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Growth in SL, over finite fields

Oren Dinai

(Communicated by R. Guralnick)

Abstract. By using tools from additive combinatorics, invariant theory and bounds on the size
of the minimal generating sets of PSL,(IF,), we prove the following growth property. There
exists ¢ > 0 such that the following holds for any finite field IF,. Let G be the group SL(IF,),
or PSL,(IF,), and let A be a generating set of G. Then

4 4- 4] > min{]4]"*,|6]}.

Our work extends the work of Helfgott [26] who proved similar results for the family
{SL,(IF,) : p prime}.

1 Introduction

1.1 Background. Let us define the directed diameter of a finite group G with respect
to a set of generators S to be the minimal number / for which any element in G
can be written as a product of at most / elements in S. We denote this number
by diam™ (G, S). Define the (undirected) diameter of G with respect to S to be
diam(G, S) := diam* (G, SUS™).

The diameter of groups has many applications. Aside from group theory (see [3],
[28], [29]) and combinatorics (see [17], [22], [23], [24]) the diameter of groups shows
up in computer science e.g., in the context of computer networks (see [32], [36]), gen-
eralizations of Rubik’s puzzles (see [20], [30]) and algorithms and complexity (see
[21], [27]). For a detailed review see [2].

Since we are interested in the ‘worst case generators’, we define

diam(G) := max{diam(G, S) : G = {S)}.

A family of finite groups {G, : n € N} is said to have poly-log diameter (resp. log
diameter) if for some C,d > 0 (resp. for d = 1), for any n € N we have

diam(G,) < Clog"(|G,)).
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In [15], the author showed (with an effective algorithm) that for any fixed p,m € N
with p a prime and p > m > 2, the family

{qm,p = {SLm(Z/an) ‘neE N}

has poly-log diameter. Abért and Babai [1] showed that for any fixed prime py, the
family {C,, ¢ C, : p prime; p # po} has logarithmic diameter.

A long-standing conjecture of Babai [7] asserts that the family of non-abelian finite
simple groups has poly-logarithmic diameter. Very little is known about this conjec-
ture. See [6] and [7] for some partial results concerning the alternating groups.

A breakthrough result of Helfgott [26] proves the conjecture for the family
{SL,(TF,) : p prime}. The main goal of this paper is to extend Helfgott’s work to
the family {SL,(IF,.) : p prime; n € N}. We follow the basic strategy of Helfgott
(with some short cuts following [10]) and in particular we also appeal to additive
combinatorics and sum-product theorems. The new difficulty is that unlike fields of
prime order, general finite fields have subfields, and subsets which are ‘almost’ sub-
fields, which are ‘almost’ stable with respect to sum and product.

1.2 Main results. The following result extends the key proposition of Helfgott |26,
Key Proposition in §1.2].

Theorem 1.1. There exists ¢ € R such that the following holds for any finite field I,
Let G be either the group SL,(IF,) or PSLy(IF,) and let A be a generating set of G.
Then

4+ A 4] = min{|4]"**,|G]}. (1)
From this we get immediately the following corollary.

Corollary 1.2. There exist C,d € R, such that the following holds for any finite field
IF,. Let A be generating set of G = SLy(IF,). Then

diam* (G, 4) < Clog(|G])
and for any 6 € R we have
4] > |G)° = diam™ (G, 4) < Co~.
1.3 Organization of the paper. In Section 2 we introduce notation and definitions

required for this work as well as mathematical background, and we prove some ad-
ditional results that may be of interest. In Section 3 we prove the main results.

2 Preliminaries

2.1 Notation. We write log x for log, x, the logarithm to base 2. We will always use
p for a prime number and ¢ for a prime power. For a subset 4 = B and x € B write
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A\x for A\{x} and similarly 4 U x := 4 U {x}. For a field IF, denote by IF some fixed
algebraic closure of IF. We write (G, -) for a multiplicative group which is not neces-
sarily commutative and (G, +) for a commutative additive group.

Definition 2.1. Let G be a group and let 4, B, Ay,..., A, be non-empty subsets
of G. Write A*:= AUA™" and for ke Z, write A* := {a*:ae A}. Define the

product set A-B:={a-b:ae A,be B}, and for x € G define x- 4 := {x}- 4 and
A-x:=A-{x}. Write

HAZ' :={ay...a,:a; € A; forall i}
i=1

for the product set of 4y,...,4, and A = [T, 4 for the product of a set A with
itself n times. The notation 4% := {1}, 4V := 4*U1 and

Al .— (A[l])(n)

for the set of words of length at most # in A% will be important in this paper. In gen-
eral we have only the containments 4" = 4" = 4",

Since we have three possible operations on the subsets, 4", 4" and 4%, we use
the following ‘group action’ notation: 4%~ := ((4*)”)” when x, y, z are any of these

operations; e.g., AKMM .= ((4%) )l

Definition 2.2. Let G be a group and let g,he G. We write ¢” :=h~'gh and
[9,h] := g 'g" = g"'h'gh. For A4, B < G and x € G we write

A8 :={a’:aeA,be B} and xB:.=xP
We write
(4, Bl :={[a,b] :ae A;b e B}. (2)

Note that [4,B],, = A '4% = A7'B"'AB. Note also that 49" =AM je,

(A9)<”> = (A™)9, Therefore conjugation, or any other automorphism, commutes
with the operations 4" 4™ and 4%

Definition 2.3. Let G be a group and let 4, B < G. Define
Cp(4):={beB:a’ =aforallac 4}.

We will use the generation notation {A4) depending on the category we are using.
The categories that will be involved in the paper will be groups and rings.
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Definition 2.4. For positive real-valued functions, we write f « g if f = O(g). Simi-
larly we write ' > g if g« f, and f ~ g if f « g « f. We will use the dual notation
J =Q(g) for g = O(f).

Denote the group of invertible elements of a commutative ring R by R*. If 4
is a subset of R, we will need different notation to distinguish the product set
A-A={ab:a,be A} and the sum set A+ A4 ={a+b:a,be A}. Therefore we
will need in some situations the following definitions.

Definition 2.5. Let 4 be a subset of an additive (semi-)group G and let n € N. Write
ZA ={a1+---+a,:a € Aforalli}.
n

Definition 2.6. Let ' = X x Y be a directed graph. Denote the inverse graph
Fr''eyxx by I'':'={(y,x):(x,y)el'}. Let A<X and aecX. Write
[,:={yeY:(a,y)el} and ['(4):={),_, I, and deg(I') := max{|[,|: x e X}.
We define the multiplicity of T to be

acA

mult(") := deg(I'™").

Clearly if deg(I') < d then |I'(4)| < d|A| for any A = X. We will say that I is
d-regular if |I'y| =d for all xe X. We will use the previous definition with the
following simple observations. A function f € Y¥ from X to Y is a directed graph
which is I-regular. Therefore if mult(f) <n then |f(4)| = |A4|/n for any 4 = X.
For example, any non-zero one-variable polynomial f(x)e IF[x] of degree d
defines a substitution map f;:F — IF such that mult(f;) < deg(f). Similarly if
0 # f(x,x7 ") e Flx,x!], with deg,(f) + deg, (/) = d, then mult(f;) < d, where
f; : F* — IF. For example, f(x) = x? + x~3 has multiplicity at most 5. By abuse of
notation we write mult( /) := mult(f).

2.2 Additive combinatorics. The following lemma [26, Lemma 2.2] is a simple con-
sequence of the Ruzsa triangular inequality [38, Lemma 2.6].

Lemma 2.7. Let G be a group and let A = G be a finite subset. Then whenever
3<neNand1 < K e R we have

1
M > Kl4| = |49 > VK4l (3)

When dealing with fields one can use the following sum-product theorem which is
a slight improvement of [11], [12] (cf. [38, §2.8]).
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Theorem 2.8 ([38, Theorem 2.52]). There exists an absolute constant C > 0 such that
the following holds whenever 1 < K € R and for any field F. Let A = IF be a finite
subset and suppose that

|44+ A|+|4- A] < K|A|.
Then either |A| < CKC, or for some subfield E < T and x € F* we have
|E| < CKC|A| and |A\XE|< CK€.
We introduce some notation and use it to restate the previous theorem.

Definition 2.9 (almost fields). Let IF be a field and let 4 < IF be a finite subset and let
e e R,. We will say that A is e-almost field, or e-field for short, if for some subfield
[E < TF and x € IF* we have

IE| < 4" and |A\XE| < |4|". (4)
If the above holds then we will say that A4 is e-almost xIE. Define A4 to be pure ¢-field if
IE| < |4|'™ and A< E. (5)

If (4) field holds but (5) does not hold then we will say that A is impure ¢-field. In
other words, A4 is impure e-field if (4) field holds and also |4A\IE| > 0.

Definition 2.10 (almost stable). Let IF be a field, 4 = TF be a finite set and let e € IR,
We will say that A is ¢-close, or ¢-stable, if

A 4]+ 4+ 4] < |4]™. (6)
Otherwise, we will say that 4 has e-expansion or e-growth.

Let us restate Theorem 2.8 using this terminology.

Theorem 2.11. There exists C > 0 such that the following holds for any ¢ € R, with
&< C~L. Let TF be a field and let A be a finite subset of size |A| > C'/%.
(@) If A is an e-field then A is Ce-stable.

(b) If A is e-stable then A is a Ce-field.
2.3 Expansion functions in fields.

b
Definition 2.12. Let IF be a field, g = <a d) €SL,(F) and r e F. Let x, y € [F* and
X,Y = F*. Write ¢

Prod(g) :=a-d, Dx:=<x 0) and Dy :={D,:xeX}.

0 x!
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Define tr(x) := Tr(D,) = x + x~!' and

try(x, ) := Tr(Dy(Dy)?) = ad - tr(xy) — be - tr(x/y). (7)
We extend these definitions to tr(X) and tr,(X, Y) for subsets. Define

tr(x, y) =t tr(xy) + (1 — 1) - tr(x/y).
So try(x, y) = try(x, y) where s = Prod(g).
The following striking reduction of Helfgott allows one to gain large expansion
from the non-commutativity in the group by twisting properly some commutative

sets (cf. [26, §3] and [10, §4]). The proof is based on the following trick of Helfgott
and [10, §4]: for any subset ¥ < IF* we have

{(1,s) : ,5€ Y} = {(xp, 07 ") s x, y e YPIL (8)
Theorem 2.13 (Helfgott). There exists C > 0 such that the following holds for any field
Fand1 < KeR. Let X < F* be a finite subset and let ay,a; € IF*. Let V <= SLy(FF)

be a finite subset of diagonal matrices, g € SLy(IF) with Prod(g) ¢ {0, 1} (i.e., g has no
zero entries) and let ¢ € R...

If
{ar - tr(xy) + az - tr(xy ™) : x, y € XY < K|tr(X)]
then
|tr(X?) tr(X )| + [tr(X?) + tr(X?)] < CK € Jtr(X)].
If | Te(V I Vel < |Te(V)|" then
ITr(V?) - Te(V?)| + | Te(V?) + Tr(V?)| < C|Tr(V2) (9)
Now we make some simple observations that we will use later.
Lemma 2.14. There exists ¢ > 0 such that the following holds. Let TF be a field and
let g € SLy(IF). Let V < SLy(F) be a finite subset of diagonal matrices. Suppose that
Tr(V¥) < E for some subfield E < TF. If Prod(g) ¢ IE then
[Te(VE VB9 > o Te(1)). (10)
If Prod(g) # 1 then

Te([V, gD)| > e[ Tr(V)]. (11)
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b
Proof. Writeg:(a >,setX:: {xeF:D,eV}and
¢

d

T :=Tr(VEVE9) = {ad - tr(xy) — be - tr(x/y) : x, y € X¥},
T :={ad - tr(t) — bc - tr(s) : 1,5 € X2},

By (8) we have T/ = T. Set f(z,w) :=ad -z + (1 — ad) - w. Since ad — bc = 1 we get
T' = f(ir(X22), tr(X22)),

We claim that if Prod(g) = ad ¢ E then f|, is injective. Indeed, writing ¢ = ad
then by solving 1z+ (1 —f)w=1z' 4+ (1 —t)w’, we get t(z—z') = (1 —)(w' —w).
Since 7 # 0,1, either z—z' =w' —w =0, or (1 —#)/t=1t"! — 1€ E which contra-
dicts our assumption that ¢ = ad ¢ E. Similarly we see that f| . . is injective for
any coset of IE.

By the assumption tr(X??) < tr(X™) = Tr(V™) < [E; therefore

2
713 17| = Ja(X ) > )P > ()]

so we are done with (10). Now if Prod(g) = ad # 1 then we get
Te([VH, gDl = {Tr(v™"e?) s ve VY

= [{2ad + (1 — ad) tr(x*) : x € X¥}|

1
= [u(x¥3)] > Z|x¥¥). O

Using the theorem of Frobenius on the characters of SL,(IF,), Babai, Nikolov and
Pyber [4] obtained, after extending Gowers [25, Theorems 1.1, 1.2], the following
result (cf. [31] and [5]).

Theorem 2.15. There exist C € R such that the following holds. Let IF, be a finite field
and let A be a subset of G = SL,(IF,). Then

4] > C¢*® = 4B =SLy(F,). (12)

2.4 Symbolic generation of traces. The invariant theory of tuples of matrices under
various actions was developed over fields of zero characteristic. We are interested in
the case of positive characteristic (cf. [14], [18], [33]).

Definition 2.16. For m > 2 denote by R, ,, the ring of invariants of m-tuples of
2 x 2 generic matrices (Xi,...,X,,) over a infinite field IF under the simultaneous
conjugation action of the general linear group. To be precise, we have 4m vari-



280 O. Dinai

a_bles X1y V1 Z1 Wy 5 Xos Vs Zmy Win which we denote by X; = (x;, yi,z;, w;) and
X =(Xy,...,Xy). Each
X, = (Xi yi>
Zi Wi

is a formal matrix with four variables X; for 1 <i < m. We define an action of
g € GLy(FF) on f(Xi,...,Xn) € F[X] by

SIX, o Xon) ::f(Xiq7~~~aA/;Z)~

We define the algebra of invariants of this polynomial ring under the action of

GLa(FF) by Ry, (F) := {f € F[X] : ¥ = f for any g € GLy(F)}.

We will use the following results of Procesi [34] and Domokos, Kuzmin and
Zubkov [19, Corollary 4.1].

Theorem 2.17. If char(IF) # 2 then

{det(X;),tr(X;, ... X;,) : 1 <i<m1 <s <351 <ip <+~ <ig<m}

s

is a minimal system of generators of Ra ,(IF). If char(IF) = 2 then
{det(X),tr(X;, - ... - X)) I <iys<m1 <ip < <ig <m}
is a minimal system of generators of Ry, (IF).
From this we get immediately the following result.

Lemma 2.18 (trace generation). Let IF be a field and let A = SLy(F) be a subset with
2 < |A| < m. Then we have the ring generation {Tr(A")Y = (Tr({A))>. Moreover if
char(IF) # 2, then we have the ring generation {Tr(AP)Y = (Tr({A))>.

Remark. There are various possible types of generation, depending on the category
involved: groups, rings, algebras, vector spaces, modules and fields. In the invariant
context, ring and group generation are involved. In the lemma, the meaning is ring
generation in the outer bracket and group generation in the inner bracket. Explicitly,

<TI'(A ] ) >ring = <TI‘(<A >group) >ring'

2.5 Size of minimal generating sets. By Lemma 2.18, for any finite field IF = IF, with
char(IF) # 2 and any subset of generators A for SL,(IF,) we have ‘bounded genera-
tion of trace generators’; indeed, (Tr(4P)» =TF.

In this section we extend this to char(IF) = 2. The main theorem of this section,
and the only part used later, is Theorem 2.22 which asserts that (Tr(4°)> = TF.
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Definition 2.19. Let G be a finitely generated group. A subset 4 of G a minimal gen-
erating set if (A» = G but for any proper subset A’ of 4 we have (4’> # G. A sub-
group H of PSLy(IF,) is called a subfield subgroup if H = PSL;(q") for some subfield
IFq/ of ]Fq.

Saxl and Whiston proved the following result about the size of minimal generating
sets of PSL(IF,); cf. [35, Theorem 3 and Theorem 7 with its proof].

Theorem 2.20 ([35, Theorems 3, 7]). Let G = PSLy(IF,) with q = p" a prime power
and let A ={gy,...,gm} be a minimal generating set.

If r=1then |A| <4 If r > 1 then let r = p{* ... p be the prime decomposition of
rand let A; := A\g; and H; := {A;). For 1 < j <n, let S; be the set of subfield sub-
groups H; for which j is minimal subject to H; < G; = PSLy(p"/P).

If |A| > 6 then after reordering of the elements g; and the primes p; one of the fol-
lowing holds.

(1) For any i =3, H; is a subfield subgroup and there exists a unique j for which
H, <G = PSLQ( rier).

(2) For any i =2, H; is a subfield subgroup, |S\| < 2 and |S;| < 1 for any j > 2.
(3) For any i > 1, H; is a subfield subgroup, |Si| < 3 and |S;| <1 for any j > 2.

As an immediate corollary we get the following claim.

Corollary 2.21. Let q be a prime power, G = PSLy(IF,) and A = {g1,...,gm} be a
minimal generating set. Let H; :== {A\{g;} ).

If |A| =17 then the subgroups H; which are subfield subgroups H; =~ PSLy(IF,),
satisfy that the subfields IF,, generate IF,,.

Proof. We use the notation of the previous theorem. Let ¢ = p” and r = p{" ... p%
be the prime decomposition of r. By the previous theorem we have three cases
to consider. In all cases, for any S; there exist i =i and H; and r; such that

H; 2 PSLy(p") ¢ S;. In other words for each j we have r; fr/p;. Therefore
l.c.m(r,-l, k) =r

Now let us use this corollary to prove the following theorem.

Theorem 2.22. Let ¢ = p” with p prime, let G = SLy(IF,) and let A be a generating set
of G. Then {Tr(A%)> = TF,.

Proof. By Lemma 2.18, if p # 2 then (Tr(4P))Y» =TF. So assume that p =2 and
G = SL,(IF,) = PSL,(IF,). Taking a subset 4’ of 4 if needed, we can assume that 4
is a minimal generating set. If |4| < 6 then by Lemma 2.18 we get (Tr(4%)> = F,.

Now by induction on r, and the previous theorem, if r =1 then |4]| <4 and
so (Tr(A¥)» =TF,. Otherwise, let r = p{' ... p& be the prime decomposition of
r. If |4 =7 then by the previous corollary we get proper subfield subgroups
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H; =~ SL,(2"), such that the subfields IF,; generate IF,.. By the induction hypothesis
on these H;, which are generated by 4; = 4\g;, we get <Tr(Al[6])> = IF,~. Therefore
(Tr(A)y = TF, as we wanted. [J

2.6 Avoiding certain traces. We start with an identity that we will use many times.
Lemma 2.23. Let IF be a field and g,h € SLy(IF). Then
Tr(g) Tr(h) = Tr(gh) + Tr(gh™). (13)

Proof. From the Cayley-Hamilton theorem /h*> — Tr(h)h+1 =0, and we get by
multiplying by gh~! the matrix identity

gh —Tr(h)g +gh™' = 0.
Therefore by taking traces we are done. []

Definition 2.24. Let TF be a field, G be a linear group and let 4 = G(IF) and X < TF.
Write 4|y :={geA:Tr(g)e X} and Aty :={ged:Tr(g) ¢ X}. If X = {x} we
write x instead of X" and +x instead of {£x}; thus 4|, := 4|, 4|, = 4|4, and
similarly for A}, and Af,.

Definition 2.25. Let IF be a field. Let V(IF) := IF?\{0} and let IP(IF) := V(FF)/~
be the projective line over IF; thus for v e V(IF), the equivalence class & € P(TF) is
span(v)\{0}. Consider the projective line over the algebraic closure F. The action of
G = SLy(IF) on V(IF) by left multiplication induces an action on IP(IF). For g€ G
write Fix(g) := {t € IP(FF) : gv = ©} for the fixed-point set of g. Note that if v € V(IF)
then go = o if and only if gv = Av for some A € [F*. For a subset V' = SL,(IF) write

Fix(V) := (), Fix(g).

Simple fact 2.26. Let G = SL»(IF). Denote by G, the set of non-trivial +unipotent
elements in G; thus u € G, if and only if there exist w e SLy(IF), ae {+1} and
x € IF* such that

voaf VY Za B
u—a01—a XL£12).

If we denote the two columns of w by w = (wy,w,) then Fix(u) = {w;}. We have
G, = G| ,\{£]} = {ue G : |Fix(u)| = 1}. For 4 = G write 4, := ANG,.

Simple fact 2.27. Let G = SL,(IF). Denote by G the semi-simple elements in G; thus
s € Gy if and only if there exist w € SLy(IF) and y € IF\{+1} such that
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If w = (w1, wy) then Fix(s) = {w;, w2}. We have
Gy = GYir = {s€ G : |Fix(s)| = 2}.
For A = G write A; := AN G;.
Simple fact 2.28. Let G = SL,(FF). For 4 = G we write for short,

=Cs(4)={geG:a% =aforany ac A},
N(4) :=Ng(4) ={ge G: 49 = 4}.

Let s € Gy and u € G,,. Then

C(s) ={s' e G: Fix(s') = Fix(s)} U{+1},

C(u) = {u' € G : Fix(u') = Fix(u)} U {+I},
N(C(s)) = {9 € G : g(Fix(s)) = Fix(s)},
N(C()) = {b e G : Fix(u) < Fix(b)}.

The following lemma of Helfgott will yield many semi-simple elements (cf. [26
Lemma 4.2)).

Lemma 2.29 (Helfgott). Let IF be a field, let G = SL,(IF) and let A be a finite subset. If
(A is non-abelian, then |[A® N G,| > 1|4|.

The following lemma is a slight variant of Lemma 2.29.

Lemma 2.30. Let F be a finite field Let A be a generating set of G = SLy(IF). Then
4B ol = 14|

Proof. 1If char(IF) = 2 then G; = G}, so we are done by Lemma 2.29. Otherwise
char(IF) # 2 and therefore G|, = G,. If 0 ¢ Tr(A4) then we are done. Otherwise fix
g € A|; and let @ € IF with w* = —1. Therefore' A(g) = Specz(g) = {+w}. We have
the implications

Tr(g) =0 < g2 =-] & g’1 = —g. (14)

Write C = Cg(g) and N = Ng(C). By the assumption and by Simple fact 2.28,
A& N.Set B:= A\N # J and let h € B. If Tr(h) = 0 then we have

Tr(gh) =0 < ghgh=—-1 & gg"=1 o g¢"=g47" (15)

! We write Specg(g) to emphasize that we take all eigenvalues in F.
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Therefore if Tr(k) := Tr(gh) = 0 then h € N, a contradiction (since we took / ¢ N).
Thus either Tr(h) # 0 or Tr(gh) # 0. So

1
AP k| > 3 1Bl =5 (|4] = [4ANN]). (16)

N —

On the other hand if # € A\N then h(ANN) = AP\N, and so
|AP\N| = |[ANN|.

Therefore by applying (16) with B’ = AP\ N we get
3l 1, 1
AVl > 3B > 5 ANN] (17)

Combining (16) and (17) we get [4Byy| > L4]. O

Lemma 2.31. Let T be a finite field and E be a proper subfield. Let A be a generating
set of G = SLy(IF). If |[Axg| > 0 then | AW yg| > L|4|.

Proof. Write B = AP If |Bf| > 15| 4| then we are done. Assume that [BJg| < 5|4].
From Lemma 2.30 we get |Bfy| > ;|A|. Therefore |B|g<| > (; — 15)|4| = ¢|4|. From
Lemma 2.23 if g € Gy and h € G|~ then either Tr(gh™') ¢ IE or Tr(gh) ¢ IE. By the
assumption there is some g € A}y;. Therefore B’ := gB = A and so by (13)

1 1
4] > |B’/ > _ N _
|4 )(1E|/|B)(1E|/2|BIE >12

4. O

Corollary 2.32. Let IF be a finite field and G = SL,(IF). Let A = G and suppose that
{A) = G and {Tr(A)) = TF. Then for any proper subfield IE we have

1
A9yl = — 4]

Corollary 2.33. Let IF be a finite field and G = SL,(IF). Let A = G and suppose that
{A) = G. Then for any proper subfield IE we have

1
(] >

Proof. By Lemma 222, {(Tr(4)y =T and therefore |4} >0. Now as in
the proof of Lemma 2.31 either [AP | > L|4| (and then we are done) or
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AB)| | > L|A]|. Therefore taking b € A%y, B’ := AP)|.. and B” := bB' = AP! and
| E 6 g E E
using (13) we get

1 1
AP | > |B fg| > §|B/| >§|A|- U

2.7 Some useful growth properties.

Definition 2.34. Let G be a group and let ~ be the equivalence relation of conjugacy
in G. Given a subset 4 = G write 4 := 4/~. By abuse of notation we view 4 < 4 as
a set of representatives: thus for all a € 4 there is a unique b € 4 such that a ~ b.

The following useful lemma of Helfgott connects growth and commutativity.

Lemma 2.35 ([26, Proposition 4.1)). Let G a finite group and let & # A = G. Then
there exists a € A such that

4] 14]

|Cy-14(a)] = A LA

(18)

If {A) = G then for any subgroups H,K < G we have |A*\(HUK)| > 14|.
The following corollary is a variant of [26, Corollary 4.3].

Corollary 2.36. Let IF be a field. Let G be a subgroup of GL,(IF) and let A = G be a
finite subset. Let B < A with |B| = c|A| for some ¢ € R... Then there exists b € B such
that

[Caar (b)] = CW

> A (19)

Proof. Since conjugate elements have the same trace we get |4| > |Tr(4)|. Therefore
by Lemma 2.35 there exists a € 4 such that

Tr(4)| 4]

|CAA’1(a)| 2 |A,1AA| °

Hence if B < 4 and |B| > c|A| then there exists b € B such that?,

[Te(B)[B| _  [Tr(B)||4]

_ > B > .
|Caa1 (D) = [Cpp-1(b)] = IB-1BB| ~ ¢ [A-TAA]

2The author thanks H. Helfgott for a helpful discussion concerning this variant.
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A variant of the following lemma was proved in [26, Proposition 4.10]. Here, we
give another proof.

Lemma 2.37. Let F be a field and let G = SLy(IF). Let g € Gy be a semi-simple ele-
ment. Let h € G and suppose that Fix(g)\ Fix(h) # . Define F : SLy(FF) — IF* by

F(b) := (Tr(b), Tr(gh), Tr(hb)).
Then mult(F) < 2. In particular, for any subset B < G,
1
5 1Bl < |F(B)| < [Tr(B)| [Tr(gB)| [Tr(hB)]. (20)
Proof. There exists w € SLy(TF) such that

w 0 w
(Y )

with b € IF* and o ¢ {+1}. Let

gf:(x y) e SL,(FF).
z w

We need to show that for any ¢;, ¢z, ¢3 there are at most two elements g’ with
det(g’) =1, F(g') = (Tr(g"), Tr(gg"), Tr(hg')) = (c1,c2,c3).

By the opening trace equalities we get the equation

Ax=¢
where
1 1 00 Y e
w
A=|oa a' 0 al|, x= and E:(cz).
BB b0 Y &
z

Therefore, from our assumption on b and «, we have rank(4) = 3. So the set of
solutions 4~!(¢) is either empty or a one-dimensional affine linear subspace (i.e., a
dilation of a one-dimensional linear subspace) of IF*. Note that for any z there is
exactly one triple (x,w, y) such that ¢’ is a solution. On the other hand, ¢’ € SL;(TF)
so xw — yz = 1 and therefore there at most two solutions g’ in the affine line 4~!(¢)
with det(g’) = 1. In other words

A7 1(@)NSLy(F)| <2. O
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2.8 Avoiding subvarieties.

Definition 2.38. Let IF be a field. Let G be a group and let (V,p) be a finite-
dimensional representation of G over IF. When the action will be clear from the
context we will write the linear action on V simply by gv instead of p(g)v. Let
Wi,..., W, <V be proper subspaces of  and let W = U:il W;. We will assume
that the above union is non-trivial in the sense that W; £ W; for i # j. We will call
W a linear variety with decomposition W = | )" | W;. (If the union is non-trivial then
the decomposition is unique.) Write

Stabg(W) ={ge G:gW = W}.

For brevity we sometimes write Gy = Stab(WW) = Stabg(W), when the group G is
clear from the context. Write

dim(W) := max;{dim(W;)},
deg,(W) = [{i : dim(W;) = d}| and deg(W) := deggim (W)

The following ‘escaping lemma’ of Helfgott will be useful.

Lemma 2.39 (|26, Lemma 4.4]). For any n,m € N, there exists k € N such that the
following holds. Let G be a group and let (V,p) be a finite-dimensional representation
of G over a field IF. Let Wy, ..., W, be subspaces of V and suppose that W = Ul. Wi is
a linear variety with dim(W) < n. Let A be a generating set of G. Let 0 #w e V, and
write O := Gw and V,, :== [F|G]w = span(O).

Suppose that O & W. Then for any w' e V,\{0} there exists g € A¥ such that
gw' ¢ W. In particular for any w' € O there exists g € A¥ such that gw' ¢ W.

Now we will prove the following result (cf. [26, Corollary 4.5]). We give a different
proof from Helfgott’s original proof.

Corollary 2.40. There exists k € N, such that the following holds for any finite field IF

of size |IF| > 3, and for any generating set A of SLy(IF). For any u € GLy(IF), there
exists a € AM such that a* has no zero entries.

Proof. Write G := SL,(IF) and V := M,(TF) and for 1 < i, j < 2 write

VV,‘/2={<all alz)EVIa,'/:O}.
' azy daxn )

ary A

Write W = Ui,j W;. Equivalently, if g = (all “

) € V then

a; = 0 if and only if ge; = Ae; for some 1 € FF.
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Now we use Lemma 2.39 with the group G* and the orbit O = G* of w’ = I and
the linear variety . We can use Lemma 2.39 if we show that G* ¢ W. We will show
that |GYNW| < |G| so G* £ W.

Let u = (u;,u) where u; are the columns of u. Therefore for any g € G* N W there
exist 7, j € {1,2} such that gii; = #;; that is, gu; = Ju; for some 4 € [F*. Write

G :={9 € G:gi; = u;}.

So GYNW =, ;Gy. In order to prove |G*NW|< |G| we will bound || J, ; Gyl
from above.

Choose for any ie{1,2} some u/eF?\{0} with w;, u/ linearly independent.
Now if g,9’ € G then gu; = Ju; and g'u; = 2'u; for some 2,4’ € F. Note that gu!
and gu; determine g; therefore if g, g’ € G; and gu] = g'ul € F*\{0} then we must
have 4=/ since det(g) = det(g’) = 1. We conclude that for any i, j we have
|Gy| < |IF|> — 1. Therefore |G*N W| = |(JG;| < 4(|F]* — 1) — 1 since I € Gy N G.
So if |IF| = ¢ = 4 then

|G| = SLa(FF)| = q(¢” = 1) > 4(¢* = 1) = 1 > | Gy

and in particular G* & W.
Therefore we can apply Lemma 2.39 to get the desired conclusion. []

2.9 Reduction from matrices to traces. Let us collect the properties that we will
exploit (cf. [26, Propositions 4.8, 4.10]).

Theorem 2.41 (Helfgott). There exist k € N and C € R such that the following holds
for any finite field IF. Let A be a generating set of SL,(IF). Then

|A[k]|4/3
4]

1 1
NG > 1Al [Tr(ab)] > <4, [Tr(a)] < € e1)

The following result reduces the growth of 4! to the growth of Tr(4*") and then
reduces the growth of traces to the growth of eigenvalues (cf. [26, §4.3]).

Theorem 2.42 (Helfgott). There exist k € Ny and C € Ry such that for any ¢ € R,
that following holds. Let TF be a finite field and A a generating set of SLy(IF). Write
A = A¥ and 4, = A¥). Suppose that | 45| < |A|"™. Then

C 4|3 < |Tr(4))] < C|4|'3+¢ (22)
and there exists an element g € A N Gy with

V| > CYTr(4))]"™ where V := C(g). (23)
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Moreover, if
[ Ao| < |A]" and  |Tr(4y)| < [Tr(4y)]"™ (24)
then there exists an element g € Ay N Gy such that (23) holds and also

ITr(V2) - Te(V2)| + | Te(V?) + Tr(V?)| < C|Tr(V2)) T

3 Main results

Proposition 3.1. There exists C € R such that the following holds. Let T be a finite
field and G = SLy(FF) and let ¢ € R with e < C~'. Let V = SLy(TF) be a set of diag-
onal matrices of size |V| > C. Suppose that

Tr(V) is impure e-field (25)
and

ITr(V)| < [Tr(V)] . (26)
Then

Tr(VP) is not e-field. (27)

Proof. Set N := [Tr(V)|. By the assumption (25) there is some subfield E < IF and
some x € IF* such that

ITr(V)\xE| < N* and |E| < N
By the assumption (25), Tr(V) is impure subfield so |Tr(V)\E| > 0.
Case 1. Suppose that
xelE and 0 < |Tr(V)\E| < N®

Choose g € V' with Tr(g) ¢ IE. Since g(V|+) < VP Lemma 2.23 gives
VoKl 2 Vg )) Vel =2 5 1VIg | = 5 (IVIgl = 2) > [Vigl
>N-—-N°>N. (28)
By the assumption (26) we have |Tr(VEP)| < N'*4 so

Tr(V?)) cannot be e-field. (29)
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Indeed, the bound (28) excludes the possibility that Tr(¥?)) is e-almost IE’ where IE’
is either the subfield [E or any other coset xIE of IE. Now for any other field [E’ # IE if
IE'| < |Tr(VI2)|'* then

|IE/| < N1+0(a)

since |Tr(V1?)| < N'*# by (26). Therefore the intersection of the field IE with any
coset x'IE’ satisfies

IENX'E’| < |ENE'| < N9,

So the intersection is too small to contain Tr(V|f), since
1 .
ITe(Vg)| = §\V|]E| >N-—N¢>N.

Therefore (29) follows.
Case 2. Suppose that
Tr(V) < x[E  with |E| < N'"* and x ¢ [E.

This case is treated similarly to Case 1. By multiplying by some g € V|, we get by
Lemma 2.23 that at least | V]| elements in V2 have trace not in xIE. Therefore,
as was proved in (29) in Case 1, we find that Tr( V%) cannot be e-field.

In both cases we get that Tr(¥) cannot be ¢-field so we are done. [

Proposition 3.2. There exist C € Ry and k € N, with k > C such that the following
holds. Let TF be a finite field, G = SLy(IF) and let ¢ € R with ¢ < C~'. Let E be a
proper subfield and A = SL,(IF) with {AY = G. For i € {1,2} write A; = A¥'. Sup-
pose that

45| < 4] (30)

Then there exist an element g € A\ NGy and V <= Cy,(g) such that Tr(V) < FF\E and
ITr(V)| > C'[Tr(4,)|' ™

Proof. To simplify the notation, we write 4; := A% and during the proof we will
increase the value of k. By Lemma 2.33 there exists k; € N, such that for k > k)
and B := Aty we have

|B] = |41 /E| > |A]. (31)

Now let g € 4 N G satisfy Fix(g) = {x1,x2} = IP(IF). Suppose that for any / € 4
we have Fix(h) < Fix(g). Since {4) = G we have Fix(4) = &, so we can find
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hi,hy € A such that Fix(#;) = {x;} and hence Fix(/1h,) NFix(g) = . Thus in any
case there exists 41 € A% such that Fix(h)\Fix(g) # &.
Therefore by Lemma 2.37, if k£ > max{k;,2} then

|B| < |Tt(B)| [Tr(¢B)| [Tr(hB)| < |Tr(B)| | Tr(42)|". (32)

Now by (20) and Theorem 2.41, there exists k; € N such that if k& > max{2,k,k,}
then

|45 4]

ITr(4,)| <« « |A|'3Hoe) (33)

We conclude from the above three inequalities that
ITr(2) %) < || « |B] < [Te(B)| [Tr(4s)[* < [Tr(4o)].
Therefore we get

ITr(B)| > |Tr(4)]' 9@, (34)
ITr(4)| > |4]"3. (35)

Now suppose that k > max{3, ki, k,}. Therefore by Corollary 2.36 and (30), (34),
(35) there exists b € B such that

[Te(B)|[41] _ [Tr(B)||4]

Cpap(b)| » =
| B IB( )| |A1_1A1A1| |A3|

> |Tr(B)| |4]™

> |Tr(B)||Tr(A42)| %% > |Tr(4,)|'79@. (36)

Let b be as in (36) and set?
C:=Cpup(b), C':=C)y, C":=C'UbC’ and V :=C"}.

Note that Tr(b) ¢ IE, so b is semi-simple and the elements of Cg(b) are simultane-
ously diagonalizable; therefore |C’| > |C| — 2 and |Tr(V)| = 1|V|. Now by Lemma
2.23, we get that for any c e C' either Tr(c) ¢ IE or Tr(bc) ¢ E or Tr(bc™') ¢ IE.
Altogether we get that I = Cy,(b), since V' = A[f] < A», and by (13) and (36) we get

1

ITr(V)|>>\V|>%IC’|> (IC| = 2) > |C] » |Tr(4:)|" 9. O

|

3The author thanks H. Helfgott for very fruitful discussions related this argument.
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Proof of Theorem 1.1. By Theorem 2.15 there exist Cjy,dp € Ry such that if
14| = Co|G|'™® > Coq®®/3) then A®) = G. Therefore if |A| > ColG|'™ the con-
clusion follows. So we can assume from now that |4| « |G|'™®. Let 3 <keN,
0<egeR and ¢y e R with 0 < ¢y < 1. By Lemma 2.7 the following holds with
¢’ = &/3k and ¢’ = ¢/2: for any group G and any finite subset A4,

AY] > cola]" = 4] > At
Now if |A|8// 2 < ¢'! then 4 is bounded; but if 4 is a generating set we get
4D = (4] 42> 4]
for some ¢” € R. Therefore for any ¢ < min{e’/2,¢"} we get
AR > cold] ™ = 4D > |4

In order to prove (1) it is now enough to prove that |AK| > ¢o4|' ™ for some
absolute constants 3 <k eIN, and ¢y, & € R.. We will write 4; := A¥] and we
will prove that there exist C € IR, and i € N, such that the following holds. There
exist ke N and e e R, with k > C and ¢ < C~! such that if [4] < C|G|'™ then
|Ai] = [AFT] > L4

By Lemma 2.22 there exists ko € N, such that if k& > k¢ then Tr(4;) is not
contained in any proper subfield i.e., (Tr(4;)) =1IF,. Set & :=4. Note that if
0 < f < ¢, then

1-f< <1——f<1—Q(f)

1+/

and similarly

1+f<ﬁ<l+2f<1+0(f).

By Theorem 2.42 there exists k; € N, (and an implicit constant C; > 0) such that
for any ¢ € R, and k > max{ko,k;} we have either |4,| > |4|'™* (so we are done) or

14| « |Tr(4,)| « |4]"3+0@), (37)
Explicitly,

1
a|A|1/3 < |Tr(A))| < Ci|4]"3€e,

Applying again Theorem 2.42, now for A, for any k > max{k, k; } we have either
|43] = |41]"™ (so we are done) or

141" « |Tr(42)| < |4,]370%). (38)
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¢ < |Tr(4,)| then both (37) and

Now if |4s| < [A4]'"* and in addition |[Tr(4,)]
3A=07/2) 1 4,1"%@  In other words

(38) hold and we get |4| « |Tr(4,)|* < |Tr(A4s)|

|A] ) |4,] and our conclusion holds.

We summarize what have proved so far: there exists C € R, such that whenever
0<e< C!'and k > C we have

: 1
I Tr(A2)| = [Tr(4)|™ = [43] = glAlmz- (39)

Therefore in order to complete the proof we can assume from now that
43| < |4)"° and  |Tr(42)] < |Tr(d4)|"*. (40)

So we can apply Theorem 2.42. Thus there Zexis‘[s an element g € A; N Gy such that
V := Cy,(g) satisfies | V'] > C;'[Tr(4;)|'" < and

ITe(V2) - Te(V2)| + [Te(V2) + Tr(V2)] < G [Te(V2)) % (41)

Hence using (40), (42) and (38) we get
I o o
[Te(V)] > 5 |V] > [Tr(A)]= %) > [Tr(a)| ¢, (42)
1
Te(12)] > 2 V] [Tr(o)| %) 5 |y P70 > 13060, (43)

Set ¥y :=V, Uy :=Tr(V2) and K, := C;|U;|“". By (43), (41), for some absolute
constant C3 € Ry, |Uj| = &k'37% and |Uy - U] 4 |Ur + Uy| InKy|U;|. Hence, by
Theorem 2.8, for some absolute constant C € R, either |U;| < CK or for some
subfield IE; < IF and x; € IF* we have

|U\x1Ei| < CKS and |E| < CKS|Uj| (44)

Now set C; :=2CC; and & = (3CC1C3) Since CK1 = CC1|U| for any
¢ < min{¢}, there exists k > max{k;}, such that CKE < |Uy|“ < |U1| Therefore
the alternative (44) must hold and we get |U;\x;E;| < |U;|“* and |E| < |U;|'T. In
particular using (38) we have

|Aa] 3 Tr(42)> %) s [0y~ > PP O¢

Therefore for any Jdype R, we can find CselR, large enough (such that
Cs > max;{k;} and C5! < min;{¢;}) and we can find ¢ < C5'! and k > Cs such that
|42] > |]E|3 % If E=TIF then we are done by Theorem 2.15 which guarantees
bounded generation for large subsets of SLy(IF).
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Therefore in order to complete the proof of (1) we are left to treat the case that for
some proper subfield [E < IF

Tr(V?) is Cye-field. (45)
Suppose first that
Tr(V?) is impure O(e)-field. (46)
By Proposition 3.1 we get that Tr(7?2)) is not Cye-field. Write
Vy:= VL Uy =Te(V]), Kyi=|Uo|™ and Kj:= (Ky/C)" > |Uy)*".
Note that V7 = V122 = 122 since (V') is abelian. Therefore by Theorem 2.8 we get
ITR(V2) - Te(V3)] + [Te(V2) + To(V2)] » [Te(V3)| 200, (@)

Now by Corollary 2.40 there exists ks € N, such that the following holds for any
k > ks. For any w € GL,(IF) there exists g € A1 such that g" has no zero entries. In
particular we can apply this for the basis v € GL,(IF) for which the set V' is simulta-
neously diagonalizable.

Therefore by (47) we can apply Theorem 2.13, and using (43) we get that for some

absolute Cs = k¢ € N and for & > max{k;} we have
ITr(43)] > [Te(VE VI > [ Te(172) 740 s | Tr(4,)) 90, (48)
On the other hand, by what we have proved in (39), we get

ITr(As)] > [Tr(A4)]7F20 = |4y > 4], (49)

Therefore if (46) holds then by (48) the conclusion of the theorem holds.
We are left to treat the second subcase of (45):

Tr(V?) is a pure O(e)-field (50)

for some proper subfield IE. Note that if Tr(¥*) & E then the conclusion of the the-
orem holds by a similar argument to (46), which treated the case of impure O(¢)-field.
Therefore using (43) we can assume in addition to (50) that

Te(V) < Te(VE) € E,  |E| « [Tr(V)]"79® « [Tr(4;)|'+0@. (51)

If we can find g € 4; such that Prod(g") ¢ IE (v was a basis such that the set V”
is diagonal) then by Lemma 2.14 we get [Tr(V)|>"%® « [Tr(VV9)| « |Tr(43)| and
therefore |Tr(V)| « [Tr(43)|"**%®. On the other hand |Tr(A4,)| « |Tr(4s)|'~9®
since |Tr(V)| > |Tr(4,)]' =% by (43). Therefore by (49) we are done with (50).
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We are now left to treat the case that (50) and (51) hold and Prod(g’) € IE for any
g € A;. Therefore Tr(VV9) < E for any g € 4| by (7). In particular by Definition 2.2,
we get Tr([V, 41]y,) < Tr(VV A1) < E. Therefore in order to complete (1) we can
assume that

42
Te(VVAY S E, [E| < |Tr(V)["%9 and [Tr(V)| 'S [Tr(42)] %€, (52)

Now by Proposition 3.2 there exists C; € IR, such that the following holds with
k7 = C; and & = C;'. Assume k > max{k;} and & < min{e;}. Since |4 In|4)"**
by (40), Proposition 3.2 yields an element he 41 NG, and U = Cy,(h) with
|Tr(U)| > |Tr(A2)|170(5) and Tr(U) < IF\EE. Therefore there exists u e SLy(IF,.)
such that U* is diagonal and

Tr(U)NE = &. (53)

Repeating all steps before (52), but now with Tr(U) instead of Tr(7), we get that
the only case that we need to treat, to complete the theorem, is that Tr(U) is O(¢)-
field, for some proper field E’ < IF, and

Tr(UUM) = /', |E'| « |Tr(U)|""%® and [Tr(U)| > [Tr(4)|' %, (54)

Let us check what we have achieved so far. Write N := |Tr(4;)| and E” := ENIE'.
By the construction of U in (53) we get that IE # [E’ and therefore

IE"| « N, (55)
since |IE|, |E'| « N9 and N'-9¢ « [E|, |E’|. Now by (52) and (54) we get

Tr([U, V],,) < E". (56)

set

On the one hand, if V' and U have no common fixed point then by Lemma 2.14 we
get |Tr([U, V]| » |Tr(V)| » N'=9@, Therefore by (56) and (55) we get a contra-
diction for ¢ small enough.

On the other hand, if 7 and U do have a common fixed point, then denote their
eigenvalues by X and Y respectively. Therefore tr(X) = E, tr(Y¥) < E’ and
X c K, Y = K’ where IK and K’ are the two quadratic extensions of IE and IE’ re-
spectively. Write K” := KNIK’. So we get |K”| = [E”|* « N°¢). Hence

LY
2 |]I<”|

1
ITe(43)] > [TH(UV)| = [te(XY)] > 5[XY] >
» N2706) 5 | Tr(4,)>~00.

Therefore by (49) we are done with (50), and the proof is complete. []
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