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On hyperbolic Coxeter n-polytopes with n+ 2 facets

A. Felikson, P. Tumarkin and T. Zehrt∗

(Communicated by J. G. Ratcliffe)

Abstract. A convex polytope admits a Coxeter decomposition if it is tiled by finitely many Coxeter
polytopes such that any two tiles having a common facet are symmetric with respect to this facet. In
this paper, we classify all Coxeter decompositions of compact hyperbolic Coxeter n-polytopes with
n + 2 facets. Furthermore, going out from Schläfli‘s reduction formula for simplices we construct
in a purely combinatorial way a volume formula for arbitrary polytopes and compute the volumes
of all compact Coxeter polytopes in H4 which are products of simplices.

1 Introduction

1. A polytope in the hyperbolic space Hn is called a Coxeter polytope if all its dihedral
angles are integer parts of π. A convex polytope admits a Coxeter decomposition if it is
tiled by finitely many Coxeter polytopes such that two tiles having a common facet are
symmetric with respect to this facet. The tiles of the decomposition are called fundamen-
tal polytopes. A decomposition containing exactly one fundamental polytope is called
trivial.

The study of Coxeter decompositions is important for the classification of subgroups
generated by reflections in Coxeter groups. Namely, any Coxeter decomposition of a
Coxeter polytope corresponds to a finite index reflection subgroup in a Coxeter group.
It seems to be impossible to find a general classification of Coxeter decompositions, but
there are some partial results. For example, [5] contains the classification of Coxeter
decompositions of hyperbolic simplices, [7] contains the classification of decompositions
of compact prisms in H3, in [4] the problem is solved for quadrilaterals in H2.

In this paper, we classify all Coxeter decompositions of n-dimensional compact hy-
perbolic Coxeter polytopes with n + 2 facets. We also compute the volumes of even-di-
mensional compact Coxeter polytopes of this type.
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2. For the classification of Coxeter decompositions it is very helpful to know the vol-
umes of the Coxeter polytopes. In general the construction of volume functions for hy-
perbolic (and spherical) polytopes is difficult and the solution of the volume problem in
Hn (and Sn) requires a strategy adapted to the parity of the dimension. In even dimen-
sions the so-called Schläfli reduction formula is valid, which expresses the volume of an
even-dimensional simplex in H2m (and S2m) as a linear function of the odd-dimensional
angles. Any polytope can be decomposed into simplices and hence, in principle, the
even-dimensional volume problem can be reduced to the problem of the determination
of odd-dimensional spherical volumes. In this paper we will work out this idea and we
will prove a generalization of Schläfli’s reduction formula, which expresses the volume
of a polytope in H2m (and S2m) as a linear function of all angles and with coefficients
depending on the combinatorial structure of the corresponding apexes and depending on
the combinatorics of the simplicial decomposition of this apex. For 4-dimensional poly-
topes inH4 (and S4) we can choose a simplicial decomposition, such that the constructed
formula simplifies to a reduction formula, which is due to L. Schäfli.

For a general survey, especially for the volume problem in odd-dimensional hyper-
bolic spaces, we recommend the article [12].

3. Compact hyperbolic Coxeter n-dimensional polytopes with n+ 2 facets are classified
by I. Kaplinskaja [10] (see also [15]) and F. Esselmann [3]. A polytope of this type is
either a simplicial prism or a product of two simplices. More precisely, I. Kaplinskaja
classified all Coxeter simplicial prisms of finite volume. There are finitely many compact
simplicial prisms of dimension greater than 3. None of these prisms has dimension greater
than 5. InH3 there are several series of compact Coxeter triangular prisms. F. Esselmann
classified the remaining compact n-polytopes with n+2 facets. It turns out that a compact
Coxeter n-polytope with n+ 2 facets different from a simplicial prism is one of seven 4-
polytopes combinatorially equivalent to a product of two triangles.

It follows from the definition of a Coxeter decomposition that any two fundamental
polytopes of the decomposition are congruent. Let P be a polytope admitting a Coxeter
decomposition with a fundamental polytope F . It is proved in [8] that if P is a hyper-
bolic polytope with k facets and if P admits a Coxeter decomposition with fundamental
polytope F then F has at most k facets. This means that if P is an n-polytope with n+ 2
facets then the fundamental polytope is either a polytope with n + 2 facets or a simplex.
Clearly, if P is a compact polytope then F is a compact polytope too. There are finitely
many hyperbolic Coxeter simplices of dimension greater than 2, and no compact Coxeter
simplex exists in Hn, where n > 4 (see [13]). Hence, if P is a compact hyperbolic Cox-
eter polytope in Hn with n+ 2 facets, n > 3, then n = 4 or n = 5 and there are finitely
many possibilities for P and F . For n equal to 2 and 3 the lists of Coxeter decompositions
are contained in [4] and [7] respectively.

In Section 2, we discuss some general properties of Coxeter decompositions. In Sec-
tion 3, we construct the a volume formula for hyperbolic and spherical polytopes and
compute the volumes of compact Coxeter 4-polytopes with 6 facets (see Table 5.1 for the
volumes of the simplicial prisms and Table 5.2 for the volumes of the products of two
simplices). In Section 4 we use the results of Sections 2 and 3 to classify decompositions
of compact n-polytopes with n+ 2 facets in H4 and H5.
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2 Properties of Coxeter decompositions

Lemma 1 (Volume Property). Let P be a polytope and Vol(P ) be the volume of P . If P
admits a Coxeter decomposition with fundamental polytope F then

Vol(P )

Vol(F )
∈ Z.

The lemma is evident. We will use the Volume Property for 4-dimensional polytopes.
The volumes of compact hyperbolic Coxeter 4-dimensional polytopes with 6 facets are
computed in Section 3. The volumes of hyperbolic Coxeter simplices are contained in [9].

Notation. Let H−i (i ∈ I) be a family of closed halfspaces in Xn such that P =⋂
i∈I H

−
i is a Coxeter n-polytope with the Coxeter diagram Σ(P ). Denote by GΣ(P )

the group generated by the reflections with respect to the facets of P . Sometimes we
write GP instead of GΣ(P ). Furthermore, we define

PJ := P ∩
(⋂

j∈J
Hj

)

for all subsets J ⊂ I . Hj denotes the hyperplane corresponding to the halfespace H−j .
The subdiagram of Σ(P ) associated to the set J is denoted by Σ(PJ |P ). If PJ is a face
of P then Σ(PJ |P ) is the diagram of the corresponding face figure.

Lemma 2 (Subdiagram Property). Let P be a Coxeter polytope admitting a Coxeter de-
composition with fundamental polytope F . Let Σ(P ) and Σ(F ) be the Coxeter diagrams
of P and F . For any elliptic subdiagram Σ′(P ) of Σ(P ) there exists an elliptic subdia-
gram Σ′(F ) of Σ(F ) such that GΣ′(P ) is a subgroup of GΣ′(F ).

Proof. In [15], E. B. Vinberg proved that any elliptic subdiagram of a Coxeter diagram
corresponds to a face of the polytope. Since any face contains a vertex, there exists a
subdiagram Σ′′(P ) of Σ(P ) such that Σ′′(P ) has n nodes, where n is the dimension of
P , and Σ′′(P ) contains Σ′(P ) as a subdiagram. Let A be a vertex of P determined by
Σ′′(P ).

Consider a section of P by a small sphere s centered in A. This section is a spherical
Coxeter simplex, denote it by p. The Coxeter decomposition of P with fundamental
polytope F induces on s a Coxeter decomposition of p with some fundamental simplex
f . Let Σ′(F ) be a Coxeter diagram of f . Clearly, Σ′(F ) is an elliptic subdiagram of
Σ(F ). The Coxeter diagram of p coincides with Σ′′(P ), and GΣ′′(P ) is a subgroup of
GΣ′(F ). At the same time, GΣ′(P ) is a subgroup of GΣ′′(P ) and the lemma is proved. 2

Reflection subgroups of spherical Coxeter groups were studied by E. B. Dynkin in [2].
The paper [2] contains the list of root subsystems in root systems. Hence, if P is an
indecomposable spherical simplex different from Gm2 , H3 and H4 then all subgroups of
GP are listed in [2] (we use the standard notation of spherical Coxeter groups, see for
example [16]). Subgroups of GG2(m), H3 and H4 are listed in [6]. Note that if G is a
direct product of spherical Coxeter groups then any reflection subgroup of G is a direct
product of reflection subgroups of the multiples.
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Lemma 3. Let P be a polytope admitting a Coxeter decomposition with fundamental
polytope F . If any two facets of P are adjacent then any two facets of F are adjacent too.

Proof. Suppose that any two facets of P are adjacent, but the facets a and b of F have
no common points. Since F is a Coxeter polytope, the hyperplanes containing a and b
have no common point (see [1]). Let F0 ∈ P be a copy of F . Consider the sequence Fi,
i ∈ Z, of copies of F , such that Fi and Fi+1 have a common facet fi that is a copy of
either a or b. Let f̄i be a hyperplane containing fi. Clearly, no pair of hyperplanes f̄i and
f̄j has a common point. Since P contains only finitely many of polytopes Fi, there exist
two hyperplanes f̄i and f̄j containing facets of P . This contradicts the assumption that
any two facets of P are adjacent. 2

In particular, the lemma shows that a product of two triangles admits no decomposi-
tion into simplicial prisms.

Let P be a hyperbolic Coxeter simplicial prism of dimension n. A simplicial facet of
P will be called a base. There exists a hyperplane orthogonal to all facets of P except the
bases. The section of P by this hyperplane is a hyperbolic simplex p of dimension n− 1.
The Coxeter diagram Σ(p) coincides with Σ(P ) \ {b1, b2}, where b1 and b2 are the nodes
of Σ(P ) that correspond to the bases.

Lemma 4. Let P be a Coxeter simplicial prism admitting a Coxeter decomposition with
fundamental polytope F , and F is a simplicial prism. Let b1(F ), b2(F ), b1(P ), b2(P )
be the nodes of Σ(F ) and Σ(P ) corresponding to the bases. Let T (F ) = Σ(F ) \
{b1(F ), b2(F )} and T (P ) = Σ(P ) \ {b1(P ), b2(P )}. Then GT (P ) is a subgroup of
GT (F ).

Proof. Let F1 be an arbitrary tile of the decomposition and a1(F1), . . . , ak(F1) be all
facets of F1 different from the bases. The group generated by the reflections with respect
to a1(F1), . . . , ak(F1) is the group GT (F ). Let a1(P ), . . . , ak(P ) be all facets of P
different from the bases. The proof of the previous lemma shows that no copy of a base
of F belongs to a1(P ), . . . , ak(P ). Hence, GT (F ) contains a reflection with respect to
ai(P ), 1 ≤ i ≤ k. Thus, GT (P ) is a subgroup of GT (F ). 2

Note that any prism from the list presented in [10] has a base orthogonal to all adjacent
facets. Any other compact Coxeter simplicial prism can be composed of two of these
prisms (glue two prisms together along congruent bases that are orthogonal to all adjacent
facets). Gluing together two congruent prisms we obtain a Coxeter decomposition of the
big prism.

3 The volume of 2m-polytopes

Throughout this section let Xn be one of the spaces Sn, En or Hn of constant curvature
K. Let P be an n-polytope in Xn and ak(P ) the number of k-dimensional faces of P
for 0 ≤ k ≤ n. If Xn = Hn then a0(P ) is the number of ordinary vertices and vertices
at infinity of P . Let D = D(P ) be an arbitrary polytopal decomposition of P . Then
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we denote by Ωk(D) the set of all k-dimensional elements of D for 1 ≤ k ≤ n and
Ω0(D) denotes the set of all ordinary vertices ofD. IfD is the trivial decomposition then
Ωk(D) = Ωk(P ) is the set of all k-dimensional faces of P .

Let P k ∈ Ωk(P ) for 0 ≤ k ≤ n−1. Then we denote by αn−k−1(P k) the (n−k−1)-
dimensional (normalized) angle of P at the apex P k. The angles are normalized in such
a way that the whole sphere is measured as 1. Furthermore, we define α−1(P ) := 1. A
1-dimensional angle of P is also called a dihedral angle.

We have the so-called Schläfli reduction formula for simplices (see [14, page 240]).
We remark that Schläfli has normalized the angles in such a way that the generalized
octand is measured as one.

Theorem 1 (Schläfli’s reduction formula). Let T be a 2m-simplex in X2m. Then

2Kmc−1
2m Vol(T ) = 2

m∑

k=0

(−1)ka2k+1

∑

T 2k∈Ω2k(T )

α2m−2k−1(T 2k),

where c2m denotes the volume of the 2m-dimensional unit sphere and the constants a2k+1

are the tangent numbers defined by the series

tan
(z

2

)
=

∞∑

k=0

a2k+1

(2k + 1)!
z2k+1.

Of course, a polytope can be decomposed into simplices in several ways. Hence we
can construct volume formulas for arbitrary polytopes by combining Schläfli’s reduction
formulas for the decomposition simplices. The problem is to understand the combina-
torics of the decomposition. We further have to note that the sum of all decomposition
angles with the same apex is an angle in the polytope, but generally not of the same
dimension. The change of the dimension depends on the dimension of the face of P ,
which contains the relative interior of the decomposition apex D in its relative interior
(ri(D) ⊂ ri(P )). So we can prove in a combinatorial way (compare [17]) the following
result.

Theorem 2. Let P be a 2m-polytope in X2m, D = D(P ) a simplicial decomposition of
P and for a j-dimensional face P j ∈ Ωj(P ) let z(i, P j ,D) be the number of elements in{
D ∈ Ωi(D) : ri(D) ⊂ ri(P j)

}
for all 0 ≤ i, j ≤ 2m. Then

2Kmc−1
2m Vol(P ) =

∑

Pj∈Ωj (P )
j=0,...,2m

E(P j ,D)α2m−j−1(P j)

with

E(P j ,D) = 2

m∑

k=0

(−1)ka2k+1z
(
2k, P j ,D

)
.

In general, this is not a proper reduction formula because the volume is a function
of angles of all dimensions, except in special cases (plain polytopes, skillful decomposi-
tions). Such a special case is a 4-polytope with the barycentric decomposition, without
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decomposing 1-dimensional faces of P . We get a general reduction formula, which is due
to L. Schläfli (compare [14, page 276]).

Corollary 1 (Reduction formula for 4-Polytopes). Let P be a 4-polytope in X4 = S4 or
H4. Then

2c−1
4 Vol(P ) =

∑

P 0∈Ω0(P )

σ0(P 0)α3(P 0) +
∑

P 2∈Ω2(P )

σ2(P 2)α1(P 2) + σ4(P )

with σ0(P 0) = 1,

σ2(P 2) = 1− 1

2
a0(P 2)

σ4(P ) = 1− 1

2
(a0(P ) + a2(P )) +

1

4

∑

P 2∈Ω2(P )

a0(P 2).

The combinatorial invariants σ2i(P ) (i ≥ 0) are called 2i-dimensional Schläfli invari-
ants. L. Schläfli also proved a generalized reduction formula (compare [14, page 280]),
but an explicit description of the Schläfli invariants is unknown. The corollary gives such
an explicit description in dimensions 0, 2 and 4. For the Schläfli invariants of simple
polytopes compare [16, page 122].

Now we will use the corollary to determine the volumes of the compact 4-dimensional
Coxeter polytopes, classified by I. M. Kaplinskaja and F. Esselmann. We remark that the
polytopes with a linear graph are so-called orthoschemes and their volumes are already
determined by R. Kellerhals (see [11]) by using a reduction formula of analytic type.

From the combinatorial point of view the polytopes P classified by Kaplinskaja are
prisms over a 3-simplex. We see that a0(P ) = 8, a1(P ) = 16, a2(P ) = 14, a3(P ) = 6
and that the set of 2-dimensional faces consists of 8 triangles and 6 rectangles. So we get
σ4(P ) = 2.

The polytopes P , classified by Esselmann, are products of two 2-simplices. We see
that a0(P ) = 9, a1(P ) = 18, a2(P ) = 15 and a3(P ) = 6 and that the set of 2-
dimensional faces consists of 6 triangles and 9 rectangles. So we get σ4(P ) = 5/2.

The angles α3(P 0) of P can be computed as the volumes of the spherical Coxeter
3-polytopes with diagram Σ(P 0|P ). The angles α1(P 2) of P can be computed as the
volumes of the spherical Coxeter 1-polytopes (segments) with diagram Σ(P 2|P ). Fur-
thermore, we have to determine the combinatorics of the 2-dimensional faces of P . This
is possible by construction of the complex F(P ) of the polytope P : Let P =

⋂
i∈I H

−
i

be a Coxeter n-polytope in Xn. Then F(P ) is the set of all subsets of the form I(P k)
with

I(P k) = {i ∈ I : P k ⊂ Hi}
for P k ∈ Ωk(P ) and 0 ≤ k ≤ n − 1. Under inclusion F(P ) is a partially ordered set,
anti-isomorphic to the face lattice of P . Hence F(P ) carries the whole information of
the combinatorial structure of P and we can reformulate Theorem 3.1 from [15] in the
following way.



On hyperbolic Coxeter n-polytopes with n + 2 facets 183

Theorem 3. A set J ⊂ I is in F(P ) if and only if the diagram Σ(PJ |P ) is elliptic.
Furthermore, let PJ1 and PJ2 be two faces of P (J1, J2 ∈ F(P )). Then PJ1 is a face of
PJ2 if and only if J2 ⊂ J1.

3.1 Example. We will compute the volume of the Coxeter 4-polytope P =
⋂6
i=1 H

−
i

with Coxeter diagram Σ(P ) in Figure 1.

u
u
uu5

5
u
uv1

v2

v6

v3

v4

v5

5

Figure 1. The diagram Σ(P ).

We number the vertices of the diagram so that every vertex corresponds to a hyper-
plane Hi = v⊥i for all i = 1, . . . , 6. Now we can construct the complex F(P ) of P by
studying all subdiagrams of Σ(P ) and from the complex we can read off the inclusions of
the sets I(P k). Hence we can determine the whole combinatorics of the polytope P . In
the following two tables we give the sets I(PJ ) for the 0-dimensional (|J | = 4) and the
2-dimensional (|J | = 2) faces PJ of P .

i(PJ ), |J | = 4 Σ(PJ |P ) α|J|−1(PJ )

(1, 2, 3, 4), (1, 2, 3, 5),
(1, 3, 4, 6), (1, 3, 5, 6) • 5 • • • 1/14400

(1, 2, 4, 5), (1, 4, 5, 6) • 5 • • 5 • 1/100

(2, 4, 5, 6) • 5 • • • 1/40

(2, 3, 4, 6), (2, 3, 5, 6)
• • •
•

1/192

i(PJ ), |J | = 2 α|J|−1(PJ) Type of PJ

(1, 2), (1, 6), (4, 5) 1/10 3-gone

(3, 4), (3, 5) 1/6 3-gone

(2, 3), (3, 6) 1/6 4-gone

(2, 6) 1/4 3-gone

(1, 3), (1, 4), (1, 5),
(2, 4), (2, 5), (4, 6),(5, 6) 1/4 4-gone
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So we see with Corollary 1 that

Vol(P ) =
4

3
π2
( 401

7200
− 101

40
+

5

2

)
=

221

5400
π2.

4 Classification of decompositions

A compact Coxeter n-polytope with n + 2 facets is a polytope in H2, H3, H4 or H5.
Coxeter decompositions of quadrilaterals in H2 are listed in [4]. Any compact Coxeter
polytope in H3 with 5 facets is a triangular prism. Coxeter decompositions of triangular
prisms in H3 are listed in [7]. In this section, we classify Coxeter decompositions of
compact Coxeter n-polytopes with n+ 2 facets in H4 andH5.

4.1 4-dimensional decompositions. A compact Coxeter polytope in H4 with 6 facets
is either a simplicial prism or a product of two triangles. Let P be a compact Coxeter
4-polytope with 6 facets admitting a Coxeter decomposition with fundamental polytope
F . As it was mentioned above F has at most 6 facets. Hence, F is either a simplex or a
simplicial prism, or a product of two simplices.

Lemma 5. Let P be a compact Coxeter polytope in H4 combinatorially equivalent to
a product of two triangles. If P admits a Coxeter decomposition then the fundamental
polytope F is combinatorially equivalent to a product of two triangles and P contains
exactly two copies of the fundamental polytope.

Proof. Suppose F is a product of two triangles. Applying the Volume Property to the
volumes from Table 5.2 we obtain that P contains exactly two copies of F . By Lemma 3
F is not a simplicial prism. Thus, it is sufficient to show that F is not a simplex.

Suppose F is a simplex. Applying the Subdiagram Property we obtain that P =
[(3, 5, 5, 3), (3, 5, 3)] (the lowest polytope from Table 5.2) and either F = [4, 3, 3, 5] or
F = [5, 3, 31,1] (see Fig. 2 for the notation). Since the simplex [5, 3, 31,1] can be decom-
posed into two copies of [4, 3, 3, 5], it is sufficient to show that P = [(3, 5, 5, 3), (3, 5, 3)]
admits no Coxeter decomposition into several copies of F = [4, 3, 3, 5].

PSfrag replacements

v1
v1v2

v2v3
v3v4

v4v5
v5

4 555

Figure 2. The simplices [4, 3, 3, 5] (left), [5, 3, 31,1] (middle) and [3, 3, 3, 5] (right).

Suppose the contrary. Consider a decomposition of P = [(3, 5, 5, 3), (3, 5, 3)] into
several copies of F = [4, 3, 3, 5] in the linear model of H4. We use coordinates x0, x1,
. . . , x4 with bilinear form (x, x) = −x2

0+x2
1+· · ·+x2

4. Let F1 be one of the fundamental
simplices of the decomposition and v1, v2, . . . , v5 be the unit outward normals to the
facets of F1 (we choose numbering of the facets as it is shown in Fig. 2). We can express
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v1, v2, . . . , v5 as follows:

v1 = (0, 0, −1, 0, 0)

v2 =
(

0, 1
2 ,

1+
√

5
4 , 1−

√
5

4 , 0
)

v3 = (0, −1, 0, 0, 0)

v4 =
(

0, 1
2 , 0, 1+

√
5

4 , 1−
√

5
4

)

v5 =
(√

2 +
√

5, 0, 0, 0,
√

2(1+
√

5)
2

)

The simplex [4, 3, 3, 5] contains the subdiagram H4. No indecomposable spherical
Coxeter group contains H4 as a subgroup. Hence, we can assume that v1, v2, v3 and v4

are the outward normals to the facets of P . Denote by v6 and v7 the remaining outward
normals (see Fig. 3).

t t tt5

5
t
tv1

v6

v2

v3

v7

v4

5

Figure 3. The numbering of vertices of [(3, 5, 5, 3), (3, 5, 3)].

The vector ±v6 is a reflection image of one of v1, . . . , v5 under a sequence of reflec-
tions with respect to v1, . . . , v5. The simplex [4, 3, 3, 5] does not have dihedral angles dif-
ferent from π

2 , π3 , π4 and π
5 . Hence, we can write v6 =

∑5
i=1 civi, where ci ∈ Q(

√
2,
√

5)

(we use the explicit formula of the reflectionRe(x) = x−2 (x,e)
(e,e) e). The direct calculation

shows that

v6 =

(√
40 + 18

√
5,

1

2
,

1 +
√

5

4
,

5 + 3
√

5

4
, 4 +

√
5

)

and
√

40+18
√

5√
2+
√

5
/∈ Q(

√
2,
√

5). The contradiction shows that the decomposition does not

exist and the lemma is proved. 2

Lemma 6. Let P be a compact Coxeter simplicial prism in H4. Suppose P admits a
Coxeter decomposition with the fundamental polytope F ; then F is a simplicial prism
and P contains exactly two copies of F .

Proof. Suppose that F is a simplex. Then the Subdiagram Property and the Volume
Property show that F = [5, 3, 3, 3] (see Fig. 2) and P is one of the prisms shown in Fig. 4.

PSfrag replacements

4 55
5

Figure 4. Three possibilities for a prism decomposed into simplices.

Consider F = [5, 3, 3, 3] in the linear model of H4. Let v1, v2, . . . , v5 be the unit
outward normals to the facets of F . Each of the prisms shown in Fig. 4 contains the
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subdiagramH4. No indecomposable spherical Coxeter group containsH4 as a subgroup.
Hence, we can assume that v1, v2, v3 and v4 are the outward normals to the facets of P .
Let v6 and v7 be the remaining outward normals of P . Then we can write v6 and v7 as
a sum

∑5
i=1 civi, where ci ∈ Q(

√
5). The explicit coordinate expression of v6 and v7

shows that this is impossible. Hence, F is not a simplex. The Subdiagram Property and
the Volume Property show that F is not a product of two triangles. Hence, F is a prism.

Using the Volume Property again, we obtain that either P contains exactly two copies
of F or (F, P ) is one of the pairs shown in Fig. 5.

PSfrag replacements

F P
Vol(P )
Vol(F )

2

2

4

5

5

5

5

5

5

Figure 5. Three possibilities for the pair (F, P ).

Looking at the volumes of two tetrahedra shown in Fig. 6 we can see that none of
these tetrahedras can be decomposed into copies of the another one.

0.07177012670.0390502856

PSfrag replacements

F
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Vol(P )
Vol(F )

2
4

55

Figure 6. Volumes of two compact tetrahedra.

Hence, by Lemma 4 (F, P ) is not a pair shown in Fig. 5 and the lemma is proved. 2

4.2 5-dimensional decompositions. According to [3], any compact Coxeter polytope
in H5 with 7 facets is a simplicial prism. Let P be a simplicial prism admitting a Coxeter
decomposition with fundamental polytope F . As it was mentioned above F has at most
7 facets. There are no compact Coxeter simplices in H5. Hence, F is a simplicial prism,
too.

Using the Subgroup Property it is easy to see that P consists of exactly two copies of
F ; one of the bases of F is orthogonal to all adjacent facets.

We can summarize the result of this section as follows:



On hyperbolic Coxeter n-polytopes with n + 2 facets 187

Let P be a compact Coxeter hyperbolic n-polytope with n+ 2 facets, where n > 3. If P
admits a Coxeter decomposition with fundamental polytopeF thenP contains exactly two
copies of F and both P and F are either simplicial prisms or products of two triangles.

5 Appendix

5.1 Compact simplicial prisms in H4.

Diagram Volume Valuer r r r5 r r 41
10800π

2 0.03746794

r r r 4 r r5 r 17
4320π

2 0.03883872

r
r r

5

r r r 61
10800π

2 0.05574499

r
r r 5r r r 41

5400π
2 0.07493588

r r rr4 r r 11
1440π

2 0.07539281

r
r r 4 r r 5 r 17

2160π
2 0.07767744

rr r
r r r5

61
5400π

2 0.11148998

r
r r

5

r r
r

61
5400π

2 0.11148997

r r rr5 r r 17
1350π

2 0.12428391

rr r
r r

5
r 163

10800π
2 0.14895792

r r rr4
r
r 11

720π
2 0.15078562

rr r
r r r5

61
2700π

2 0.22297995

r r rr5
r
r 17

675π
2 0.24856781
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5.2 Products of two simplicies in H4.

Diagram Volume Valuer 8 r r 4 r r 8 r 11
1728π

2 0.06282734

r
r r4

5

r r 10 r 221
21600π

2 0.10098067

r
r r 4 r r 8 r4

11
864π

2 0.12565468

r
r r4

5

r r
r
5

221
10800π

2 0.20196135

r r rr55 r r10 221
10800π

2 0.20196135

r
r
r
rr 4 r4 4

11
432π

2 0.25130937

r r rr55
r
r5 221

5400π
2 0.40392269
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