
2-NILPOTENT AND RIGID FINITE DIMENSIONAL
ALGEBRAS

CLAUDE CIBILS

1. Introduction

Let fc be a field and let A be a finite dimensional fc-algebra. We suppose that A
is Morita reduced and that the endomorphism ring of each simple A-module is k. This
is equivalent to A/r = k x. . . x k, where r is the Jacobson radical of A.

Let Q be the Gabriel quiver of A which is defined as follows: the set Qo of vertices
is in one-to-one correspondence with the set of isomorphism classes of simple
A-modules. If a simple A-module is denoted by S, we denote by s the corresponding
vertex. The number of arrows from s to t is the ^-dimension of Ext\(S, T). The set
Qx of arrows of the quiver is the disjoint union of the set B of loops and the set A
of oriented edges.

Let kQ be the quiver algebra. By an observation of Gabriel [4; 5, 4.3] we have
an algebra surjection kQ->A whose kernel / is admissible, that is, one has
Fn a I a F2, where F is the two sided ideal of kQ generated by the arrows, and n
is some positive integer.

In this way each finite dimensional fc-algebra A such that A/r = k x . . . x k is
isomorphic to kQ/I with / admissible. The radical r of kQ/I is F/I.

By definition the algebra A is 2-nilpotent if r2 = 0. In the previous description this
is equivalent to / = F2.

Let H*(A, X) denote the Hochschild cohomology groups of A with coefficients
in the A-bimodule X (see [2] for a definition).

In this note we give a description of the algebras A = kQ/F2 such that
H2(A, A) = 0. Supposing Q is connected, the precise conditions are that Q does not
contain loops nor unoriented triangles

and Q is not the quiver •« • v
Let us recall that for hereditary algebras, H\kQ, X) = 0 for all quivers Q without

oriented cycles and all fcg-bimodules X, see [6, 3].
If k is algebraically closed, the orbit of a A>algebra A of dimension n under the

natural action of GLn is open (in the scheme sense) if and only if H2(A, A) = 0 and
the algebraic group Aut A of automorphisms of A is smooth. When the characteristic
is zero, the orbit of A is open if and only if H\A, A) = 0, because then the algebraic
groups are smooth (see [6]).

In [7] Gerstenhaber shows that if H\A, A) = 0, then A is rigid, that is, each
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one-parameter family of deformations of A is trivial. We shall prove directly that the
given conditions on Q imply that A = kQ/F2 is rigid. I thank the referee for suggesting
this proof, which is shorter than the original one.

The converse of the result is proved using the fact that a connecting homo-
morphism in a long exact sequence of cohomology groups is a cup product with a
fixed element.

In [3] we gave sufficient conditions on the quiver Q and the ideal / of a finite
dimensional algebra A for H2(A, A) to be zero. However these conditions are not
necessary as this note shows; see the remark at the end.

Finally we remark that it is not hard to show that

e i o ifchark#2,

dimfc//HA,A)= M 6 Q°
ifcharA: = 2.

One uses the fact that /^(A, A) is the vector space of derivations of A modulo the
interior derivations.

2. The theorem

Throughout this note k is an arbitrary field, Q is a finite connected quiver and
F is the two sided ideal of kQ generated by the arrows of Q.

PROPOSITION. Let A = kQ/F2. IfH2(A, A) = 0 then Q does not contain loops nor
subquivers of the type

called' unoriented triangles', and Q is not the quiver *« * *

Proof. Let K = k((x)) be the quotient power series field of k[[x]], the power series
ring in one variable.

If Q contains a loop b, consider the two sided ideal / of KQ generated by b2-xb
and by all the paths of length two except b2. The algebra Ax = KQ/I is a non-trivial
one-parameter family of deformations of A = kQ/F2, as defined in [7]. In fact A^ is a
AT-algebra isomorphic to KQ'/F2, where Q' is obtained from Q by deleting the loop
b and taking the disjoint union with a vertex. This algebra is clearly not isomorphic
to KQ/F2, and so H2(A, A) ^ 0 using the result of [7] quoted in the introduction.

If Q contains an unoriented triangle

let / be generated by ba — xc and by all the paths of length two except ba. Again
Ax = KQ/I is a non-trivial one-parameter family of deformations of A = kQ/F2. The
AT-algebra Ax is isomorphic to KQ'/R, where Q' is obtained from Q by deleting the
arrow c and R is generated by all the paths of length two except ba.

0 = 5 • = * • ' ,
b

let / be the two sided ideal of KQ generated by ba - xs and ab-xt, and let A^ be KQ/I.
In fact Ax is isomorphic to the algebra of 2 x 2 matrices over K. Notice that we cannot



RIGID FINITE DIMENSIONAL ALGEBRAS 213

extend this deformation for Q =•« »• *•• and A = kQ/F2. In fact we shall
see that H2{A, A) = 0 in this case.

The following lemma computes the dimension of H2(A, r) without the assumption
that H2(A, A) = 0 (but still for a 2-nilpotent algebra).

LEMMA 1. Let A = kQ/F2. Then

dim* H2(A,r)= 2 I I '<2I*II '2I"IM2I4
M e Go weQo

/V00/. Let yeQx, and denote by s and / its source and end vertices. The one
dimensional vector space ky is a simple A-bimodule in the following way: ey = Se ty
and ye = Sesy for all e in the fc-basis QQ U Si °f A.

We see that r = ©yg^ *yis a direct decomposition of the semisimple A-bimodule
r ' a n d s ° H2(A,r) =

Each of the simple A-bimodules ky is isomorphic to Hom^S", T), where 51 and T
are the simple left A-modules corresponding to the vertices s and /. We obtain

H2(A,r)= 0 H2(A,Homk(S,T)).

We then use the following result [2, p. 179]. If M and N are left A-modules, the
Hochschild cohomology of the A-bimodule Homk(M, N) can be obtained using the
functor Ext over A:

H*(A, Hom^Af, N)) = Ext£(M, N).

Then H\A, r) = ®y6Qi Ext\(S, T).
The dimension of this vector space has been computed by K. Bongartz in [1,

p. 463] using a particular projective resolution. In our case the ideal of relations is
F2 and so we obtain

dim* ExtX(5, T) = dim* t(F2/Fz) s

= number of paths of length two from s to t

The number of ExtXOS, T) direct summands in H2(A,r) is \tQxs\, and the formula
is proved.

Using this lemma we can prove the converse of the proposition and obtain the
following.

THEOREM. Let A = kQ/F2, where Q is connected. Then H2(A, A) = 0 if and only
if Q does not contain loops, or unoriented triangles and Q is not the quiver • „ * *.

Proof. If Q is a quiver without loops and unoriented triangles, then Lemma 1
gives us that H\A, r) = 0. The long exact sequence of cohomology associated to

0 *r >A >A/r »0
gives

0 > H\A, A) > fP(A, A/r) - ^ H3(A, r) >....
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CLAIM. For the quivers as in the theorem, the connecting homomorphism 3 is
injective; thus //2(A, A) = 0. If Q is*«——then 1 = dimfcKer<5 = dimfcH

2(A, A).

The rest of this note is devoted to the proof of the claim. We shall need a
description of H2(A, A/r), H3(A, r) and of the homomorphism 8. The following
lemma will give a description of 8 using cup products. We choose to give it in a more
general setting than just for 2-nilpotent algebras.

Let A = kQ/I, where / is an admissible ideal. Let r = F/Ibt the radical of A, and
let n be the nilpotence index of A, that is, rn = 0 and rn~l ^ 0.

The product in A gives bimodule homomorphisms

r/r2 ® rn-2/rn-i > rn-i? r n-2/ r n- l <g) rjri > rn-i^

A A

which give cup products

i^(A, r/r2) ® H\A, rn-2/rn~x) > Hi+1(A, r""1),

H'(A, r""2/^"1) ® /^(A, r/r2) • Hi+1(A, r""1),
both denoted by U .

A set P of oriented paths of Q can be chosen such that P is a basis of A, and such
that the subset P1 of oriented paths of length greater than or equal to i is a basis of
r*. The set Qx of arrows is always in P, and is a basis of r/r2.

To each arrow a we can associate an element/oe//1(A, r/r2) defined by fa(a) = a
and/a(e) = 0 for all e e P, e i=- a. It is easily checked that/a is a non-interior derivation.
Let us call Sf the element I a 6 Q l / a Gi / 1 (A,r / r 2 ) .

LEMMA 2. Let A = kQ/I, where I is an admissible ideal ofkQ. Consider the exact
sequence

1 Q •/•«-! •/•n~z
 > r n - 2 / r n - i Q̂

and
3: H2i(A, rn-2/rn~x) > H*i+1(A, r""1)

the connecting homomorphism.
Then 5{f) = Sf U / + ( - l ) i + 1 / U Sf.

Proof. Since P""1 is a A:-basis of r71"1 and Pn~2 of rn~2, it follows that
pn_2 = 7>«-2\pn-i j s a ^.feasis of rn-2/rn~x. We choose the fc-section a of the exact
sequence corresponding to these bases, that is, o(y) = y if yePn_2.

In fact rn~2/rn~1 is a semisimple A-bimodule and ®yeP ky is its decomposition.
Thus, let/: A®* -> fry be an /-cocycle. This means that for all x1}...,xi+l in P we have

i
I (-

We know that <$(/) = t/(^/), where i/ is the Hochschild coboundary from
Homfc(A®f, rn~2) to Homfc(A®<+1, rn~2). In fact rf(or/)eHomfc(A®<+1,rn-1) and so we
consider its cohomology class to obtain S(f). Then we have

d(yf)(xx ®...® xi+1) = x1(af)(x2

i
+ Z ( - i
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Applying a to the relation (•) and substituting in the expression of d(af), we obtain

d(af)(xl ®...®xi+1) = x1a(/(x2 ®.

for all xl5..., x m in P.

Notice that the second and fourth terms of this sum are often zero: indeed,/takes
values in the simple A-bimodule ky. But y is an oriented path of length n—2 from,
say s to t. Hence the only basis element with a non-zero action from the right is s,
and from the left is /.

The first and third terms can only be non-zero if x1 is an arrow or the vertex /
and xi+l is an arrow or the vertex s. Recall that rn = 0, thus if xx (or xi+1) is of length
greater than two then xx y = 0 (or yxi+1 = 0), because the length of y is n — 2.

If xx = t, the value of the first term is equal to the value of the second term. If
xi+1 = s, the second is equal to the fourth.

With these facts in mind, we can conclude the following:

if both x1 and xi+1 are not arrows,

if both xt and xt+1 are arrows,

= x1a(J{x2

if X-L is an arrow but not xi+1,

if xi+1 is an arrow but not xv

This description of Sf on the basis elements of A®i+1 coincides with the description
of y U / + ( - l)m/.U y, directly as cochains. In fact,

®...®xi+l)= 2 fa(x1K<rfKx2®...®xi+1)

®... ® xi+1) if Xi is an arrow,

0 otherwise.

(Recall that/a(a) = a and/a(e) = 0 for zA\eeP,e^ a.)
We return now to the case of 2-nilpotent algebras, and give a description of

H2(A, A/r) and H3(A, r). We assume that the quiver Q does not contain loops or
unoriented triangles. We could give a description without these assumptions, but it
is simpler to work with them.

Let E be the set of oriented paths of length two with same source and end vertex.
More precisely E = IIS teqo(sAt) x (tAs), since Q has no loops.

For each arrow a from s to t, let La be the set of length-three oriented paths from
s to /, andL = UaeALa.

We consider the vector spaces kE and kL with bases E and L. Define a linear
map D\kE-*kL in the following way: for each (b,a)e(sAt) x (tAs) <= E,

D(b,a)= 2 (xba)x- 2 (bay)y,
xeAs yesA
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where the index arrow means that (xba)x e Lx; if there is a parallel arrow x' to x (same
source, same end) we have to make a distinction between elements of Lx and Lx-.

The D we have just defined is the right model for 5, as we see in the following.

LEMMA 3. There is an isomorphism between H\A, A/r) and kE, and between
H3(A, r) and kL such that the diagram

commutes.

Proof. Since A/r = ®seQoks as bimodules, //2(A, A/r) = ®seQoH
2(A,ks).

Let (b, a)e (sAt) x (tAs), and consider f(b a): A ® A -• ks defined by

and/ ( b o) gives zero when evaluated in any other tensor product of two basis vectors
of A. These linear maps are easily checked to be 2-cocycles and they are linearly
independent modulo coboundaries: if g: A ->ks is a linear map, then

(dg){b ®a) = bg(a)-g(ba)+g{b)a = 0

because each term in the sum is zero (ks is a semisimple bimodule and ba e r2 = 0);
thus if Y.Kaf(b,a) = dg, we obtain Xba = 0 for each (b,a)esAt x tAs.

Moreover, the set {f(b,a)}(b,a)eE is a basis of H2(A,ks) because its cardinality is
the dimension of H2(A, ks). Indeed,

H*(A, ks) = H\A, Homfc(5,5)) = Ext^(5,5);

the dimension of ExtA(5, S) is the number of paths of length two from s to s by
Bongartz's result [1, p. 463].

Thus the left vertical isomorphism is obtained by sending/ ( 6 a ) to (b, a).
To obtain the one on the right consider r = ®aeAka as a bimodule. Hence

Let (c3 c2 c^)a e La be a path of length three from the source s of a to its end t. Define
: A®3 -+ ka by/£3C2Ci(c3 (g) c2 (g) q ) = a and to be zero evaluated in any other

tensor product of three basis elements of A. These linear maps are 3-cocycles, and
linearly independent modulo coboundaries: if g: A ® A -> ka is a linear map,

dg(c3 ®c2® q ) = c3g(c2 ® cj -g(c3 c2 ® q)+g(c 3 ® c2 q ) -g(c3 ® c2) cx

= 0,

again because ka is a semisimple bimodule and r2 = 0. Thus if a ^-linear combination
of the/£3CiiCl is equal to a coboundary, then all the coefficients are zero.

The/£sC2Ci are in the right number to be a basis of i/3(A, ka), because

dim* H3(A, ka) = dimfc ExtA(S, T) = dimfc t(Fz/F*)s

(the last equality is derived from [1, p. 462, last line] with n = \,J = F,I = F2). But
dim*. t{Fz/Fi)s is the number of length-three oriented paths from s to t, which is \La\.

The isomorphism between i/3(A, r) and kL is obtained sending/£3C2Ci to (c3 c2 c ^ .
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By composing these isomorphisms and 3, and using the description of S in terms
of cup products, we get exactly the defined D. We need only check that

fx U/(ft,a) =fxba>

which is already true at the level of cochains.

We can now return to the claim which proves the theorem. Namely D:kE->kL
is injective when Q is connected, does not contain loops or unoriented triangles, and
Q is not the quiver».« -*.

Suppose that £(&,«) e E (̂&, a) ^(^>a) = 0- Recall that

D(b,a)= I (xba)x- I (bay)y
xeAs yesA

if (b, a) esAt x tAs.
The central remark is the following: for each {b,a) there exist xeAs, x # a (or

yesA, y ^ b). Indeed, Q is not the quiver *«,—*. • and Q is connected. Thus (xba)x

(or (bay)y) is a component of D{b,a), but not a component of any other D{d, c): if
it were, then (xba)x = (zdc)z or (xba)x = (dcz)z for some arrow z. The first equality
is impossible since we suppose that (b, a) ^ (d, c). The second would imply that
x = z = a, and so x = a, which is a contradiction. The argument is the same if (bay)y

is a component of D(b, a).
Using this remark we see that replacing each D(b,a) by its value in the linear

dependence relation, we get a linear combination of the basis L, such that for each
(b, a)eE there exists x (or y) with the coefficient of (xba)x (or (bay)v) equal to A(6 a).
Hence X(b< a) = 0 and D is injective.

In contrast with this, the matrix of D for Q —

and so dimk H
2(kQ/F2,kQ/F2) = 1 in this case.

We conclude this note with a remark.
In [3] we gave sufficient conditions on a basic and connected finite dimensional

algebra A for the vanishing of i/2(A, A). Let Q be a connected quiver, let / be an
admissible ideal of kQ, and let A = kQ/I. If for all couples of vertices (s, t) such that
tAs ^ 0 we have th = t(FI+IF)s then H\\, A) = 0.

These conditions are not necessary: when

e = *5=*r- — , I = F2, and A = kQ/F2,

we have sAs # 0, and sF2s # sF3s. At the same time we know from this note that
H2(A,A) = 0.

But if Q has no oriented cycles and / = F2, the conditions of [3] are equivalent
to the fact that Q does not contain unoriented triangles. From the above theorem we
know that this is necessary and sufficient for H2(kQ/F2, kQ/F2) to be zero, when Q
has no oriented cycles.
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