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Abstract. The exact solution to the hierarchy of nonlinear lattice Boltzmann kinetic
equations, for the stationary planar Couette flow for any Knudsen number was pre-
sented by S. Ansumali et al. [Phys. Rev. Lett., 98 (2007), 124502]. In this paper, sim-
ulation results at a non-vanishing value of the Knudsen number are compared with
the closed-form solutions for the higher-order moments. The order of convergence to
the exact solution is also studied. The lattice Boltzmann simulations are in excellent
agreement with the exact solution.
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1 Introduction

Engineering interest in microelectromechanical systems (MEMS) has experienced explo-
sive growth during the last two decades [1]. These kind of devices typically have charac-
teristic size ranging from a few micron to a few millimeters, often with high aspect ratios.
Often one is interested in gaseous flows through micro-devices such as micro-pumps,
micro-turbines, and micro-valves [1]. It is well understood that for gaseous flows at those
length-scales hydrodynamic framework starts to breakdown. A computational approach
that recently emerged as a potential candidate for such gaseous micro-flow simulations
is the lattice Boltzmann method (LB).

This computational tool has been also used to study many other microfluidic flow
problems involving multiphase flows [3–7]. In all these studies, the role of proper wall
boundary conditions has been shown to be essential. In this paper, the ability of the
method to capture numerically, non-trivial micro-flow phenomena for single component
gaseous flows, by using the diffusive boundary condition [8] is studied in detail.
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2 Lattice Boltzmann approach for microflows

The capability of the lattice Boltzmann method to simulate micro-flows stems from its
kinetic theory origin. The lattice Boltzmann method is a special velocity-time-space dis-
cretization of the continuous Boltzmann BGK equation.

Even though the solution of the discrete Boltzmann BGK equation in the bulk flow
is quite standard,for the implementation of the wall boundary condition several ap-
proaches exist [2, 5, 8]. The most commonly used ones are the bounce back and the
kinetic diffusive boundary condition. In this paper we focus on the study of the nu-
merical discretization of the diffusive boundary condition as presented in [8, 9]. One of
the most attractive features of this boundary condition is the non-trivial micro-flow ef-
fects that can be captured without the need of tuning any parameters. For simplicity the
nine-velocities, two-dimension lattice BGK model (D2Q9) will be considered. The micro-
Couette flow is the selected micro-flow setup case. Analytical solutions for that problem
is reported in [10, 11]. For that, the moment system of the Boltzmann BGK equation [12],
combined with the properties of the D2Q9 square lattice discretization are analyzed. We
consider the popular nine-velocity model, the so-called D2Q9 lattice, for which the dis-
crete velocities are: c0 =(0,0), ci =(±1,0) and (0,±1), for i =1−4, and ci =(±1,±1), for
i=5−8 (see [14]). The discrete lattice Bhatnagar-Gross-Krook (BGK) equation reads:

∂t fi+ciα∂α fi =− 1

τ

(

fi− f
eq
i

)

, (2.1)

where τ is the relaxation parameter, and f
eq
i the values of populations at equilibrium. The

equilibrium distribution functions neglecting terms of the order O(u3) and higher can be
expressed as:

f
eq
i =wi

(

ρ+
jαciα

c2
s

+
jα jβ

2ρc4
s

(ciαciβ−c2
s δαβ)

)

, (2.2)

where cs is the speed of sound, cs =
√

(kBT0)/m=
√

1/3. For the D2Q9 model, the corre-
sponding weights wi are:

w=
1

36

[

16 4 4 4 4 1 1 1 1
]

. (2.3)

In the hydrodynamic limit, this model recovers the Navier-Stokes equations with the
kinematic viscosity ν = τc2

s . By considering the moments of the lattice-BGK equation, a
moment system can be created and closed form solutions for specific flow setups can be
obtained.

3 Moment system

Since the D2Q9 lattice is described by a set of nine distribution functions fi, a nine-
moment system will be formulated. For the isothermal D2Q9 model, the conserved fields
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during the collision process are mass density ρ and momentum density jα defined as

ρ=∑ fi, jx =∑cix fi, jy =∑ciy fi. (3.1)

It is convenient to re-write the pressure tensor Pαβ =∑ciαciβ fi in terms of the trace P, the
normal stress difference N, and off-diagonal term of the pressure tensor Pxy defined as

P≡Pxx+Pyy =∑c2
i fi, N≡Pxx−Pyy =∑ fi(c2

ix−c2
iy), Pxy =∑cixciy fi. (3.2)

Furthermore, the flux of energy is defined as

qα =∑ciαc2
i fi. (3.3)

In order to close the system in terms of moments, one more independent moment ψ is
defined as

ψ=∑ fic
2
ixc2

iy. (3.4)

The time evolution of the conserved hydrodynamic fields using Eq. (2.1) are

∂tρ+∂x jx+∂y jy =0, (3.5a)

∂t jx +∂x

( P+N

2

)

+∂yPxy =0, (3.5b)

∂t jy+∂xPxy+∂y

( P−N

2

)

=0. (3.5c)

Similarly, the evolution equations for the pressure tensor are

∂tP+∂xqx+∂yqy =
1

τ

(

2ρc2
s +

j2

ρ
−P

)

, (3.6a)

∂tPxy+∂x

(

qy−
3kBT0

m
jy

)

+∂y

(

qx−
3kBT0

m
jx

)

=
1

τ

( jx jy

ρ
−Pxy

)

, (3.6b)

∂tN+∂x

(6kBT0

m
jx−qx

)

+∂y

(

qy−
6kBT0

m
jy

)

=
1

τ

( j2x
ρ
−

j2y

ρ
−N

)

. (3.6c)

The equation of motion for the third order moments are

∂tqx +∂x

(

ψ+
3kBT0

2m
(P+N)

)

+
6kBT0

m
∂yPxy =

1

τ
(4c2

s jx−qx), (3.7a)

∂tqy+
6kBT0

m
∂xPxy+∂y

(

ψ+
3kBT0

2m
(P−N)

)

=
1

τ
(4c2

s jy−qy). (3.7b)

Finally, the evolution equation for ψ is

∂tψ+
3kBT0

m
∂x

(

qx−
3kBT0

m
jx

)

+
3kBT0

m
∂y

(

qx−
3kBT0

m
jy

)

=
1

τ

(

ρc4
s +

j2

ρ
c2

s −ψ
)

. (3.8)
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The present moment system has non-trivial analytical solutions for simple flows, such
as the stationary Couette flow [10]. Before proceeding to the analytic solution of the
moment system for the case of the Couette flow, the diffusive boundary condition will be
outlined.

The characteristic feature of the diffusive boundary condition is that the particles,
after reaching the solid boundary, get redistributed in a way consistent with the mass-
balance and normal-flux conditions. Furthermore, the boundary condition satisfies the
condition of detailed balance. In other words, if the incoming populations are at equi-
librium (corresponding to the boundary-velocity), the outgoing populations are also at
equilibrium (corresponding to the boundary-velocity). For what it follows we consider a
flat wall along the x-direction as depicted in Fig. 1.

f2f4 f5f6

f7f8

Figure 1: Schematic plot of the interaction of the diffusive boundary wall with the fluid. Solid wall is placed at
the lower part of the domain. Populations f4, f7, f8 are the incoming populations and f2, f5, f6 are the outgoing
populations which can be computed with the help of Eq. (3.9).

The update rules for the outgoing populations which are affected by the velocity of
the wall uwall are:

f2(x,t)= f
eq
2 (ρ,uwall)G, (3.9a)

f5(x,t)= f
eq
5 (ρ,uwall)G, (3.9b)

f6(x,t)= f
eq
6 (ρ,uwall)G, (3.9c)

with G defined as:

G=
f4(x,t)+ f7(x,t)+ f8(x,t)

f
eq
2 (ρ,uwall)+ f

eq
5 (ρ,uwall)+ f

eq
6 (ρ,uwall)

. (3.10)

In the next section, the case of the isothermal Couette flow is considered.

4 Stationary Couette flow

The planar Couette flow, between two parallel plates separated by a distance L has been
studied in [10]. The plates are parallel to the x-axis. On the plates, the isothermal diffusive
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Figure 2: Schematic plot of the Couette flow. Periodicity is assumed in the x-axis. The top and bottom plates
are moving parallel to the x-axis with velocities U2 and U1 respectively.

boundary condition is implemented. The exact implementation used in this paper is
presented in [8,9]. Periodic boundary condition is applied on the first and the last column
of nodes in the x-direction. The flow is unidirectional and all hydrodynamic quantities
are y-coordinate dependent. Under these assumptions, the moment system of Eqs. (3.5a)-
(3.5c) is drastically simplified and the expression for the velocity profile along the x-axis
reads:

ux(y)=
jx
ρ

=−πneq

τc2
s

(y+τV). (4.1)

The expressions of the constants πneq = P
neq
xy /ρ and V can be found using the closure

relations provided by the diffusive boundary condition. It is noted that a given moment
of the populations, i.e., M, can be always expressed as the equilibrium part, plus a non-
equilibrium part: M = Meq+Mneq. Introducing the mean free path l as l =

√
3τcs and the

Knudsen number Kn= l/L, which is defined as the ratio of the mean free path l over the
characteristic size of the studied system, their form has been found to be:

πneq =− τc2
s ∆U

4(2
√

3τcs+L)
, (4.2a)

V =
(2
√

3τcs+L)

τ

U

∆U
, (4.2b)

where U =(U2+U1)/2, and ∆U = U2−U1, as explained in Fig. 2. The Eq. (4.1) receives
the final form:

ux(y)=
∆U

(2Kn+1)

y

L
+U. (4.3)

The above description of the velocity field for the stationary isothermal Couette flow
predicts non-trivial slip velocity effects dependent on the Knudsen number Kn. In Fig. 3,
the analytic slip velocity on the upper wall (4.3) is represented by the solid line. This
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Figure 3: Stationary isothermal Couette flow. Slip
velocity for the upper wall. Line: exact solution;
Symbol: lattice Boltzmann simulation.
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Figure 4: Non-equilibrium normal stress difference
Nneq at the upper moving wall. Line: analytic
solution; Symbol: lattice Boltzmann simulation.

result is compared with the lattice Boltzmann simulations (symbols) for a large range of
Knudsen numbers.

Using Eqs. (3.6a)-(3.8), the expressions for the non-equilibrium stress difference Nneq

and for the non-equilibrium heat flux q
neq
y can also be expressed in an exact form:

Nneq(y)=ρ
( ∆U

L

)2 τν

(1+2Kn)2

[

2−e−
1

2Kn cosh
( y

KnL

)]

, (4.4a)

q
neq
y (y)=−ρ

( ∆U

L

)2 ν

(1+2Kn)2

[

2y−KnLe−
1

2Kn sinh
( y

KnL

)]

+2UP
neq
xy . (4.4b)

In Fig. 4, the comparison between Eq. (4.4a) and lattice Boltzmann simulations at the
upper wall, y = L/2 is plotted. A non-trivial behavior of the higher order moments is
revealed. This behavior is well-captured by the LB simulations.

5 Simulation results

In the previous section, the analytical solutions of the micro-Couette flow simulation
results concerning the slip velocity, and the behavior of the normal stress difference Nneq

on the wall boundary have been presented. In this section, a grid convergence study is
conducted in order to identify the accuracy of the boundary condition. Also simulation
results concerning the bulk flow are compared to the analytic solutions. The discretized
lattice Boltzmann scheme of Eq. (2.1) after using the mapping gi = fi+(1/2τ)( fi− f

eq
i ),

and noting that f
eq
i = g

eq
i , is equal to:

gi(x+ci,t+1)= gi(x,t)+
2

2τ+1

[

g
eq
i (x,t)−gi(x,t)

]

. (5.1)

For the grid convergence study, the number of nodes in the y- direction varies and the
specific values used are: [51, 101, 151, 301, 401, 801, 1050, 1500]. The Knudsen number
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Figure 5: Grid convergence study for the micro-couette flow. The upper curve is the non-equilibrium normal

stress difference Nneq while the lower curve is the slip velocity on the upper wall Uslip. Knudsen number is set
to Kn=0.9.

is set to Kn = 0.9. The results are illustrated in Fig. 5, where the slip velocity of Eq. (4.3)
and the non-equilibrium normal stress difference of Eq. (4.4a) on the upper plate are
considered. Both quantities follow the same trend and the order of convergence toward
the analytic solution is one. This is in accordance with the slip velocity convergence study
of [15]. The present simulation clearly shows that the obtained microflow behavior does
not appear as discretization error. It is an inherent advantage of the lattice Boltzmann
method. For the case where Kn = 0.9, the profiles along the y-direction for the velocity
U(y) in Fig. 6 and the non-equilibrium stress difference Nneq(y) in Fig. 7 are presented.

The non-equilibrium part of the diagonal term of the stress tensor P
neq
xy (y) is depicted

in Fig. 8, and the non-equilibrium part of the heat flux along the y-direction q
neq
y (y) in

Fig. 9. In all the plots, the analytical solution is represented by a solid line, while the
simulation results are the symbols. The lattice Boltzmann simulation results are found to
be in excellent agreement with the exact solution for all studied quantities.

6 Conclusions

In this paper, the analytical solutions derived in [10] have been compared with the lattice
Boltzmann simulation results. It is shown that a systematic study can provide a priori
information about the quality and the validity of LB methods for micro-flows. It should
be mentioned that even a small amount of nodes can deliver acceptable results for en-
gineering applications. However, a grid convergence study reveals that the numerical
implementation of the diffusive boundary condition as presented in the literature is first
order accurate only [8, 9, 16]. A second order implementation of the diffusive boundary
condition is needed for efficient modeling of the microflow.
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