10) and Lemmas 5.1, 5.2, the only class that con-

tributes to the Seidel element S(r,) is F, hence:
S(y) =S(F) e QH?(X; A).

(We take F to be the reference class of sections and note that ¢} (F) =—1.)
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In order to evaluate S(F), we need to compute S(F, J) for a regular J. We first
claim that there exists a neighborhood ¢/ of jo inside J (7ry, £2) such that for every Jelu
the space M?*(F, J) is compact.

To see this, first note that £ is a genuine symplectic form on X and that Jo is
tamed by 2 (.e., 2(, jov) > 0 for all nonzero vectors ve TX be they vertical or not).
Hence there is a neighborhood ¢/ of 3;) in J (74, £2) such that every J €U is tamed by 2.
Next note that £ defines an integral (modulo torsion) cohomology class (2] € H2(X)free
and that £2(F) =1 (see Section 4). It follows that F is a class of minimal positive area
for . Therefore, for J tamed by £2, a sequence of J-holomorphic rational curves in the
class F cannot develop bubbles. By Gromov compactness M*(F, J) is compact.

Next, we claim that J, is a regular almost complex structure in the sense of the
general theory of pseudo-holomorphic curves (see [37, Chapter 3]). To see this, recall the
following regularity criterion (see [37, Lemma 3.3.1]): let (M, w) be a symplectic manifold
and J an integrable almost complex structure. Then J is regular for a J-holomorphic
curve u: CP! — M if every summand of the holomorphic bundle uw*TM — CP! (in its
splitting to a direct sum of line bundles) has Chern number > —1. Applying this to our

case, a simple computation shows that for every i € M*(F, jo), we have
WTX=0,2) 07" ®O(-1),

hence jo is regular for all te M*(F, jo).

Pick a regular almost complex structure Je jreg(n, ) NU which is close enough
to Jo. By the standard theory of pseudo-holomorphic curves [37] the evaluation maps
evj, and evy , are cobordant, hence give rise to cobordant pseudo-cycles. Moreover
by what we have seen before this cobordism can be assumed to be compact (and the
pseudo-cycles are in fact cycles). It follows that the homology class (evj , ).[M*(F, D]
equals to (evj , )«[M*(F, Jo)1 = [B,]. Putting everything together we obtain:

S(my) = S(F, J) = PD([B]) = lws]. [

6 Subcriticality and Projective Defect

Here, we discuss symplectic and topological aspects of manifolds X with small dual
that have to do with the structure of the (affine) Stein manifold obtained after removing
from X a hyperplane section. Some of the results of this section should be known to

experts, but we could not find them in explicit form in the literature. We therefore state
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the results and occasionally refer the reader to proofs that can be found in the expanded
version of this paper [14].

Let Y C" be a Stein manifold. The study of Morse theory on Stein manifolds
was initiated in the classical paper [1] of Andreotti and Frankel and in its sequel [2].
Further aspects of Morse theory as well as symplectic topology on Stein manifolds were
studied by various authors [10, 22-24]. In this context, it is important to remark that by
a result of Eliashberg—Gromov [23, 24], Stein manifolds ¥ admit a canonical symplectic
structure oy (see also [10]).

A function ¢:Y — R is called plurisubharmonic (p.s.h. in short) if the form
2 =—dd®p is a Kéhler form on Y. Here, d°¢p =dg o J, where J is the complex struc-
ture of Y. A plurisubharmonic function ¢:Y— R is called exhausting if it is
proper and bounded from below. For a plurisubharmonic Morse function ¢: ¥ — R

denote

indmax(¢) = max{ind,(¢) | z€ Crit(p)},

where ind,(¢) is the Morse index of the critical point z € Crit(¢). A fundamental property
of plurisubharmonic Morse functions ¢ is that indyay(¢) < dimc(Y). (Various proofs of
this can be found in, e.g., [1, 22-24].)

A Stein manifold Y is called subcritical if it admits an exhausting plurisub-
harmonic Morse function ¢:Y— R with indpa.x(¢) < dimce(Y) for every ze Crit(p).
Otherwise, we call Y critical. The subcriticality index ind(Y) of a Stein manifold Y is
defined by

ind(Y) := min{indy.x(¢) | ¢ : Y —> R is a p.s.h. exhausting Morse function}.

Thus, we have 0 <ind(Y) < dim¢(Y), and Y is subcritical iff ind(Y) < dim¢(Y).

Subcritical Stein manifolds Y have special symplectic properties (when endowed
with their canonical symplectic structure &y). For example, every compact subset
ACY is Hamiltonianly displaceable. In particular, whenever well defined, the Floer
homology HF(L;, L;) of every pair of compact Lagrangian submanifolds L;,L, CY
vanishes. This in turn implies strong topological restrictions on the Lagrangian sub-
manifolds of Y (see, e.g., [10]). Such considerations will play an important role in
Section 8.

The main result in this context is the following.
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Theorem 6.1. Let X C CPY be a projective manifold with small dual and let ¥ C X be a
smooth hyperplane section of X. Then the Stein manifold X \ ¥ is subcritical. In fact,

ind(X\ X¥) <dim¢(X) — def(X).

See Theorem 8.5 for a partial converse to this theorem.

Theorem 6.1 can easily be proved using the the theory developed in [2]. An alter-
native proof can be found in the expanded version of this paper [14].

Using standard arguments one gets from Theorem 6.1, the following version of

the Lefschetz hyperplane theorem for manifolds with small dual.

Corollary 6.2. Let X c CPY be an algebraic manifold with dim¢c X =n and def(X) =k
and let ¥ C X be a smooth hyperplane section. Denote by i : ¥ — X the inclusion. The
induced maps i, : H;(¥; Z) — H;j(X; Z) and i, : 7;( X, %) — 7;(X, %) are

(1) Isomorphisms for j<n+k— 1.

(2) Surjective for j=n+k— 1.

Similarly, the restriction map i*: H/(X;Z) — H/(X;Z) is an isomorphism for every

j<n+k—1 and injective for j=n+k— 1. |

Corollary 6.2 was previously known and proved in [33] by other methods. It can
also be derived from the theory in the earlier paper [2].

Another consequence is the following refinement of the hard Lefschetz theorem.

Corollary 6.3. Let X C CP" be as in Corollary 6.2. Denote by w the Kdhler form on X
induced from the standard Kahler form of CPY. Then the map

L:H/(X;R)— H/"?(X:R), L(a)=aUlwl

is an isomorphism foreveryn—k—1<j<n+k—-1. O

Proof. This follows from Corollary 6.2 together with the Hard Lefschetz theorem
applied both to X and X. |
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7 Proof of Corollary 4.4

The quantum cohomology of X' can be written additively (as a vector space) as

QH/(Z; A) = @ HIT2C: (3,
leZ

By Theorem 4.2, [ws] € QH?(X; A) is invertible with respect to the quantum product ,

hence the map
(—) x [ws]: QH/(Z; A) — QH/T2(Z: A), a+—> ax*ws]

is an isomorphism for every j € Z. The statement about b ;(X) follows immediately.

We now turn to the proof of the statement about Ej(}Q. First recall that 2Csx =n+
kand 2Cx =n+ k+ 2. We will show now that for every 0 < j <n+ k+ 1 we have Ej(X) =
bji2(X).

Step 1. Assume j<n+k—4. By Corollary 6.2, b;(¥)=0j(X) and bj(X)=
bj;2(X). We claim that

bjinik(X) =bjiniki2(X),  bjynikr2(X) =bjinikra(X). (13)

Indeed, by Corollary 6.2, b, j_x—2(X)=bp_j_r—2(X), hence the first equation in (13)
follows from Poincaré duality for ¥ and X. The proof of the second equality is similar.
It follows that

bj(X) =bj(X) + bjiniks2(X) =bj(X) + bjynk(X) =bj(®)

=bj12() =bj12(X) + bjinikr2(X) =bjy2(X) + bjinikia(X) =bjy2(X).

Step 2. Assume n+k—3 < j<n+k— 1. In this case, we have b;(X) =b;(X) and
Ej+2()() =bj,2(X) and the equality between the two follows from Corollary 6.3.

Step 3. Assume j=n+ k. We have to prove that b, x(X) = bg(X) + bpix2(X). By
Poincaré duality, this is equivalent to showing that b, r(X) =bo(X) + bp_k_2(X). The
last equality is, by Corollary 6.2, equivalent to b, x(X) =bo(X) + by_r_2(X). Applying
Poincaré duality on ¥ the latter becomes equivalent to b, ; 2(X) = bo(X) + bk (X). But
this has already been proved since by r2(X) = bpik_2(X) = bpi(X) = bo(X) + b ().

Step 4. Assume j=n+ k+ 1. The proof in this case is very similar to the case
Jj=n+ k. We omit the details.
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8 Further Results

As we have seen above, the algebraic geometry of manifolds with small dual is intimately
connected with their symplectic topology. Here, we add another ingredient which has to
do with Lagrangian submanifolds. Below, we will use the following notation. For an
algebraic manifold X ¢ CP" and an algebraic submanifold ¥ c X we denote by w, and
ws the restrictions of the standard Kéhler form of CP¥ to X and to X, respectively.

The following theorem follows easily by combining results from [2] with the fact
that vanishing cycles can be represented by Lagrangian spheres [3, 17, 43]. (See also [6],
Theorem K, [7], Theorem 2.1.)

Theorem 8.1. Let X C CP" be an algebraic manifold and ¥ C X a hyperplane section.
If def(X) =0, then (X, wy) contains a (embedded) Lagrangian sphere. O

Thus we can detect manifolds with small dual (i.e., def > 0) by methods of sym-
plectic topology, for example, by showing that their hyperplane sections do not contain
Lagrangian spheres.

In some situations we also have the converse to Theorem 8.1.

Theorem 8.2. Let ¥ c X C CPY be as in Theorem 4.2 and assume in addition that

dim¢ (%) > 3. Then the symplectic manifold (¥, wy) contains no Lagrangian spheres. [

Remark 8.3. Note that from the results of [2] it follows that the (homological) subgroup
of vanishing cycles V,,_; C H, 1(X) of X is trivial (here, n— 1 =dim¢ ¥). Theorem 8.2,
asserting that ¥ has no Lagrangian spheres, is however stronger. Indeed, it is not known
whether or not every Lagrangian sphere comes from a vanishing cycle. Moreover in some
cases Lagrangian spheres do exists but are null-homologous. (Put differently, in general
it is not possible to use purely topological methods to prove nonexistence of Lagrangian

spheres.) O

Proof of Theorem 8.2. Suppose by contradiction that L C (¥, wy) is a Lagrangian
sphere. We will use now the theory of Lagrangian Floer cohomology for in order to arrive
at a contradiction. More specifically, we will use here a particular case of the general
theory that works for so called monotone Lagrangian submanifolds. We will take Z, as
the ground ring and work with the Floer self-cohomology of L, denoted HF(L, L), with
coefficients in the Novikov ring Az, = Z,[q, g~']. This ring is graded so that the variable
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q has degree deg(q) = N, where N, is the minimal Maslov number of L. We refer the
reader to [12, 13, 39, 40] for the foundations of this theory.

Since L is simply connected, the assumptions on ¥ and X imply that L C X' is a
monotone Lagrangian submanifold and its minimal Maslov number is N; =2Cy =n-+ k.
(Here, as in Theorem 4.2, k= def(X) > 1.) Under these circumstances, it is well known
that the Floer self-cohomology of L, HF(L, L) is well defined and moreover we have an

isomorphism of graded Az,-modules:
HF(L, L) = (H*(L; Z2) ® Az,)".
Since L is a sphere of dimension dimg(L) > 3 this implies that
HF(L,L)=7,, HF*(L,L)=H*(L;Z,)=0. (14)

Denote by QH(X; Az,) the modulo-2 reduction of QH(X'; A) (obtained by reducing
the ground ring Z to Z,). By Theorem 4.2, [wx] € QH?(X; A) is an invertible element, hence
its modulo-2 reduction, say « € QH?*(X; Ayz,) is invertible too.

We now appeal to the quantum module structure of HF(L, L) introduced in
[11-13]. By this construction, HF(L, L) has a structure of a graded module over the ring
QH(X; Az,), where the latter is endowed with the quantum product. We denote the mod-
ule action of QH*(X'; Az,) on HF*(L, L) by

QH'(X: Az,) ®4,, HF/(L. L) — HF'"/(L. L), a®x+—a®x, i, je.

Since « € QH?*(X; Az,), « induces an isomorphism o ® (—):HF*(L,L) —

HF*"2(L, L). This, however, is impossible (e.g., for * = 0) in view of (14). Contradiction. B

Corollary 8.4. Let X be an algebraic manifold with dim¢(X) > 3 and b, (X) = 1. Suppose
that ¥ can be realized as a hyperplane section of a projective manifold X c CPY with
small dual. Then in any other realization of X as a hyperplane section of a projective
manifold X’ ¢ CPY’, we have def(X’) > 0. In fact, def(X’) = def(X). O

Proof. Let wy be the restriction to X (via ¥ ¢ X c CPY") of the standard symplectic
structure of CPY. Similarly, let . the restriction to ¥ (via ¥ ¢ X' ¢ CP"') of the stan-

dard symplectic structure of CPV"
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Since by (X) =1, it follows from Lefschetz theorem that b, (X) = 1. Thus, X satis-
fies the conditions of Theorem 4.2 (see the discussion after Theorem 4.2). By Theorem 8.2,
the symplectic manifold (¥, wx) does not contain Lagrangian spheres.

Since b;(X) =1 the cohomology classes [wx] and [w] are proportional, so there
is a constant c such that [w’.] = clwx]. Clearly, we have ¢ > 0 (to see this, take an algebraic
curve D C X and note that both [, ws and [, o, must be positive since both wy and o'y,
are Kahler forms with respect to the complex structure of X). We claim that the sym-
plectic structures o’; and cwys are diffeomorphic, that is, there exists a diffeomorphism
¢ : XY — X such that ¢*w’. = cws. Indeed this follows from Moser argument [36] since all
the forms in the family {(1 — t)cwx + tw';}iep0,1) are symplectic (since cwx and o', are both
Kéhler with respect to the same complex structure) and all lie in the same cohomology
class.

Since (X, cwy) has no Lagrangian spheres the same holds for (¥, ') too.
By Theorem 8.1, we have def(X’) > 0.

That def(X’) = def(X) follows immediately from the fact that for manifolds with
positive defect the minimal Chern number C 5 of a hyperplane section X is determined

by the defect. More specifically, we have (see Section 2)

n+ def(X) n+ def(X")
I

where n= dim¢(X). |

Theorem 6.1 says that the complement of a hyperplane section X \ X of an alge-

braic manifold X ¢ CPY with small dual is subcritical. Here is a partial converse:

Theorem 8.5. Let X C CPY be an algebraic manifold with n=dim¢(X) >3 andlet ¥ C X
be a hyperplane section. Assume that (X, wy) is spherically monotone with Cx > 2 and
that 2C 5 does not divide n. If X \ X is subcritical, then def(X) > 0. O

Note that the spherical monotonicity of (¥, wy) is automatically satisfied, for

example, when X is Fano and b, (X) = 1.

Proof. Suppose by contradiction that def(X)=0. By Theorem 8.1 (X,wy) has a
Lagrangian sphere, say L C X¥. Note that since X is spherically monotone, the
Lagrangian L C X is monotone too and since L is simply connected its minimal Maslov

numberis N; =2Cx.



4438 P. Biran and Y. Jerby

Put W= X\ X endowed with the symplectic form wy induced from X (which in
turn is induced from CP¥). We now appeal to the Lagrangian circle bundle construction
introduced in [8, 9]. We briefly recall the construction. Pick a tubular neighborhood U/
of ¥ in X whose boundary ai/ is a circle bundle over X. Denote this circle bundle by
7 :0U — X.Then I'y, =7~ !(L) is the total space of a circle bundle over L, embedded inside
W. By the results of [8], for a careful choice of ¢/ the submanifold I'; is Lagrangian in
W. Moreover, since L is monotone I is monotone too and has the same minimal Maslov
number: N, = N, =2C5. (See [8] for more details.)

Denote by (W, &w) the symplectic completion of the symplectic Stein manifold
(W, wy) (see [8, 10] for the details). By the results of [10], I'; is Hamiltonianly displaceable
(i.e., there exists a compactly supported Hamiltonian diffeomorphism h: (W, &) —>
(W, dw) such that h(I';) N I, =¢). In particular, HF (I, ') =0.

One can arrive now at a contradiction by using an alternative method to compute
HF(I7y, I';) such as the Oh spectral sequence [8, 40]. (This is a spectral sequence whose
initial page is the singular homology of I'; and which converges to HF (I, I), which is
0 in our case.) We will not perform this computation here since the relevant part of it
has already been done in [8], hence we will use the latter.

Here are the details. We first claim that the bundle = |, : I, — L is topologically
trivial. To see this denote by Ny, x the normal bundle of ¥ in X, viewed as a complex line
bundle. Note that I';, — L is just the circle bundle associated to Ny, x|;. Thus, it is enough
to show that Ny, x| is trivial. Denote by ce H?(X; Z) the first Chern class of Ny, x and by
cr its image in H%(X; R). Similarly, denote by c|; and by cr|; the restrictions of ¢ and cg
to L. As ¥ C X is a hyperplane section we have cg =[wyx]. But L C (¥, wy) is Lagrangian
hence cr|; =0. As H*(L; Z) has no torsion (L is a sphere) it follows that c|; =0 too. Thus,
the restriction Ny, x|; of Ny,x to L has zero first Chern class. This implies that the line
bundle Ny, x|; — L is trivial (as a smooth complex line bundle). In particular, I, — L is
a trivial circle bundle.

Since Iy ~ L x S', we have H'(I'y; Zy) =7, fori=0,1,n—1,nand H!(I;; Z;) =0
for every other i. By [8, Proposition 6.A], we have 2Cy | n. A contradiction. (Note that the
conditions n> 3 and Cy > 2 in the statement of the theorem are in fact required for [8,
Proposition 6.A ] to hold.) |

8.1 Other approaches to proving Corollary B

Here, we briefly outline an alternative approach to proving Corollary B and possibly
Theorem A, based on the subcriticality of X \ ¥ that was established in Theorem 6.1.
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Put W= X\ ¥ and ww be the symplectic form on W induced from that of X. Let
U be a tubular neighborhood of ¥ in X as in the proof of Theorem 8.5. The boundary
P =0U of U is a circle bundle 7 : P — X over X. Consider the embedding

i:P—WxX, i(p=(p x(p).

Denote by I'p =i(P) C W x X the image of i. By the results of [8], one can choose U/ in
such a way that there exists a positive constant (depending on the precise choice of
U) such that i(P) is a Lagrangian submanifold of (W x ¥, oy & —cwyx). (Note the minus
sign in front of wyx.) Moreover, the Lagrangian I'p is monotone and its minimal Maslov
number is Np =2Cyx, where Cyx is the minimal Chern number of X. So, by the results
recalled in Section 2, we have Np = n+ k. Note that dimg I'>» =2n+ 1.

As W is subcritical it follows that I'p can be Hamiltonianly displaced in the

completion (W x X, ow ® —cwy) and therefore
HF(Ip, I'p) = 0.

(See [8] for the details. See also the proof of Theorem 8.5.) Note that in order to use
here Floer cohomology with ground coefficient ring Z, we need to have I'p oriented and
endowed with a spin structure. In our case, I'» carries a natural orientation and it is
easy to see that it has a spin structure (in fact, it is easy to see that H'(P; Z,) = 0 hence
this spin structure is unique).

We now appeal to the Oh spectral sequence [8, 40]. Recall that this is a spectral
sequence whose first page is the singular cohomology of ' and which converges to
the Floer cohomology HF(I'p, I'p). A simple computation shows that in our case, due to
the fact that Np =n+ k, this sequence collapses at the second page, and moreover since
HF(I'p, I'p) =0 this second page is 0 everywhere. By analyzing the differentials on the

first page we obtain the following exact sequences for every j € Z:
HI YT Z) —> HI(Ip; Z) —> HIYY K (Ip; 7). (15)

This implies many restrictions on the cohomology of P~ I, for example, that
HJI(P;7Z)=0 for every n—k+3<j<n+k—2, that H/(P; Z) = H/~*"k(P; 7) for every
0 < j<n-—k—2and more. We now substitute this information into the Gysin sequences
of the bundle P — X (whose Euler class is just the hyperplane class h corresponding to

the embedding ¥ c CPY). Combining the calculation via the Gysin sequences together
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with the Lefschetz theorem yields the desired periodicity for the cohomology of X. We
omit the details as they are rather straightforward.

One could try to push the above argument further by using the methods of [15]
(see, e.g., Section 14 in that paper) in order to prove Theorem A via Lagrangian Floer
cohomology. However, this would require an extension of the methods of [15] to coeffi-

cients in Z rather than just Z,.

9 What Happens in the NonMonotone Case

Here, we briefly explain what happens in Theorem 4.2 when the condition “c{(A) = Ah(A4)
for some 1> 0" is not satisfied, e.g., when (X, wy) is not spherically monotone (see
Definition 3.1).

We will need to change here a bit our coefficient ring for the quantum coho-
mology since (¥, wy) is not spherically monotone anymore. Denote by A the ring of all

formal series in the variables q, T

P(q,T)= Za,;jqiTSf, a,j€Z,sjeR,
i.J

which satisfy that for every C e R
#{(, )] a ;j#0and s; > C} < oo.

This ring is a special case of the more general Novikov ring commonly used in the theory
of quantum cohomology. With this ring as coefficients, the definition of the quantum
product * on QH(X; A) is very similar to what we have had before. Namely, the powers
of the variable g will encode Chern numbers of rational curves involved in the definition
of x and the powers of T encode their symplectic areas. See [37] for more details.

We now turn to the Hamiltonian fibration 7, : X —> ¢. We will use here the
construction and notation from Sections 4 and 5. Additionally, denote by i: ¥ — X
the inclusion of the fiber into the total space of the fibration n;: X —> ¢. Recall also
from Section 5 that we have a canonical injection j: Hy(X; Z) —> H,(X; Z) which satis-
fies j o p, =id, where p: X — X is the blow down map. Denote by B, C X the base locus
of the pencil ¢. With this notation we have

(@)= j(@) — (Bl - a)F = j(&) — (lws], &) F Vo € Hy(X; 7). (16)
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The symplectic form §2 satisfies:

[2]= 2p‘lw,] —e whereec H?(X) is the Poincaré dual of E,
(121, j(A) =2(lw,], A) VAe Hy(X;Z), (17)

(221, F) =1.
The Seidel element of the fibration 7, : X —> ¢ will now be

S(me) = Z S(A, j) ® q”(A)TdQLA) c O_H—Zco(m)(z; A).

AeHéY

Some parts of the proof of Theorem 4.1 go through in this new setting. More
specifically, Lemma 5.1 as well as Lemma 5.3 continue to hold (with the same proofs)
and it follows that the contribution of the class F to the Seidel element is as before,

namely

S(F) =lwx]. (18)

If we choose as before the reference class of sections to be F then the total degree of the
Seidel element S(7r;) continues to be 2.

In contrast to the above, Lemma 5.2 does not hold anymore since we might have
holomorphic sections in the class A= j(A) + dF with d < 0. (We will see in Section 9.1 an
example in which this is indeed the case.) Nevertheless, we can still obtain some infor-
mation on S(ir,) beyond (18). Let d€ Z and put A:j(A) + dF where Ac HZS(X). Recall
from Lemma 5.1 that A might contribute to S(;) only if the following three conditions

are satisfied:

(1) d=<1.
(2) [X]-A=1-d.
(3) AeR(X)where R(X) C HZS()Q is the positive cone generated by those classes

that can be represented by Jy-holomorphic rational curves. (See Section 5.)

Moreover, d=1 iff A=0.
The case d=1 has already been treated in (18). Assume that d < 0. A simple com-

putation shows that

(21, A=2—-d, (', A)=—-1+(cC—h,A).
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Here, he H%(X) is the hyperplane class corresponding to the embedding X c CPY, that
is, h=PD([X]). This proves the following theorem.

Theorem 9.1. Let X C CPY be an algebraic manifold with small dual and ¥ C X a
hyperplane section. Then the Seidel element S(w;) corresponding to the fibration 7, :

X —> ( is given by

S(ry) =lwg]T + Y S(j(A) + dF)T? g H-hD)/Cx (19)
d<0,A

where the sum is taken over all d <0 and A € R(X) with

(1) h4d)=1-d.
2) 3—d—n<cf(4<2—d.

In particular, if —Kx — ¥ is nef and min{(—Kx — ¥) - A| A€ R(X)} > 2 then
S(ry) = lwxIT. -

Note that the powers of T in the second summand of (19) are always > 2 and
the powers of g in the second summand are always <1 (but might in general be also
negative).

Here is a nonmonotone example, not covered by Theorem 4.2 but to which
Theorem 9.1 does apply. Let X=CP™" x CP™ with m>2 and r > 1 be embedded in
Cpm+Lntr+h-1 hy the Segre embedding. It is well known that def(X)=r (see [46,
Theorem 6.5]). It is easy to see that ¢ — his ample and since m > 2 its minimal value on
R(X) is m > 2. It follows that S(7;) = [wz]T € QH*(Z; A).

This calculation fails to be true when m =1, as will be shown in Section 9.1.

9.1 A nonmonotone example

Consider the algebraic manifold ¥ =CP! x CP!. Denote by f, s € H,(X; Z) the classes
f=Iptx CP'], s=[CP! x ptl. (20)

We have HZS(Z‘) =H,(X;7Z)=7s ®Zf. Denote by «, 8 € H*(X) the Poincaré duals of f and

s, respectively, that is,

(@.5)=1, (o, f)=0, (B.5)=0, (B, f)=1 (21)
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A simple computation shows that
o =2+ 2p.

Before we continue, a small remark about our algebro-geometric conventions is
in order. For a complex vector space V we denote by P(V) the space of complex lines
through 0 (not the space of hyperplanes or one-dimensional quotients of V). Similarly,
for a vector bundle E — B we denote by P(E) — B the fiber bundle whose fiber over
x € B is IP(Ey), as just defined, that is, the space of lines through 0 in E,. We denote by
T — P(E) the tautological bundle, which by our convention, is defined as the line bundle
whose fiber over [ € P(Ey) is the line [ itself. We denote by T* the dual of T, that is,
T;* =hom(l, C). For example, with these conventions, for E = C™1 (viewed as a bundle
over B = pt) we have T* = O¢pn(1), and T* is ample.

Consider now the bundle O¢pi (—1) over CP!. There is an obvious inclusion
[ OCPI(—I) — O([:pl (o) O(Cpl

coming from viewing an element [ € CP! as a subspace [ c C @ C. Consider now the
inclusion:
Ocp1(=1) ® Ocpr (=1) =2 Ocp1 (-1) & Ocpr & Ocpr. (22)
Denote by E the bundle on the right-hand side of this inclusion and by E’ the bundle on
the left-hand side. Put
X=P(E)

and denote by pr: X — CP! the bundle projection. Note that P(E') ZP(Ocp ® Ocp1) =
CP! x CP! = ¥ hence (22) induces an embedding iy x: ¥ — X. Let T — X be the tauto-

logical bundle (as previously defined) and consider the bundle

L=T"® p*Ocpi(1).

Proposition 9.2. The line bundle £ is very ample and the projective embedding of X
induced by it has def=1. The embedding of ¥, iy x(¥) C X, is a smooth hyperplane
section of the projective embedding of X induced by £. Moreover if w, is the symplectic

structure on X induced by the projective embedding of £ and wy =i}, yo,, then we have

[(,()2] =2« =+ ,3
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If ¢ is a pencil in the linear system |£| lying in the complement of the dual variety X*,

then the Seidel element of the fibration 7, : X —> ¢ associated to ¢ is

S(te) = (2a + B)T + BT2. O

The details of this calculation are somewhat lengthy and can be found in the
expanded version of the paper [14]. One can easily generalize the above example to other
projective bundles and also to higher dimensions.

Note that [wx] and ¢i are not proportional hence the conditions of Theorem 4.2
are not satisfied. It is also easy to see that (for homological reasons) (X, ws) does not
contain any Lagrangian spheres (cf. Theorems 8.1 and 8.2).

The quantum product for (X, wy) is given by (see [37]):
axa=qT? BxB=qT, axBf=aUpB where deg(q)=4.
The inverse of S(r;) in quantum cohomology is given by

1
S(my) = m(—204 + 1+ T)B).

Here, we have written ﬁ as an abbreviation for (}_o”, T7)2.

In contrast to the situation in Proposition 9.2 we can exhibit the same manifold
¥ =CP! x CP! as a hyperplane section of a different projective manifold X’ with def =0,
but with different induced symplectic structure (cf. Theorem 8.4). This goes as follows.
Let X’ C CP® be the image of the degree-2 Veronese embedding of CP3. It is well known
that def(X’) =0. A simple computation shows that a smooth hyperplane section of X’ is
isomorphic to ¥ =CP! x CP'. The symplectic form v on ¥ induced from the standard

symplectic structure of CP® satisfies
[Ws]=a + B.

Note that (¥, »'s) has Lagrangian spheres. To see that, note that (e.g., by Moser argu-
ment) o, is diffeomorphic to the split form wy =0 @ o, where o is the standard Kéhler
form on CP!. The symplectic manifold (X, wg) obviously has Lagrangian spheres, for

example, L = {(z, w) | w = z}, hence so does (¥, o). (cf. Theorems 8.1 and 8.2).
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Finally, note that [0y ]=« + B is not invertible in the quantum cohomology
QH(X'; A). In fact, a simple computation shows that (o 4+ ) * (¢« — ) =0.

10 Discussion and Questions

Here, we briefly discuss further directions of study arising from the results of the paper.

10.1 Questions on the symplectic topology of manifolds with small dual

Consider the class of manifolds X that appear as hyperplane sections of manifolds X
with small dual, viewed as symplectic manifolds. Does the group of Hamiltonian diffeo-
morphisms Ham(X) of such manifolds X have sepecial properties (from the Geomeric,
or algebraic viewpoints)? This question seems very much related to the subcritical-
ity of X\ ¥, and results in this direction have been recently obtained by Borman [16]
who found a relation between quasi-morphisms on Ham(X) and quasi-morphisms on
Ham(X).

The structure of the fundamental group 7;(Ham) of the group of Hamiltonian
diffeomorphisms of a symplectic manifold has been the subject of many studies in sym-
plectic topology. Still, relatively little is known about the structure of these fundamental
groups. (e.g., The pool of known examples of symplectic manifolds with nonsimply con-
nected Ham is quite limited.) It would be interesting to ask whether manifolds with
small dual and their hyperplane sections exhibit special properties in terms of 7; (Ham)
or more generally in terms of the topology of Ham.

Here are more concrete questions in this direction. Let X C CPY be a man-
ifold with small dual. Denote k=def(X) and let ¥ ¢ X be a smooth hyperplane
section, endowed with the symplectic structure ws induced from CPY. Denote by
A €m (Ham(X, wy) the nontrivial element coming from the fibration in Section 4 using

the recipe of Section 3.2.1.

(1) What can be said about the minimal Hofer length of the loops in Ham (X, wy)
in the homotopy class A? More generally, what can be said in general about
the length spectrum of Ham(X, wy) with respect to the Hofer metric? Pre-
liminary considerations seem to indicate that at least when b, (X)=1 the

positive part of the norm of A € 7;(Ham(X, wy) satisfies v, (1) < It

1
dimc(Z)+1°
would be interesting to verify this, and more importantly to obtain a bound
on v(1). (See [41, 42] for the definition of these norms on ;(Ham) and ways

to calculate them.)
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(2) Can the homotopy class A be represented by a Hamiltonian circle action?
Several examples of manifolds with small dual indicate that this might be
true. In case a Hamiltonian circle action does exist, is it true that it can be
deformed into a holomorphic circle action (i.e. an action of S' by biholomor-
phisms of X)?

(3) In which cases is the element A of finite order? Whenever this is the case,
does the order of A has any relation to k= def(X)?

(4) In case the order of A is infinite, what can be said about the value of the Cal-
abi homomorphism Cal on A? (We view here A as an element of the universal

cover ﬁz;r/n(z, wy).) See [25] for the definition of Cal etc.

Of course, one could ask the same questions also about X itself (rather than X).
It is currently not known what are the precise conditions insuring that an algebraic
manifold X with small dual can be realized as a hyperplane section in an algebraic
manifold Y (of one-dimension higher).

Another question, lying at the border between symplectic topology and alge-
braic geometry is the following. The main results of this paper show that an alge-
braic manifold X c CPY with small dual and b,(X) =1 gives rise to a distinguished
nontrivial element X € 71 (Ham(X')) where X is a hyperplane section of X. On the other
hand, every homotopy class of loops y € 7; (Ham(X')) gives rise to a Hamiltonian fibra-
tion 7, : M, —> S? with fiber ¥. Consider now (positive as well as negative) iterates
y =A", reZ, of » and the Hamiltonian fibrations corresponding to them ;- : Z\?[N — 52,
Do these fibrations correspond to an embedding of ¥ as a hyperplane section in some
algebraic manifold with positive defect? Or more generally, do the fibrations ;- cor-
respond to some geometric framework involving the algebraic geometry of X and its
projective embeddings? It seems tempting to suspect that A2, for example, corresponds
to a fibration similar to 77, : X —> ¢~ S (see Section 4) but instead of taking ¢ to be a line
in the complement of X* one takes ¢ to be a degree 2 curve in the complement of X*.

Finally, here is another general question motivated by analogies to algebraic
geometry. Can the concept of manifolds with small dual be generalized to symplectic
manifolds? Can one define a meaningful concept of defect? The motivation comes from
the following framework. Let (X, w) be a closed integral symplectic manifold (integral
means that [w] admits a lift to H?(X; Z)). By a theorem of Donaldson [18] X admits sym-
plectic hyperplane sections, that is, for k> 0, there exists a symplectic submanifold
XY representing the Poincaré dual to klw]. (Moreover, the symplectic generalization of
the notion of Lefschetz pencil, exists too [19].) Suppose now that for some such X the

manifold X\ X is subcritical. Does this imply on ¥ and X results similar to what we
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have obtained in this paper? (e.g., is [w|y] invertible in QH(X')?) One of the difficulty in
this type of questions is that the concept of dual variety (of a projective embedding,
or of a linear system) does not exist in the realm of symplectic manifolds and their
Donaldson hyperplane sections. Note that we are not aware of examples of pairs (X, X)
with X \ X subcritical that are not equivalent (e.g., symplectomorphic) to algebraic pairs
(X', 2.

10.2 Questions about the algebraic geometry of manifolds with small dual

We have seen that for hyperplane sections ¥ of manifolds with small dual X c CP¥,
lws] € QH?(X; A) is invertible. Is the same true for X, that is, is [wx] € QH?(X; A) an
invertible element? The 2-periodicity of the Betti number of X in Corollary B indicates
that this might be the case. Note that our proof of the 2-periodicity for X was based on
the 2-periodicity for ¥ (which in turn comes from the invertibility of [wx]), together with
some Lefschetz-type theorems, and did not involve any quantum cohomology consider-
ations for X.

Another circle of questions has to do with Theorem 9.1. It would be interesting
to figure out more explicitly the terms with d <0 in formula (19). This might be possi-
ble to some extent of explicitness using Mori theory in the special case of manifolds
with small dual (see, e.g., [4, 5, 47] and the references therein). In the same spirit, it
would be interesting to see if there are any topological restrictions on ¥ and X coming
from the invertibility of S(;r;) in the nonmonotone case. We remark that when (¥, wy) is
not spherically monotone one should work with a more complicated Novikov ring A as
explained in Section 9.

Another interesting question has to do with the structure of the quantum coho-
mology QH*(X; A) of hyperplane sections ¥ of manifolds with small dual X. As a
corollary of Theorem A we have obtained that in the monotone case QH*(X; A) satis-
fies the relation [wy] * « = q for some « € H**2(X). In some examples this turns out to

be the only relation. Thus, it is tempting to ask when do we have a ring isomorphism

(H*(X) ® A)"

QH*(Z; A) =
(w*xo=q)

In a similar context, it is interesting to note that the algebraic structure of quan-
tum cohomology of uniruled manifolds has been studied in a recent paper of McDuff [35].
In particular, in [35] McDuff proves a general existence result for nontrivial invert-

ible elements of the quantum cohomology of uniruled manifolds using purely algebraic
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methods. One can view part of the results in this paper as a direct computation in the

case of manifolds with positive defect.
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