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DIFFERENCING TRANSFORMATIONS
AND INFERENCE IN PREDICTIVE
REGRESSION MODELS

Lorenzo CAMPONOVO
University of St. Gallen

The limit distribution of conventional test statistics for predictability may depend on
the degree of persistence of the predictors. Therefore, diverging results and conclu-
sions may arise because of the different asymptotic theories adopted. Using differ-
encing transformations, we introduce a new class of estimators and test statistics for
predictive regression models with Gaussian limit distribution that is instead insen-
sitive to the degree of persistence of the predictors. This desirable feature allows to
construct Gaussian confidence intervals for the parameter of interest in stationary,
nonstationary, and even locally explosive settings. Besides the limit distribution, we
also study the efficiency and the rate of convergence of our new class of estima-
tors. We show that the rate of convergence is /7 in stationary cases, while it can
be arbitrarily close to n in nonstationary settings, still preserving the Gaussian limit
distribution. Monte Carlo simulations confirm the high reliability and accuracy of
our test statistics.

1. INTRODUCTION

Consider the predictive regression model
i =0+ fx—1+uy, t=1,...,n, 1)

where x,_; is the lagged variable assumed to predict the response variable y;,
o is the unknown intercept, S is the unknown parameter of interest, and u, is
the disturbance of the regression. Predictive regression models play an important
role in many empirical economic and financial studies. Very popular examples
can be found in the stock return predictability analysis, where the predictive re-
gression model (1) is used for studying the predictive power of some economic
variables, such as dividend yields, earnings price ratio, interest rates, to predict
future returns; see, e.g., Fama and French (1988), Campbell and Shiller (1988),
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1332 LORENZO CAMPONOVO

Stambaugh (1999), Campbell and Yogo (2006), Jansson and Moreira (2006), and
Polk, Thompson, and Vuolteenaho (2006), among others.

The usual inference approach adopted for testing predictability relies on the
ordinary least squares (OLS) estimator of the parameter £ and first-order asymp-
totic theory. Indeed, under some regularity conditions, including the stationarity
of the predictors, the limit distribution of the ¢-statistic is standard normal. Un-
fortunately, the predictors considered in many empirical studies exhibit features
that seem to violate these regularity conditions, and in particular the stationarity
assumption. For instance, as pointed out in Torous, Valkanov, and Yan (2004), var-
ious economic variables assumed to predict stock returns are well approximated
by nearly integrated processes. It turns out that in these cases first-order asymp-
totic theory may provide very poor approximations of the sampling distribution
of the ¢-statistic, and inference based on this approach could be invalid.

Local-to-unity asymptotics may provide more accurate approximations of the
sampling distribution of the ¢-statistic in integrated or nearly integrated settings;
see e.g., Elliott and Stock (1994). Unfortunately, the implementation of these
techniques still retains some important drawbacks. In particular, under the local-
to-unity assumption that the predictors follow an autoregressive model with au-
toregressive parameter p = 1 4 ¢/n, where ¢ € R is a fixed number, the limit
distribution of the t-statistic still depends on the unknown parameter c that can-
not be consistently estimated. To overcome this problem, Cavanagh, Elliott, and
Stock (1995) and Campbell and Yogo (2006) use a Bonferroni method to construct
confidence intervals for the parameter of interest. However, as recently shown
in Phillips (2014), these procedures are invalid and may perform very poorly in
predictive regression models with predictors less persistent than local-to-unity
processes, such as the mildly integrated processes introduced in Phillips and
Magdalinos (2007).!

The main contribution of this paper is to define a new class of test statistics
for predictive regression models with Gaussian limit distribution that is robust to
the degree of persistence of the predictors. More precisely, we show that the limit
distribution of our test statistics is always standard normal, either by adopting
first-order or local-to-unity asymptotic assumptions. It turns out that this desir-
able feature allows to construct Gaussian confidence intervals for the parameter
of interest in stationary, nonstationary, and even locally explosive cases. The def-
inition of our test statistics relies on the differencing approach put forward in
Phillips and Han (2008) and Han, Phillips, and Sul (2011, 2014) in the context of
autoregressive models. As shown in Han et al., differencing transformations can
eliminate the nonstationarity of the observations and allow to introduce estimators
of the autoregressive parameter with Gaussian limit distribution insensitive to the
degree of persistence of the model. In this paper, we show that using differencing
transformations we can achieve the same objective also for the parameter f in the
predictive regression model (1).

After applying differencing transformations of order / > 2 to the predictors and
the response variables, we prove the validity of a new set of moment conditions
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for the parameter f. Finally, we introduce a new class of M-estimators of the
parameter /8 based on these moment conditions.? Besides the limit distribution,
we also study the efficiency and the rate of convergence of our estimators as a
function of the differencing transformation order /. In particular, we show that in
stationary cases, for//n — 0, as [ — oo and n — o0, the limit distribution of our
estimators is Gaussian with rate of convergence +/n. In contrast, in nonstationary
settings and with the same assumptions on the differencing transformation order
[, the limit distribution is still Gaussian but with rate of convergence arbitrarily
close to n. This result shows that accurate Gaussian inference is attainable also in
integrated or nearly integrated predictive regression models.

Recently, also Kostakis, Magdalinos, and Stamatogiannis (2012) and Phillips
and Lee (2012) have shown the validity of standard Gaussian inference in inte-
grated predictive regression models. More precisely, these studies extend the [IVX
(extended instrumental variable) procedure introduced in Magdalinos and Phillips
(2009a) to predictive regressions and introduce test statistics with chi-squared
limit distribution for stationary and nonstationary settings. It is interesting to note
that our testing procedure and the IVX test statistics exhibit similar asymptotic
properties in integrated and nearly integrated settings. Indeed, also the Monte
Carlo experiments presented in Section 5 highlight some analogies between our
method and the IVX approach. However, our procedure is substantially different
from the IVX approach adopted in Kostakis et al. (2012) and Phillips and Lee
(2012), while it is more in line with the differencing method proposed in Han
etal. (2011).

The only practical issue in the implementation of our test statistics is the selec-
tion of the differencing transformation order /. Indeed, the condition //n — 0, as
| — oo and n — oo does not provide a valid guideline for the finite sample selec-
tion of /. However, to overcome this problem we propose a data-driven method
based on a calibration approach in the spirit of Loh (1987). Monte Carlo simula-
tions in different stationary and nonstationary settings confirm the reliability and
accuracy of our test statistics combined with this data-driven method.

The rest of the paper is organized as follows. In Section 2, we introduce the
model. In Section 3, we define the new class of estimators and study their effi-
ciency and rate of convergence. In Section 4, we present the data-driven method
for the selection of the differencing transformation order /. In Section 5, we an-
alyze through Monte Carlo simulations the accuracy of our approach. Finally,
Section 6 concludes.

2. THE MODEL

Consider the predictive regression model (1). Furthermore, for t = 1,...,n,
we also assume that

X =4+, (2
2t = pZt—1+0y, 3)
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where ¢ € R is the unknown intercept of the autoregressive model, p is the
unknown degree of persistence in the variable x;, u; ~ iid(0, auz) and v; ~
iid(0, 0'02), with Elu;v;] = oy,, and the autoregressive process (3) is initialized
at some random quantity zg, with £ [z%] < 00.

Suppose that we are interested in testing the null hypothesis g : f = fo, for
some given Sy € R (for instance, for the hypothesis of no predictability, Sy = 0).
Then, the usual econometric approach relies on the OLS estimator B of the pa-
rameter f and standard first-order asymptotic theory. Indeed, by further assuming
that |p| < 1, the limit distribution of the ¢-statistic

N

ﬁn _,BO

t(fo) = e _£)2)—1/2

C))

is standard normal, where x = %ZL 1 Xt—1. Consequently, the critical values of
the test can be easily computed using the standard normal distribution. However,
note that for gy, # 0, the limit distribution of the #-statistic (4) is discontinuous at
p = 1. Therefore, first-order asymptotic theory may provide a very poor approxi-
mation of the sampling distribution of #(fy) for values of p close to the unity.

In nearly integrated settings, local-to-unity asymptotics are more appropriate
and reliable than first-order asymptotic theory. In particular, note that under the
local-to-unity assumption that p = 1 4+ ¢/n, where ¢ € R is a fixed number, the
limit distribution of 7 (/) is instead continuous at p = 1. Unfortunately, the im-
plementation of these techniques still retains some important drawbacks. First,
the limit distribution of the z-statistic (4) still depends on the unknown parameter
c that cannot be consistently estimated. Moreover, this approach is instead invalid
for predictors that are less persistent than local-to-unity processes.

In the next section, we define a new class of estimators of the parameter f
with limit distribution that is continuous as p passes through unity, and robust to
the degree of persistence of the predictors. Moreover, we also show that the limit
distribution is always Gaussian, either by adopting first-order or local-to-unity
asymptotic assumptions.

3. DIFFERENCING TRANSFORMATIONS AND ROBUST INFERENCE

To introduce the new class of estimators of the parameter S, we extend the dif-
ferencing approach proposed in Phillips and Han (2008) and Han et al. (2011)
for autoregressive models to the predictive regression models (1)—(3). As shown
in Han et al. (2011) in relation to the autoregressive model defined in (2) and (3),
differencing transformations can eliminate the nonstationarity of the observations,
and allow to introduce estimators of the parameter p with continuous Gaussian
limit distribution as p passes through the unity. In this section, we show that us-
ing differencing transformations we can achieve the same objective also for the
parameter . In Section 3.1 we introduce the new class of estimators, while in
Section 3.2 we study their rate of convergence.
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3.1. The Estimators

Consider first the autoregressive process defined in (2) and (3), and the differenced

observations Axt’_l =x; —x;—;,wheret =[+1,...,n,and [ > 2 is a fixed num-
ber. In this context, Han et al. (2011) prove the validity of the following moment
conditions,

E[Ax!Z}Ax!_,_ = p(Ax!ZH1=0. (5)

Based on equation (5), they introduce new classes of estimators of the parame-
ter p. Finally, they show the suitable asymptotic properties of these estimators
in stationary, nonstationary, and even locally explosive settings. Using the same
approach, we introduce a new class of estimators of the parameter f with similar
asymptotic properties.

Besides differenced predictors Axt’_l 1= X; — X;—;, we start our analysis by
considering also differenced response variables Ayt’_l ‘= y; — Y-, Where t =
l+1,...,n, and [ > 2. To define the new class of estimators of the parameter
f, we have first to introduce moment conditions based on these differenced ob-
servations. In particular, we are interested in determining stationary instruments
ws, t =141,...,n, strongly correlated with the stationary differenced predictors
Axf:l]_l, that satisfy the moment conditions

E[(Avin = paxizl ) w] =0, (6)
Note that for w; := Axf:ll_l we have

[(A}’t 1= BAXT 1)Axr - 1] [(ut_ut—l)Axrt:ll—l]
I

= E | G =ur1) | Dop " o+ (0 = D
J=1
-1

=p Oyp

# 09
unless p =0 or o, = 0. Therefore, Axlt:ll_l, t=1+1,...,n, are not valid instru-
ments. However, with slight modifications and based on the following moment

equalities
E [(Aytt—l —ﬂszt:zl—l) szt:zl—l] = Ouvs
E[(Avie=BAxT, ) A%z = 6 = Do,

we can prove that the instruments w; := Axl ; (1= pl= I)Axt I t=1+1,
., n, satisfy the moment conditions (6), i.e.,

E[(aviz—paxZl,) (AxZl+a-phaxo )| =o0. (7)
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1336 LORENZO CAMPONOVO

Therefore, based on the moment conditions (7), for a fixed value of [ > 2, we
define the new class of estimators S, ; , of the parameter § as

. 21 AV (szt:zl +( _pl_l)Axtt:ll—l)

mlp = n t—1 t—1 1—1 t—I ' ®)
=1 A% T (sz—z +(1=p )Axt—l—l)

The asymptotic properties of these estimators are presented in the next theorem.

THEOREM 1. Consider the predictive regression models (1)—(3). Let
Si—1(p) = z;;]lp/_l. Moreover, for |p| < 1, let zo ~ N(O, avz/(l —p?)), oth-
erwise let 7o = Z};O v_j, for some fixed k. Then,

(i) Forp e (—1,1],

i (Busp =) = N( %) ©)

Lp

)l ,
where Jj , = (ﬁ%Sz_l (p)+ Si—1 (pz)) o2and Vi, = Vlvp - Vl,cp with

A (sz_l(pz) (1 + (2—p"1)2)

1o\ 20eny , 1=7 2 2
+(1—P ) p +m51(,0) 0,0y,

-2 - 2
v,f;z(z(z—l)p @=p'™h) a2,

(i) For p = 14c/n, where c € R is a fixed number,

Vi (Buip—B) = N(o, %) (10)

1,1
where Ji| = (I — 1o and Vi1 =2(1— 1) (020} —c2).

Theorem 1 shows that the new class of estimators defined in (8) has a uniform
continuous Gaussian limit distribution with rate of convergence /i as p passes
through the unity. In particular, in statement (ii) we observe that our estimators
have still Gaussian limit distributions for the neighborhood of local-to-unity roots
p =14c/n, c € R. It turns out that this desirable feature allows to use Gaussian
limit theory for constructing confidence intervals for the parameter f in stationary,
nonstationary, and even locally explosive cases.

Note that the new class of estimators and the limit distributions in Theo-
rem 1 depend on the unknown parameter p. However, p can be consistently esti-
mated for instance by the OLS estimator p,, of the autoregressive model defined
in (2) and (3). Moreover, the replacement of the unknown parameter p by p,
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still preserves the asymptotic results established in Theorem 1, as shown in the
proof of Theorem 2.3 Therefore, to test the null hypothesis Ho : f = fo, we intro-
duce the statistic

I,

-1
V5 A
Th1(Bo) = «/E(#) (ﬁn,z,ﬁn —/30) : an

The asymptotic properties of 7, ;(fo) are derived in the next theorem.

THEOREM 2. Consider the setup of Theorem 1. Then, for p € (—1, 1], under
Ho : f = po,

Ta1(Po) = N(O,1). 12)

Using the result in Theorem 2, inference based on the test statistic (11) is
straightforward. Indeed, we can construct Gaussian confidence intervals for the
parameter £ independently on the degree of persistence of the predictors.

3.2. Rate of Convergence

The new class of estimators has the desirable feature to be insensitive to the degree
of persistence of the predictors. Unfortunately, for fixed values of the differenc-
ing transformation order /, the estimators are highly inefficient. In particular, in
the nonstationary case, our estimators are infinite deficient having smaller rate of
convergence than the usual OLS estimator /;’,, of the parameter f. Nevertheless,
in statement (ii) of Theorem 1, we observe that the efficiency of the estimators in-
creases as / increases. More precisely, for p = 1 the asymptotic variance of ﬁA,,J’]
is given by

m _ 2 (030-1)2 B O-uzv) (13)
JE (-}

To increase the efficiency of the estimators, this result suggests to use large values
of [. On the other hand, to eliminate the persistence of the predictors, / cannot
increase at the same rate of the sample size n. Therefore, it is natural to determine
conditions on the rate of the differencing transformation order /, which may pro-
vide efficiency gains, but still preserving the desirable continuous Gaussian limit
distributions. These conditions are established in the next theorem.

THEOREM 3. Consider the setup of Theorem 1. Then,

(1) For|p| < 1,andl/n— 0, asl — ocoandn — oo,

202

v

0.2
Vi (Buip—B) = N(o,(l—p2)3 : ) (14)

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 11:36:05, subject to the Cambridge Core
terms of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/5S0266466614000723


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0266466614000723
https:/www.cambridge.org/core

1338 LORENZO CAMPONOVO

(ii) For p = 14c/n, where c € R is a fixed number, and l/n — 0, as | — oo

andn — oo,
. 2 2.2_ 2
il (Busp—B) = N(O, %) (15)
0

(iii) For p=1+b/n% where b <0 is a fixed number, d € (0, 1), and [ /n? — 0,
asl — oo andn — 00,

2.2 2
\/ﬁ(ﬁn,l,p _ﬁ) - N(O, M). (16)

The results in Theorem 3 show that as / — oo, we may have Gaussian limit
distributions, but with important efficiency gains. In particular, for the neighbor-
hood of local-to-unity roots p = 1+4c¢/n, c € R (statement (ii) of Theorem 3),
forI/n — 0, as | - oo and n — oo, we observe that our estimators have still
Gaussian limit distribution but with larger rate of convergence. More precisely,
since [ =n’, with y < 1, satisfies the condition of statement (ii), it turns out that
the rate of convergence /nl can be arbitrarily close to n. Furthermore, also for
mildly integrated regressors with roots of the form p = 1+b/n%, b <0,d € (0, 1)
(statement (iii) of Theorem 3), for //n¢ — 0, as [ — 0o and n — oo, we observe
that the rate of convergence of our estimators is /7. Note that in this case, since
[ = ndt7 | with y < 0, satisfies the condition of statement (iii), it turns out that
the rate of convergence +/nl can be arbitrarily close to +/n!*4. In the stationary
case (statement (i) of Theorem 3), our estimators are slightly less efficient than
the usual OLS estimator ﬁn of the parameter f having larger asymptotic variance.

Finally, note that for //n — 0, as / — oo and n — oo, the limit distribution of
the test statistic 7, ;(So) defined in (11) is still standard normal as established in
the following theorem.

THEOREM 4. Consider the setup of Theorem 1. Then, for p € (—1,1], and
I/n— 0,as]— ooandn— oo, under Ho : ff = Po,

To1(Po) = N(O,1). a7

In Theorem 4, we note again that the limit distribution of 7}, ;(fo) is robust
to the degree of persistence of the predictors. It turns out that Theorem 4 pro-
vides a very simple but powerful statistical tool for testing the null hypothesis
Ho : B = po.

The only practical issue in the implementation of our testing procedure is the
selection of the differencing transformation order /. Indeed, the condition //n —
0, as I = oo and n — o0, does not provide a valid guideline for the finite sample
selection of /. The accuracy of our test statistics in stationary settings is typically
less sensitive to the selection of the differencing transformation order (see also
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the Monte Carlo analysis presented in Section 5 for more details). On the other
hand, the selection of / in nonstationary settings requires some care. In statement
(ii) of Theorem 3 we note that the rate of convergence of our estimators with
nonstationary regressors is +/nl. Therefore, in these settings the power of our
test statistics tends to increase as / increases. However, when [ is large the finite
sample size of our test statistics can be quite distorted, as highlighted in Section 5.
In the next section, we propose a data-driven method for the selection of [ that
aims to combine accurate finite sample size and power properties.

4. DATA-DRIVEN SELECTION OF L

In this section, we propose a data-driven method for the selection of the differ-
encing transformation order based on a calibration approach in the spirit of Loh
(1987).* The basic idea behind our approach is to select the largest value of /
that still implies accurate confidence intervals with finite sample coverage prob-
abilities close enough to the nominal coverage probability. The main problem in
the implementation of this idea is to compute a valid approximation of the finite
sample coverage probability of the confidence intervals. To this end, suppose first
that the true data-generating process is known. Then, in this case it is possible to
simulate the finite sample coverage probability. Indeed, using the true generating
mechanism, we can first generate many random samples with the same size of the
original sample. Moreover, for each random sample we can construct confidence
intervals for the parameter f using the results in Theorem 2. Finally, we can ap-
proximate the finite sample coverage probability as the proportion of confidence
intervals that contain the true value.

Unfortunately, the true data-generating process is unknown, and consequently
it is not possible to simulate the finite sample coverage probability. However, we
can replace the true generating mechanism by a consistent time series bootstrap
procedure. It turns out that using a time series bootstrap, we can at least provide
an estimate of the finite sample coverage probability. Therefore, we propose to
select the order of the differencing transformation as the largest value of [ that
still implies an estimated finite sample coverage probability closes enough to the
nominal coverage probability. In the next algorithm, we describe formally our
approach.

ALGORITHM 5. Let X,y := ((y1,%0), ..., (Yu,Xu—1)) denote a sample of
size n generated according to the predictive regression models (1)—(3). Let
L ={l1,...,1;} denote the set of admissible values of the differencing transfor-
mation order .

(1) Compute the OLS estimates 0., ﬁn, [n, and py of the parameters a, f3, u,
and p.

(2) Using the OLS estimates a,, ﬁn, Ln, and p, compute the fitted residuals
1, ...,ey) according to models (1)—(3), where ¢; = (i1;,0;), i =1,...,n.
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1340 LORENZO CAMPONOVO

(3) Generate K random bootstrap samples X an) v k=1,...,K, according to
models (1)—(3) with the OLS estimates 0., ﬂA,,, [y, and py, and the bootstrap
residuals (e],...,ey).

(4) For each random bootstrap sample X fn) © and for each | € L, construct a
confidence interval Cl ;) 4 for the parameter f using the results in Theo-
rem 2, where 0 < q < 1 denotes the nominal coverage probability.

(5) Foreachl € L, compute h(l) = ]i{/;’,, eClungl/K.
(6) Let € > 0. Select the differencing transformation order I* defined as

I*:=sup{le L:|h()—q| <e}.

By definition, /* is the largest value of the differencing transformation order /
such that the difference between the estimated finite sample coverage probability
and the nominal coverage probability is smaller than €, where € > 0 may depend
on the purpose of the empirical study.

5. SIMULATIONS

In this section, we study through Monte Carlo simulations the accuracy of the
testing procedure introduced in Section 3. Furthermore, we provide also a com-
parison of our testing approach with the IVX procedure introduced in Kostakis
et al. (2012) and the refined Bonferroni Q-test presented in Campbell and
Yogo (2006).

In the first exercise, we study the finite sample size of our testing approach. In
particular, we consider test statistics with fixed values of the differencing trans-
formation order /, and also combined with the data-driven method presented in
Section 4. To this end, we generate N = 5,000 samples of size n = 500 ac-
cording to models (1)—(3), with u; ~ N(0, 1), v; ~ N(0,1), o = u =0, oy €
{—=0.95,-0.9,-0.75,-0.5,-0.25,0,0.25,0.5,0.75,0.9,0.95}, p € {0.4,0.6,
0.8,0.9,0.95,1}, and f = 0. We study the finite sample coverage of confi-
dence intervals implied by Theorem 2 for fixed values of / = 5,50, 100, where
the parameter p is estimated with the OLS estimator p,. Furthermore, we also
consider the data-driven method introduced in Section 4, with € = 0.01 and
L ={5,25,50,75,100}. The nominal coverage probability is 95%. Tables 1-4
report the numerical results.

Tables 1 and 2 report the empirical coverages for the stationary settings p = 0.4,
0.6,0.8. Table 1 considers negative values of o,,,, while Table 2 reports the em-
pirical coverages for positive values of g,,. The empirical findings in both tables
are qualitatively very similar. It is interesting to note that the empirical coverages
for [ = 50, 100 are always very close to the nominal coverage probability 95%.
For instance, in Table 1 for p = 0.8 and o, = —0.95 the empirical coverages for
[ =50 and / = 100 are 0.9404 and 0.9350, respectively. Furthermore, in Tables
1 and 2 we can observe that the difference between the nominal coverage prob-
ability and the empirical coverages for [ = 50, 100 is always smaller than 2%.
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TABLE 1. Empirical Coverage. Simulated empirical coverage in the predic-
tive regression model with f =0, p = 0.4,0.6,0.8, and o0,, = —0.95,—-0.9,
—0.75,—-0.5, —0.25, 0. The differencing transformation order is [ = 5, 50, 100.
The data-driven procedure for the selection of the differencing transformation or-
der is denoted by CM. The nominal coverage probability is 95%, while the sample
size is n = 500. In brackets, we give the mean of the length of the confidence in-

tervals. The number of replications is 5,000

oup =0

=5
[ =50
[ =100
cM

Oup = —0.25

=5
[ =50
[ =100
cCM

oup =—0.50

=5
[ =50
[ =100
cM

oup =—0.75

=5
[ =50
[ =100
cM

oup =—0.90

=5
[ =50
[ =100
cM

oup = —0.95

=5
[ =50
[ =100
cM

p=04

0.9468 (0.1970)
0.9426 (0.1964)
0.9308 (0.1963)
0.9406 (0.1966)

p=04

0.9454(0.1962)
0.9396 (0.1964)
0.9312(0.1964)
0.9400(0.1963)

p=04

0.9412(0.1934)
0.9388 (0.1963)
0.9308 (0.1964)
0.9402 (0.1953)

p=04

0.9342 (0.1888)
0.9358 (0.1964)
0.9328 (0.1964)
0.9376 (0.1939)

p=04

0.9314 (0.1850)
0.9382 (0.1964)
0.9326 (0.1964)
0.9404 (0.1948)

p=04

0.9272(0.1835)
0.9366 (0.1963)
0.9320(0.1964)
0.9394(0.1919)

p=0.6

0.9444(0.1767)
0.9408 (0.1715)
0.9326(0.1715)
0.9442(0.1734)

p=0.6

0.9410(0.1745)
0.9402(0.1715)
0.9320(0.1715)
0.9418 (0.1726)

p=0.6

0.9398 (0.1676)
0.9396(0.1716)
0.9304 (0.1715)
0.9360(0.1710)

p=0.6

0.9174(0.1554)
0.9384(0.1715)
0.9302(0.1715)
0.9394 (0.1686)

p=0.6

0.8998 (0.1449)
0.9366(0.1715)
0.9336(0.1716)
0.9382(0.1695)

p=0.6

0.8924 (0.1408)
0.9370(0.1715)
0.9338(0.1716)
0.9380(0.1700)

p=0.38

0.9450 (0.1512)
0.9394 (0.1290)
0.9356(0.1291)
0.9452(0.1329)

p=0.38

0.9416(0.1476)
0.9398(0.1291)
0.9358(0.1291)
0.9422(0.1324)

p=0.38

0.9346 (0.1364)
0.9390 (0.1291)
0.9378 (0.1290)
0.9388 (0.1304)

p=0.8

0.9048 (0.1152)
0.9380(0.1291)
0.9352(0.1291)
0.9398 (0.1275)

p=0.38

0.8464 (0.0951)
0.9414(0.1290)
0.9356(0.1291)
0.9390(0.1283)

p=0.8

0.8126(0.0863)
0.9404 (0.1291)
0.9350 (0.1290)
0.9354(0.1284)
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TABLE 2. Empirical Coverage. Simulated empirical coverage in the predic-
tive regression model with f =0, p = 0.4,0.6,0.8, and o0,, = 0,0.25,0.5,
0.75,0.9,0.95. The differencing transformation order is [ = 5, 50, 100. The data-
driven procedure for the selection of the differencing transformation order is de-
noted by CM. The nominal coverage probability is 95%, while the sample size is
n = 500. In brackets, we give the mean of the length of the confidence intervals.

The number of replications is 5,000

oup =0

=5
1 =50
[ =100
cM

oupy = 0.25

=5
=50
[ =100
CM

oup = 0.50

=5
=50
[ =100
cM

oup =0.75

[=5
=50
[ =100
cM

oup =0.90

=5
=50
[ =100
cM

oup = 0.95

[=5
=50
[ =100
cM

p=04

0.9468 (0.1970)
0.9426 (0.1964)
0.9308 (0.1963)
0.9406 (0.1966)

p=04

0.9454(0.1961)
0.9428 (0.1963)
0.9302 (0.1964)
0.9420(0.1962)

p=04

0.9440(0.1934)
0.9394 (0.1964)
0.9304 (0.1964)
0.9408 (0.1953)

p=04

0.9372(0.1887)
0.9386 (0.1963)
0.9310(0.1964)
0.9416 (0.1940)

p=04

0.9330(0.1849)
0.9382(0.1964)
0.9322(0.1964)
0.9398(0.1933)

p=04

0.9308 (0.1835)
0.9364 (0.1964)
0.9318(0.1963)
0.9386(0.1932)

p=0.6

0.9444 (0.1767)
0.9408 (0.1715)
0.9326(0.1715)
0.9442 (0.1734)

p=0.6

0.9464 (0.1744)
0.9420(0.1715)
0.9304 (0.1716)
0.9430(0.1726)

p=0.6

0.9384 (0.1675)
0.9406 (0.1715)
0.9306(0.1715)
0.9396 (0.1702)

p=0.6

0.9224(0.1553)
0.9412(0.1715)
0.9314(0.1715)
0.9392(0.1685)

p=0.6

0.9002 (0.1448)
0.9388(0.1715)
0.9306 (0.1715)
0.9376(0.1694)

p=0.6

0.8902 (0.1407)
0.9390(0.1716)
0.9296 (0.1715)
0.9366 (0.1698)

p=0.38

0.9450 (0.1512)
0.9394 (0.1290)
0.9356(0.1291)
0.9452(0.1329)

p=0.38

0.9442(0.1476)
0.9390(0.1290)
0.9334(0.1290)
0.9406 (0.1359)

p=0.38

0.9366 (0.1363)
0.9396 (0.1291)
0.9330(0.1291)
0.9406 (0.1312)

p=0.38

0.9010(0.1151)
0.9402 (0.1291)
0.9326(0.1291)
0.9396 (0.1275)

p=0.8

0.8472(0.0958)
0.9376 (0.1290)
0.9342(0.1291)
0.9382(0.1286)

p=0.8

0.8188 (0.0863)
0.9372(0.1291)
0.9340(0.1291)
0.9372(0.1284)
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TABLE 3. Empirical Coverage. Simulated empirical coverage in the predic-
tive regression model with f =0, p = 0.9,0.95,1, and o, = —0.95,—-0.9,
—0.75,—-0.5, —0.25, 0. The differencing transformation order is [ = 5, 50, 100.
The data-driven procedure for the selection of the differencing transformation or-
der is denoted by CM. The nominal coverage probability is 95%, while the sample
size is n = 500. In brackets, we give the mean of the length of the confidence in-

tervals. The number of replications is 5,000

oup =0

=5
[ =50
[ =100
cM

Oup = —0.25

=5
[ =50
[ =100
cM

oup =—0.50

=5
[ =50
[ =100
cM

oup =—0.75

=5
[ =50
[ =100
cM

oup =—0.90

=5
[ =50
[ =100
cM

oup = —0.95

=5
[ =50
[ =100
cM

p=0.9

0.9462 (0.1376)
0.9364 (0.0946)
0.9322 (0.0944)
0.9452(0.1125)

p=0.9

0.9426 (0.1337)
0.9370(0.0945)
0.9316(0.0945)
0.9434(0.1105)

p=09

0.9346(0.1210)
0.9356 (0.0942)
0.9318(0.0945)
0.9374(0.1037)

p=09

0.9070(0.0963)
0.9332(0.0935)
0.9322(0.0945)
0.9312(0.0935)

p=09

0.8402 (0.0707)
0.9324 (0.0930)
0.9318 (0.0944)
0.9310(0.0924)

p=0.9

0.7848 (0.0583)
0.9328 (0.0928)
0.9324 (0.0944)
0.9300(0.0925)

p =0.95

0.9474(0.1311)
0.9370(0.0704)
0.9268 (0.0687)
0.9492 (0.0981)

p=0.95

0.9426(0.1271)
0.9342(0.0699)
0.9290 (0.0687)
0.9422(0.0965)

p =095

0.9374(0.1142)
0.9276 (0.0681)
0.9242 (0.0684)
0.9376 (0.0905)

p =095

0.9282(0.0884)
0.9136 (0.0649)
0.9286 (0.0678)
0.9302(0.0759)

p=0.95

0.8672 (0.0608)
0.9136(0.0622)
0.9296 (0.0674)
0.9280(0.0655)

p=0.95

0.8060 (0.0463)
0.9086(0.0611)
0.9226 (0.0672)
0.9214 (0.0651)

p=1
0.9728 (0.1286)
0.9372(0.0381)

0.9122 (0.0285)
0.9496 (0.0787)

p=1
0.9734(0.1245)
0.9340(0.0370)

0.9054 (0.0278)
0.9520(0.0796)

p=1
0.9700(0.1113)
0.9210(0.0332)

0.8874 (0.0252)
0.9500 (0.0757)

p=1
0.9658 (0.0850)
0.8822(0.0259)

0.8402 (0.0203)
0.9480 (0.0690)

p=1
0.9532(0.0561)
0.8058 (0.0181)

0.7614(0.0153)
0.9448 (0.0536)

p=1

0.9284 (0.0403)
0.7240 (0.0140)
0.6896 (0.0127)
0.9254(0.0397)
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TABLE 4. Empirical Coverage. Simulated empirical coverage in the predic-
tive regression model with f =0, p = 0.9,0.95,1, and o,, = 0,0.25,0.5,
0.75,0.9,0.95. The differencing transformation order is [ = 5, 50, 100. The data-
driven procedure for the selection of the differencing transformation order is de-
noted by CM. The nominal coverage probability is 95%, while the sample size is
n = 500. In brackets, we give the mean of the length of the confidence intervals.

The number of replications is 5,000

oup =0

=5
1 =50
[ =100
cM

oupy = 0.25

[=5
1 =50
[ =100
CM

oup = 0.50

[=5
=50
[ =100
cM

oup =0.75

[=5
=50
[ =100
cM

oup =0.90

=5
=50
[ =100
cM

oup = 0.95

[=5
=50
[ =100
cM

p=0.9

0.9462 (0.1376)
0.9364 (0.0946)
0.9322 (0.0944)
0.9452(0.1125)

p=0.9

0.9474(0.1336)
0.9348 (0.0945)
0.9298 (0.0944)
0.9468 (0.1108)

p =09

0.9376(0.1210)
0.9346(0.0941)
0.9326(0.0944)
0.9396(0.1039)

p =09

0.9064 (0.0963)
0.9338 (0.0934)
0.9308 (0.0944)
0.9306 (0.0936)

p =09

0.8400(0.0707)
0.9314(0.0930)
0.9350(0.0944)
0.9300 (0.0924)

p =09

0.7834 (0.0584)
0.9274(0.0928)
0.9348 (0.0944)
0.9310(0.0926)

p=0.95

0.9474(0.1311)
0.9370(0.0704)
0.9268 (0.0687)
0.9492 (0.0981)

p=0.95

0.9474(0.1271)
0.9354 (0.0698)
0.9284 (0.0686)
0.9458 (0.0963)

p=0.95

0.9436(0.1141)
0.9260 (0.0630)
0.9242 (0.0683)
0.9366 (0.0900)

p=0.95

0.9174(0.0884)
0.9158 (0.0649)
0.9288 (0.0679)
0.9298 (0.0762)

p=0.95

0.8638 (0.0608)
0.9022 (0.0623)
0.9232(0.0675)
0.9242 (0.0655)

p=0.95

0.8026 (0.0464)
0.8982(0.0613)
0.9228 (0.0673)
0.9218(0.0651)

p=1
0.9728 (0.1286)
0.9372(0.0381)

0.9122(0.0285)
0.9496 (0.0787)

p=1
0.9746 (0.1245)
0.9342(0.0369)

0.9042 (0.0277)
0.9522(0.0780)

p=1
0.9736(0.1113)
0.9198 (0.0332)

0.8854 (0.0252)
0.9470 (0.0754)

p=1
0.9630 (0.0850)
0.8862 (0.0260)

0.8456 (0.0205)
0.9452 (0.0693)

p=1
0.9476 (0.0561)
0.8112(0.0182)

0.7644 (0.0154)
0.9466 (0.0536)

p=1

0.9286 (0.0403)
0.7318(0.0141)
0.6934 (0.0128)
0.9264 (0.0399)
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When the error terms are weakly correlated (|o,,| < 0.5), then also the empirical
coverages for [ =5 are quite close to the nominal coverage probability. In contrast,
for highly correlated error terms (|, | > 0.75) the empirical coverages for [ =5
can be quite far from 95%. For instance, in Table 1 for p = 0.8 and ¢, = —0.95,
the empirical coverage for [ =5 is 0.8126.

In Tables 1 and 2 it is interesting to note that for / = 50, 100 the mean of the
length of the confidence intervals is almost identical. Indeed, in statement (i) of
Theorem 3 we can observe that in stationary settings the asymptotic variance of
our estimators converges to (1 — p2)3auz/2av2, as/ — oo,n — oo, and [/n — 0.
Therefore, the length of the confidence intervals depends asymptotically only on
D, au2 and 002, but does not depend on oy, and /. Furthermore, in Tables 1 and 2
we can also note that when the error terms are highly correlated (|o,,| > 0.75),
then the confidence intervals for I = 5 are typically smaller than those for
1 =50,100. In contrast, they are typically larger when the error terms are weakly
correlated.

Finally, Tables 1 and 2 highlight the desirable accuracy of our data-driven
method for the selection of the differencing transformation order /. Indeed, we
can observe that using our data-driven method the empirical coverages are al-
ways very close to the nominal coverage probability 95%. In particular, in these
cases the difference between the nominal coverage probability and the empirical
coverages is always smaller than 1.5%.

Tables 3 and 4 report the empirical coverages for nearly integrated and inte-
grated settings p = 0.9,0.95, 1. Table 3 considers negative values of o,,,, while
Table 4 reports the empirical coverages for positive values of a,,,. The empirical
findings in both tables are qualitatively very similar. As expected, in the nonsta-
tionary case for p = 1, we can observe that the empirical coverages and the length
of the confidence intervals decrease as [ increases. Indeed, as highlighted in state-
ment (ii) of Theorem 1, the asymptotic variance of our estimators is decreasing in
[. For instance, in Table 3 for g, = —0.75 and p = 1, the empirical coverage is
0.9658, 0.8822, and 0.8402 for/ =5, [ = 50, and [ = 100, respectively. Moreover,
in the same setting the mean of the length of the confidence intervals is 0.0850,
0.0259, and 0.0203 for / = 5,1 =50, and / = 100, respectively.

On the other hand, for p = 0.9,0.95 and weakly correlated error terms
(Jowy| < 0.5), we observe that the accuracy of our testing approach is less sensi-
tive to the selection of /. For instance, in Table 4 for g, = 0.25 and p = 0.95, the
empirical coverage is 0.9474, 0.9354, and 0.9284 for [ =5, [ = 50, and [/ = 100,
respectively. Moreover, in the same setting the mean of the length of the con-
fidence intervals is 0.1271, 0.0698, and 0.0686 for [ = 5, [ = 50, and [ = 100,
respectively. In contrast, as highlighted also in Tables 1 and 2, the empirical cov-
erages for small values of / and highly correlated error terms (|, | > 0.75) can
be quite far from the nominal coverage probability. For instance, in Table 4 for
p =0.9 and g, = 0.95, the empirical coverage for [ = 5 is 0.7834. Finally, also
Tables 3 and 4 confirm the desirable accuracy of our data-driven method for the
selection of the differencing transformation order /. Indeed, we can observe the
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difference between the nominal coverage probability and the empirical coverages
with our data-driven method is always smaller than 2.5%.

In the second exercise, we compare the accuracy of our testing approach with
the IVX procedure introduced in Kostakis et al. (2012) and the refined Bonfer-
roni Q-test presented in Campbell and Yogo (2006). To this end, we generate
N =5,000 samples of size n = 400, 800 according to models (1)—(3), with u; ~
N(@©,1), v, ~N(,1), a = u =0, g, €{-0.75,-0.5,—-0.25,0.25,0.5,0.75},
p =095 (ie, p =1+4c¢/n, with ¢ = =20 and ¢ = —40, for n = 400 and
n = 800, respectively), f € {0,0.02,0.04,0.06,0.08} when n = 400, and f €
{0,0.01,0.02,0.03,0.04} when n = 800. We study the finite sample properties
of tests of the null hypothesis Hy : f = 0 versus the alternative H : f > 0. We
implement our testing procedure using the results in Theorem 2, where the param-
eter p is estimated with the OLS estimator p,,, and the order of the differencing
transformation is selected according to the data-driven method introduced in Sec-
tion 4 with ¢ = 0.01, L = {20,40,60} and L = {40, 80, 120} for n = 400 and
n = 800, respectively. Tables 5 and 6 report the empirical rejection frequencies of
the null hypothesis Hy for n = 400 and n = 800, respectively. The significance
level is 5%.

In Table 5, we can note that for n = 400 and f = O the testing procedures
under investigation imply empirical rejection frequencies of the null hypothesis
quite close to the significance level 5%. In particular, the difference between the
significance level and the empirical rejection frequencies is always smaller than
2.5%. As expected, for f > 0 the empirical rejection frequencies of Hy increase.
For instance, in Table 5 we can note that when £ = 0.08 the empirical rejection
frequencies are always larger than 90%. The refined Bonferroni Q-test dominates
our testing procedure and also the IVX approach, in particular when the error
terms are negative correlated. Indeed, when S > O the empirical rejection fre-
quencies of the Q-test are larger than those implied by our method and the IVX
procedure. Finally, it is interesting to note that our approach and the IVX method
imply very similar empirical rejection frequencies. Indeed, the difference between
the empirical rejection frequencies of our procedure and the IVX approach is al-
ways smaller than 5%.

In Table 6, we note that also for n = 800 and f = 0 our testing procedure and
the IVX approach provide empirical rejection frequencies very close to the signifi-
cance level. In contrast, the refined Bonferroni Q-test tends slightly to underreject
the null hypothesis. As expected, for f > 0 the empirical rejection frequencies of
Hj increase. Also in this setting it is interesting to note that our procedure and
the IVX approach imply very similar empirical rejection frequencies. Indeed, the
difference between the empirical rejection frequencies of our approach and the
IVX method remains smaller than 5%. Also in this case, the refined Bonferroni
Q-test tends to dominate our testing procedure and the IVX approach. However,
the improvements using the Q-test are less pronounced than those observed in
Table 5. Indeed, it is important to highlight that the Bonferroni approach intro-
duced in Campbell and Yogo (2006) is valid only in nearly integrated settings,
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TABLE 5. Empirical Rejection Frequencies of Hjy : f = 0. We report the
empirical rejection frequencies of the null hypothesis Hp : f = 0 versus the
alternative H; : f > 0. We consider the predictive regression model with
p €{0,0.02,0.04,0.06,0.08}, p = 0.95, and oy, € {—0.75,—0.5,—-0.25,0.25,
0.5,0.75}. We consider the IVX procedure proposed in Kostakis et al. (2012)
(denoted by IVX), the refined Bonferroni Q-test presented in Campbell and Yogo
(2006) (denoted by CY), and our testing procedure combined with the data-driven
method for the selection of / (denoted by CM). The significance level is 5%, while
the sample size is n = 400. The number of replications is 5,000

n=400,0, =-075 p=0 f=002 =004 p=006 S=0.08

VX 0.0432  0.1724 0.6014 0.9554 1.0000
cY 0.0538  0.3308 0.8532 0.9984 1.0000
cM 0.0708  0.2002 0.6250 0.9604 1.0000
n=400,0,y =—05 p=0 p=002 B=004 p=006 S=0.08
VX 0.0451  0.1758 0.5840 0.9138 0.9932
cY 0.0584  0.3508 0.8296 0.9876 1.0000
cM 0.0672  0.1988 0.5520 0.8770 0.9822
n=400,0, =—025 p=0 p=002 B=004 p=006 S=008
VX 0.0482  0.1804 0.5624 0.8806 0.9814
CcY 0.0616  0.3658 0.8162 0.9760 1.0000
cM 0.0558  0.1688 0.5226 0.8420 0.9616
n =400, o, = 0.25 =0 B=002 =004 S=006 p=0.08
VX 0.0490  0.1982 0.5196 0.8230 0.9532
cY 0.0398  0.2702 0.6792 0.9168 0.9894
CcM 0.0594  0.1750 0.5122 0.8026 0.9350
n =400, o,y = 0.5 =0 =002 p=004 p=006 S=0.08
VX 0.0548  0.1870 0.5154 0.8028 0.9356
cY 0.0294  0.1938 0.5780 0.8570 0.9702
cM 0.0682  0.1890 0.5098 0.7926 0.9306
n =400, o,y = 0.75 =0 B=002 =004 B=006 p=0.08
VX 0.0446  0.1916 0.5062 0.7776 0.9258
cY 0.0254  0.1628 0.5212 0.8086 0.9462
M 0.0720  0.2128 0.5066 0.7814 0.9282

while it is inconsistent in predictive regression models with predictors less persis-
tent than local-to-unity processes (see also Phillips (2014) for more details on the
size and power distortions of the Bonferroni Q-test in stationary settings). On the
other hand, our testing procedure (and also the IVX approach) ensures reliable
inference both in stationary and nonstationary settings.
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TABLE 6. Empirical Rejection Frequencies of Hjy : f = 0. We report the
empirical rejection frequencies of the null hypothesis Hp : f = 0 versus the
alternative H; : f > 0. We consider the predictive regression model with
S €{0,0.01,0.02,0.03,0.04}, p = 0.95, and oy, € {—0.75,—0.5,—-0.25,0.25,
0.5,0.75}. We consider the IVX procedure proposed in Kostakis et al. (2012)
(denoted by IVX), the refined Bonferroni Q-test presented in Campbell and Yogo
(2006) (denoted by CY), and our testing procedure combined with the data-driven
method for the selection of / (denoted by CM). The significance level is 5%, while
the sample size is n = 800. The number of replications is 5,000

n=800,0,=-075 p=0 =001 p=002 A=003 p=0.04

VX 0.0484  0.1160 0.3502 0.7060 0.9350
cY 0.0152 0.1286 0.4924 0.8706 0.9912
cM 0.0647 0.1408 0.3616 0.7098 0.9342
n =800, o, = —0.5 =0  B=001 B=002 S=003 =004
VX 0.0528 0.1150 0.3530 0.6826 0.9120
cY 0.0302 0.1742 0.5200 0.8446 0.9754
cM 0.0615 0.1356 0.3386 0.6508 0.8812
n=800,0, =—025 B=0 B=001 p=002 A=003 p=004
VX 0.0526 0.1214 0.3502 0.6610 0.8822
CcY 0.0384  0.2142 0.5484 0.8460 0.9684
cM 0.0498 0.1170 0.3308 0.6324 0.8512
n =800, o, = 0.25 =0  B=001 B=002 S=003 =004
VX 0.0506 0.1262 0.3470 0.6228 0.8358
cY 0.0280  0.1796 0.4644 0.7726 0.9320
M 0.0526 0.1226 0.3134 0.5942 0.8084
n =800, oy = 0.5 =0 =001 B=002 f=003 =004
VX 0.0532 0.1282 0.3404 0.6030 0.8080
CcY 0.0150  0.1220 0.3812 0.7008 0.9038
cM 0.0594  0.1150 0.3156 0.5812 0.7863
n =800, o,y =0.75 =0 =001 B=002 S=003 =004
VX 0.0534  0.1258 0.3326 0.5856 0.7922
cY 0.0100  0.0970 0.3248 0.6554 0.8974
M 0.0654  0.1278 0.3128 0.5744 0.7706

6. CONCLUSIONS

Predictive regression models play an important role in many empirical eco-
nomic and financial studies. The usual inference approach adopted in these stud-
ies relies on OLS estimators and first-order asymptotic theory. Indeed, under
some regularity conditions, including the stationarity of the predictors, the limit
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distribution of the f-statistic is standard normal. Unfortunately, many economic
variables considered as predictors exhibit features that seem to violate the sta-
tionarity assumptions. It turns out that in these cases first-order asymptotic may
provide poor approximations of the sampling distribution of the ¢-statistic, and
inference based on this approach could be invalid. Local-to-unity asymptotics
may provide more accurate approximations of the sampling distribution of the 7-
statistic in nearly integrated settings. However, the implementation of these tech-
niques still preserve some important drawbacks. In particular, these procedures
are invalid for predictors less persistent than local-to-unity processes.

By applying differencing transformations, we introduce a new class of estima-
tors and test statistics for predictive regression models with limit distribution that
is robust to the degree of persistence of the predictors. More precisely, the limit
distribution is always Gaussian, either by adopting first-order or local-to-unity
asymptotic assumptions. This desirable feature allows to construct Gaussian con-
fidence intervals for the parameter of interest in stationary, nonstationary, and
even locally explosive settings. Besides the limit distribution, we also study the
accuracy and rate of convergence of our estimators. In particular, we show that in
stationary cases the rate of convergence is /7, while in nonstationary settings the
rate of convergence can be arbitrarily close to n, still preserving the Gaussian limit
distribution. These results show that accurate Gaussian inference is attainable also
in integrated or nearly integrated predictive regression models.

NOTES

1. Phillips (2014) also shows that using appropriately centered statistics we can construct confi-
dence intervals for the autoregressive parameter that are valid uniformly for |p| < 1; see e.g., Phillips
(1987), Giraitis and Phillips (2006), and Mikusheva (2007) for the introduction of uniform inference
in autoregressive models. Nevertheless, the construction of these confidence intervals can be quite
cumbersome and computationally expensive.

2. Unlike Han et al. (2011), we do not aggregate the moment conditions and do not define gener-
alized method of moments (GMM) estimators of the parameter of interest. However, the definition of
GMM estimators and the analysis of their limit distribution are currently under investigation by the
author.

3. For simplicity, we define (and derive the asymptotic properties of) our test statistic (11) using
the OLS estimator p, of the parameter p. However, to improve the accuracy of our approach, we can
also replace p, by a more accurate estimator, as for instance the fully aggregate estimator introduced
in Han et al. (2011).

4. Note that a similar procedure has also been proposed for the selection of the block size in time
series bootstrap context; see, e.g., Politis, Romano, and Wolf (1999).

5. Unreported Monte Carlo experiments with less persistent regressors confirm the inconsistency
of the Bonferroni Q-test in stationary settings. They also confirm the accuracy and similarity of our
testing procedure and the IVX approach.
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APPENDIX: Proofs

Proof of Theorem 1. Note that

S (e —ui) (AT + = plHAxT] )

t—1 t—1 1—1 t—1
21 ATy (sz—z +U=p )Axt—l—l)

Buip=Pp+ (A.1)
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Thus,
. T 2t (w0~ i) (Ax S +=pln I)sz I- 1)
\/an,l,p_ﬁ) 1 —1 -1 . (A.2)
w1 DY 1(“ +(1=pl=HAxT_ 1)
Finally, also note that for/ > 1,1 > [ +1,
-1 }
Axl_y=xi—xj =D ploi_i+(p' = Dz, (A3)
i=0
We consider first the case |p| < 1.
Using (A.3), we can write the denominator of (A.2) as
1 n -1 )
Duip:=- Z Zp’vz—l—iJr(pl— Dzi—1—1
t=I+1 \i=0
> v+ (T =Dz ). (A4)

By applying the results in Theorem 3.7 in Phillips and Solo (1992) and Theorem 20.10 in
Davidson (1994), we show that a weak law of large numbers (WLLN) applies to (A.4). In
particular, note that

o2
Z 7 = 5, (A.5)

1_

"

1 n -1 ) -2 )

- S pivimi | [ D P vim1=i | = pr Si—1 (0o (A.6)

r=1+1 \i=0 i=0

1 n -1 ]

- 2 P vi-i | 211 = pr. 0. A7)

t=l+1 \i=0

Equation (A.5) holds by Theorem 3.7 in Phillips and Solo (1992), since [ is fixed.
Moreover, equation (A.6) holds by the combination of Theorem 3.7 in Phillips and
Solo (1992) and Theorem 20.10 in Davidson (1994). More precisely, %Z:‘:l +1

Zf (Z)p’u, 1_1) (Zﬁ;(z)piv,_l_i) —pr. Sl_l(pz)ovz, by Theorem 3.7 in Phillips and
Solo (1992). Furthermore,

1 n -2 ] -2 1 n ]

- DA D v o= - > pror—i—ivier | = pr 0 (A.8)
t=l+1 \i=0 =0 t=Il+1

by Theorem 20.10 in Davidson (1994). Similarly,

1 & -1 ) -1 1 & )

. Z zplvt—l—i Z—1—1 ZZ - Z Pl or—1—iZi—1-1 | =pr. 0 (A.9)
t=I+1 \i=0 i=0 t=I+1
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also by Theorem 20.10 in Davidson (1994). It turns out that by combining (A.5), (A.6),
and (A.7), we have

(o —1)(p!~" = 1))52

1—p!
D Si—1(p? =(S-1(H+S(p)——)s2. (A10
n,l,p_>pr.( —1(p7) + 1—/)2 v ( -1(p7) + (,0) 1+,0>0-U ( )

Using (A.3), we can write the numerator of (A.2) as

[—“ B B -
Rutp === 2 (ur=te=) (axiZ) +a=p""haxT] ) (A1)
e
- =2
=7 > (=) [ Do p v+ T =Dz ). (A12)

t=Il+1 =0

By considering the same arguments of Theorem 6 in Phillips and Han (2008), we show
that a central limit theorem (CLT) applies to (A.12). To this end, for r > [+ 1, we introduce
the random variables X; and Y;, and the sequences {c; }j’io and {d; }]?'ZO defined as

o]

X :=u,—u,_l=Zc'ju,_j, (A.13)
j=0
-2 00
Yei= D plo_ii +( T =Dz = > djvj. (A.14)
i=0 j=0

First note that ¢y = 1, ¢; = —1, while ¢; =0, for j # 0,/. Moreover, dy =0, d; = 0, and
/Qil jdj2 < 00, since |p| < 1. Using (A.13) and (A.14), we can write (A.12) as

1 n l n o0 o0
RN SETERE S0 3 ST
S " j=0s=j+1
n o0

o
+% Z Z Z csdjur—sor—j

t=I+1j=0s=j+1
1 n oo
+ﬁ Z chdjul—jvt—j' (AIS)
r=I+1j=0

Since dej =0, for j > 0, it turns out that also the third term in (A.15) is zero. Moreover,
since ¢ = 1, ¢; = —1, while ¢; =0, for j # 0,/, we can write the first term in (A.15) as

n o0

o0
% Z Z Z c]-dsu,_jvt_s

t=I+1j=0s=j+1

1 n o0 oo
=75 2 | Zdstrvims = 3 deurgvis (A.16)
t=I+1 \s=I s=I+1
1 n o0
=75 2 2 s —dsurvi—s top(l). (A.17)
t=l+1s=1
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Similarly, for the second term in (A.15) we have,

n
ZZ Z csdu, sU—j =

z I+1j=0s=j+1

n

Z Z ~dju;_ v, (A.18)

t l+l]—l

S\

Z Z —dj_jus—jv; +op(l). (A.19)

t [+1j=1

Therefore,

L 5 5,0 @
Rn,l,pzﬁ Z(Wj uro—j+y; " u—jor) +op(l) (A.20)

1=I+1j=1
1 n
=—= > &+op(l), (A.21)
ﬁt*l+1

M

where for j > 1, 7z =dj—djy,for1 <j<l—1, wj(z) =—d;_j,for j > 1, 1//].(2) =0,

and ¢ = Zogl(W( )utvt j+‘//()

i 2 2
> (1) + (42 <.

i=1

Z l//(l) @ _

i=1

uy—jor). In particular, note that

We show that the first term of (A.21) follows the martingale CLT (i.e., ﬁ ZI::I 11 & =

N (0, Vi, p)). To this end, it is necessary to show that (i) a version of the Lindeberg condition

holds and (ii) %Z?:l 1 5[2 = pr. Vip- The Lindeberg condition follows directly from
stationarity and integrability. Furthermore, we have

vV .= i(w.(l))2+(y/.(2))2 ol
L,p i i u-v
=1

i=

= (Sl—l(pz) (1+(2—pl_1)2)+(1—pl_ ) ( 2(1— 1)+ T, S[(p)))ab%ag,

1 2
=2 ZV/() () O'uzn
i=1

=20-1p'22—-p'"Ne2,.
Therefore,

Ru1p = NO,V ), (A.22)

where V; , = Vlvp — Vlcp. Finally, by combining (A.10) and (A.22), statement (i) of
Theorem 1 is established.
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Consider now the case p = 1+c¢/n, withc =0, i.e., p=1.
Then, the denominator of (A.2) can be written as

n

-1 -2
Dn,1,11=% PN DT | DI b (A.23)
i=0

t=I+1 \i=0

By equation (A.6), we have Dy, ; | — pr. (I — 1)002. Furthermore, in this case the numerator
of (A.2) can be written as

Ry 1= IZ ) szlz

t=I+1
Using the same argument adopted for (A.22), in this case we have R, ;1 = N(0,V, 1),
where V| =2(— 1) (6202 —02,).

Finally, consider the case p = 1+ ¢/n, where ¢ # 0.
Since [ is fixed, note that pl — 1 = o(1/+/n). Moreover, since z; = Op(y/n), it turns out
that (pl —1)z; = op(1). Therefore, we can write (A.2) as

ﬁ Z?:Hl (”t _“t—l) (Zf;(z) Vf—1—i +0p(1))

e (Zg;(l)"t—l—i“‘UP(l)) (Z, 0VI—1— z+0P(1))
Ry 1 +op(l)

\/ﬁ(ﬁn,l,p _ﬁ) =

=" (A.24)
Dy 1,1 +op(1)
This concludes the proof of Theorem 1. n
Proof of Theorem 2. Since p, = p +op (1), note that
i S AV Z(Axf T+ U= (prop () THaxT] )
Bt pp = (A.25)

N AxT 1(Axf—‘+(1—(p+o,a(1))l HAx/=L 1)

Moreover, since [ is fixed, then we have (p +op()—1 = pl_1 +o0p(1). Therefore, we
can rewrite (A.25) as

Ruip +0P(1)(ﬁ2?=1+1(“t—”t—l)Ax o 1)

1
11—
1 =
Dn,i,p +0P(1)(z i AT AT 1)

By s, =B = (A.26)

Finally, using the eame arguments considered for establishing (A.10) and (A.22), we
-l
can also show that 1 D Ax]Z,_ le' _; = 0p(1) and ﬁ >yt (e —ug)

sz[:ll—l = Op(1). This concludes the proof of Theorem 2. u

Proof of Theorem 3. We consider first the case |p| < 1.
We show that also in this case a WLLN applies to the denominator D, ;. , of (A.2) defined

in equation (A.4). More precisely, note that since pl — 0, as [ — oo, we can write the
denominator of (A.2) as
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-1
I < ;
Dntp=" SUA D P vt = z—im1 Fo(Dzi——
t=I+1 \i=0
-2
X Zplot—l—i_Zt—l—1+0(1)zt—l—1 (A.27)
i=0
Lo =t -2
= 2 | 2P v — a2 v =iy | op (1), (A28)
t=l+1 \i=0 i=0

since the results established in equations (A.5), (A.8), and (A.9) are still valid, since
[/n— 0,as ] — oo and n — oco. Moreover, since [ — 00, in this case we have

1 n -2 ) -2 ) 1
n z Zplvt—l—i zplvt—l—i —pr. 1_72%2- (A.29)
t=I+1 \i=0 i=0 P

Therefore, by combining (A.5), (A.8), (A.9), and (A.29) we have

2
2

(A.30)
I—p

2
Dy.1.p = pr. o, -

Finally, we show that a CLT still applies to the numerator Ry ; , of (A.2) defined in equa-
tion (A.12). First, note that we can write R, ; , as

-2
Ri,p= Z e =ur—) [ D p'vim1mi =211 +0()z o (A3D)
I [+1 =0
-2 )
Z(“t—ur D 2o vim1mi =zt | +op (D), (A.32)
t [+1 i=0

since by considering the same arguments adopted for the results in equation (A.22), we can
show that —= Zt I+l (ur —u;—1)z;—1—1 = Op(1). Finally, still by applying the results in

(A.22), after some algebra we have

6 22 A
R}’L,l,p =N 0, 1_71020'14 O'D ( .33)
Consider now the case p = 1+c¢/n, withc =0, i.e., p=1.
Moreover, consider

1 -1
il i (e —u;—z) Ax;

t—1
o i AT A

We show that the denominator and numerator of (A.34) satisfy a WLLN and a CLT, respec-
tively. To this end, we will apply results for mixingale processes. In particular, we will show
that the denominator of (A.34) satisfies a WLLN by Theorem 19.13 in Davidson (1994).
Finally, we will show that the numerator of (A.34) satisfies a CLT by Theorem 19.13 and
Theorem 24.3 in Davidson (1994).

Val(Boga—p) =

(A.34)
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First, we consider the denominator of (A.34)

-2
15,1,1,1:—* Z Zv; =i | { D v—1—i |- (A.35)
i=0

t= l+1 i=0
Note that

-1 1-2 (= 1)o2
DTN | ) S | B i
i=0 i=0

Next, consider the array

-1 -2

~ 1 /(1

e DI | YT B (A.36)
i=0 i=0

Then, since [/n — 0, as [ — 0o, n — 00, it turns out that 17”, is a L|-mixingale with
respect to the natural filtration of {”t}7:1 with constant array c,; = % and &, = O(1/1),
for m > [. Therefore, by Theorem 19.13 in Davidson (1994), we have

Dy11—pr. 0'1)2~ (A.37)

Finally, consider the numerator of (A.34)

-2
1
Ry Z(u, 1) ijH_i (A.38)
t [+1 i=0
1 -1 1 -1
z U \—/Izu,_j —v; jzut_j +op(1) (A.39)
z I+1 j=l1 j=1
f Z & +op(l), (A.40)
t=I+1

wherefl:u;( Z] lv, ]) (%Zﬁ;llu,_j).Notethat

~ 2(l—1)(c7 o) —qu)
G e
Next, consider the array
1 2
Xt = (5’2 - 1). (A.41)
2(Uu Cip)

Then, since [/n — 0, as [ — 00, n — o0, it turns out that X,;; is a L; -mixingale with
respect to the natural filtration of {(u,,u,)} 1 with constant array c,; = % and ¢ =
O(1/1), for m > I. Therefore, by Theorem 19 13 in Davidson (1994), we have

> Xu—pr 0, (A42)
t=Il+1
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ie., % p I Etz —pr. 2(c202 —a2,), and by Theorem 24.3 in Davidson, we have

Rup1= N(0,2(c202 —02,)). (A43)
Thus, by combining (A.37) and (A.43) we have

2.2 __ 2
Vil (B =)= N(W) (A44)
0,

v
Consider now the case p = 1+c¢/n, where ¢ # 0.
Note that p — 1= 0(l/n). Moreover, since z; = Op(/n), it turns out that for I/n — 0,
as | — 0o, n — oo, we have \—[l(p — 1)z; = op(1). Therefore, in this case we have

ﬁ i (e —ui—y) (%/, ST 01 +0P(1))
=i (%ﬁ Zf;(l) Op—1—i +0P(1)) (% f;% Op—1—i +0P(1))

_ Rusator() (A.45)

Dyyi+op(l)

Finally, consider the case p = 1 +b/nd, where b <0Oandd € (0, 1).
Note that pl —-1=0(/ nd) Moreover, as established in Magdalinos and Phillips (2009b),
in this case zt (0] (nd/z) Therefore, since l/n — 0, as [ > 00, n = 00, also in this

case we have ﬂ (p — 1)z; = op(1). This concludes the proof of Theorem 3. n

\/rﬁ(ﬁn,l,p _ﬁ) = 1

Proof of Theorem 4. We consider first the case |p| < 1.
Since p, = p+ Op(1/4/n), it turns out that for //n — 0 as [ — 00, n — oo, ﬁfl =op(l).
Therefore, similarly to the results in (A.28) and (A.32), for D, ; 5 and R, ; ; , we have,

respectively,
1 n -1 )
Di1.p, =+ DA D vt —z—i—1 +op(Dz——
t=l+1 \i=0
1-2
> P —z—i—1+op (D7
i=0
1 n -1 ) -2 i
= S AP vtz — 21 | | D P vimi—i = 211 | Fop (D),
1-2
Ruipy = f Z (ur —ur—p) ZP Op—1—i —Z—i—1top(D)z—1-]
t=l+1 =0
1-2
f Z (e —u—) [ D p'vic1mi —zimimr | +op (D).
t=l+1 i=0

Consider now the case p = 1.
Note that in this case p, = 1 + Op (1/n). Therefore, for [/n — 0, as [ — oo and n — oo,
we have ., =1+ O0p(/n) = 14 o0p(1). Thus,
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1 t—1 t—I1
i 2ttt (e = i—1) [sz—z +0P(1)Ax;-1—1]

1 n t—1 t—1 t—l1

Al 2i=i+1 8% ) [sz—l +0P(1)Axt—l—l]
Ry 11+op(l)

= (A.47)
Dn,l,l +op(1)

Nl By 5, —B) = , (A.46)

since as for the result established in (A.26), we can show that %ZLIH Axtt:ll_l
-l -1 .

Ax!Z)_| = 0,(1) and ﬁﬂ:m (s —u;—1) Ax!~)_; = Op(1). This concludes the

proof of Theorem 4. u
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