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We introduce non-homothetic preferences into an innovation-based growth model and study how
income and wealth inequality affect economic growth. We identify a (positive) price effect—where
increasing inequality allows innovators to charge higher prices and (negative) market-size effects—with
higher inequality implying smaller markets for new goods and/or a slower transition of new goods into
mass markets. It turns out that price effects dominate market-size effects. We also show that a redistribu-
tion from the poor to the rich may be Pareto improving for low levels of inequality.

1. INTRODUCTION

The distribution of purchasing power across households can affect innovation and growth through
at least two competing forces. On the one hand, a high concentration of wealth may foster inno-
vation and growth by creating a wealthy class willing to pay high prices for new products. On the
other hand, a high concentration of wealth may hinder innovation by preserving a poor majority,
which could otherwise form mass markets.

Previous models of innovation and growth (Romer, 1990; Grossman and Helpman, 1992)
are inadequate for studying such price and market-size effects, due to the assumption of
homothetic preferences. In this paper, we introduce non-homothetic preferences into a standard
R&D-hased growth model. To do this in a meaningful and tractable way, we assume that con-
sumers expand their consumption along a hierarchy of wants. They first satisfy their basic needs
before moving on to more luxurious products. Under such circumstances, only rich households
will consume new goods, while poorer households can only afford less luxurious commodities.

In this framework, the distribution of income plays a crucial role in the evolution and prof-
itability of new markets and thus for long-run growth. To see how the mechanism works, consider
the dynamics of demand and profits for a firm after a successful innovation. The market for the
innovation is initially small as only rich consumers purchase a new product. With growing in-
comes, however, the extent of the market expands and firms earn higher profits. The growth in
profits is either due to the intensive margin (the same consumers are willing to pay a higher price)
or due to the extensive margin (additional consumers are willing to purchase at the same price).
Hence, the income distribution affects the value of an innovation in a complex way by shaping
and shifting an innovator’s demand curve in the growth process.

We restrict our analysis to a two-class society. Two parameters shape the distribution of
income with two classes: relative incomes and relative population sizes of rich and poor. How
does inequality affect the incentive to innovate? Assume there is less income inequality due to a
lower relative income of rich to poor. This has two opposing effects on innovation incentives. On
the one hand, such a redistribution reduces the rich households’ willingness to pay the innovators’
profits—as long as the new product is sold exclusively to the rich. On the other hand, such

1. Josef Zweimidiller is also associated with CEPR, 1ZA, and CESifo.
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a redistribution makes the poor better off and enables them to afford more goods. This has a
favourable effect on innovators’ profits, as the market for a new product will develop into a mass
market more quickly. We show that, in net terms, the former effect always dominates the latter.
This is because profits become more back-loaded: the profit flow is lower early in the life cycle
and higher later on. Due to discounting, the early fall in profits dominates the later increase,
and the value of an innovation decreases. In sum, lower relative incomes of rich to poor have a
negative effect on the incentive to innovate, which reduces growth.

Consider a more even distribution resulting from a larger population size of the rich (i.e.
incomes are “less concentrated” as there are more rich with a lower income and less poor with
the same income). Such a change in the distribution affects the incentive to innovate through a
market-size effect and a price effect. The market-size effect has a positive impact on the profit
flow, because more individuals can purchase the new good right from the start-up of the business.
The price effect goes in the opposite direction. As the willingness to pay for a new product
decreases with a less wealthy rich class, innovators are forced to charge lower prices. Provided
the innovators’ scope of price setting is large, the price effect always dominates the market-size
effect, and the decreased inequality reduces growth.

The paper is organized as follows. Section 2 provides a brief review of related literature. In
Section 3, we specify our crucial assumptions on consumers’ preferences and discuss consumers’
optimal choices in that context. Section 4 presents our assumptions on the income distribution,
and Section 5 discusses technology and the firms’ price-setting behaviour. Section 6 analyses
the conditions for a unique balanced growth equilibrium and discusses the inequality—growth
relationship as well as the welfare properties of the equilibrium. Section 7 analyses other types
of equilibria. Section 8 concludes.

2. RELATED LITERATURE

Our paper is related to a small literature examining the relationship between the extent of eco-
nomic inequality and long-run growth that works via the demand side. In a recent paper,
Matsuyama (2002) discusses the interdependence between growth and distribution. In his model,
the distribution of income determines market demand in sectors where learning and technical
progress are possible. Growth may only benefit the rich in its initial stages but, depending on the
income distribution, may ultimately trickle down to the poor. In Matsuyama (2002), growth re-
sults from learning-by-doing, which is a by-product of production in the otherwise perfect output
markets. In contrast, industrial R&D drives growth in our model, and income distribution affects
growth due to its impact on innovation incentives. Murphy, Shleifer and Vishny (1989) study
the role of distribution of income in the adoption of modern technologies when consumers have
hierarchic preferences. While their formulation of preferences corresponds to a special case of our
model, they analyse the role of income distribution in a static context. There is no scope for new
firms to set prices in their model, so any effect of income distribution is transmitted via its effect
on market size. Zweimiller (2000) extends the Murphy et al. (1989) model to a growth context.
Just as in Murphy et al. (1989), prices and mark-ups are exogenously given and, by creating
larger markets for innovative goods, less inequality has a positive impact on growth. The present
paper goes beyond these studies in focusing on the double role of inequality both on the innova-
tors’ prices and on the evolution of the innovators” markets. Under our more general conditions,
the relationship between inequality and growth turns out to be qualitatively different.2

2. Other models where inequality determines the level of demand for new products and where price effects are
absent include Falkinger (1990, 1994) and Chou and Talmain (1996). For growth models that analyse the role of inequality
on vertical product differentiation, see Li (1996), Glass (2001), and Zweimiiller and Brunner (2005). See Flam and
Helpman (1987), Matsuyama (2000), and Mitra and Trindade (2005) for papers that analyse the relationship between
inequality and the structure of international trade under non-homothetic preferences.
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Galor and Moav (2004) study a model where consumers have non-homothetic preferences
over consumption and bequests. More inequality may lead to higher growth because, at early
stages of development, the higher savings rate of the rich fosters physical capital accumulation.
In our model, instead, the positive effect of inequality on growth works through innovations while
the savings rates are constant.

Greenwood and Mukoyama (2001) address the problem of how the size distribution of
income affects innovation incentives. Their focus, however, is a partial equilibrium one, in which
a durable goods monopolist chooses the optimal timing of an innovation, given that consumers
with unequal incomes differ in their initial purchasing dates for the product. In contrast, our
model is embedded into a general-equilibrium framework, where factor prices and the aggregate
growth rate are determined endogenously.

Bourguignon (1990) studies the role of demand for growth and distribution under very gen-
eral assumptions on demand behaviour. He shows conditions on price and income elasticities
under which growth enhances or reduces inequality. Unlike his work, our paper studies the op-
posite chain of causality and asks how inequality affects growth.

A further related literature is concerned with “directed” technical change (Kennedy, 1964;
Acemoglu, 1998, 2002; Acemoglu and Zilibotti, 2001, and others, surveyed in Gancia and
Zilibotti, 2005). These papers place emphasis on the role of relative factor prices on incentives
for adopting particular technologies and the consequences of these technology choices on the
distribution of income among factors of production. In contrast, the heterogeneity in our model
occurs on the preference side rather than on the supply side. This allows us to study the effect of
the size distribution of income on the incentives to innovate.

Other related papers study the role of demand factors on innovation and growth. Aoki and
Yoshikawa (2002) build a growth model based on logistic Engel curves. Demand-induced inno-
vations drive growth, exactly as in our model. Consumers become saturated with existing prod-
ucts, and innovations are thus needed to keep growth going. In contrast to our model, however,
Aoki and Yoshikawa (2002) are not interested in income distribution effects and emphasize the
transition process rather than the steady growth path. Young (1993) presents a model where the
path of an innovator’s demand does not expand in proportion to aggregate activity. Recent inno-
vators face increasing demand because new innovations initially complement existing products,
demand later decreases, however, because further innovations substitute existing products. Sim-
ilar to our model, demand expectations are of central importance for innovation incentives and
may give rise to multiple equilibria. Unlike our model, Young (1993) studies non-homothetic
technologies (rather than preferences) and does not examine distribution effects on innovation
incentives.

Voigtlander and Voth (2005) provide an interesting application of the importance of demand
factors and non-homothetic preferences in a historical context. They study the role of demo-
graphic factors and redistributive measures (such as the “poor laws” in 18th- and 19th-century
England) during the industrial revolution using a similar (static) theoretical set-up in which de-
mand effects are important. They find that demand effects are essential in understanding why the
industrial revolution started in England and continued in Europe while no take-off took place in
other parts of the world.

3. THE DEMAND SIDE
3.1. Preferences

Consider an economy with many potentially producible differentiated products indexed by | €
[0, 00). Consumers’ preferences are “hierarchic” in the sense that the goods can be ranked

(© 2006 The Review of Economic Studies Limited
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according to their consumption priority. We model the hierarchy by assuming that c(j) units
of good | yield utility o (c(j))&(j). This means utility is determined by a “baseline” utility, o (-),
the same for all differentiated goods, and a weighting function, &(j), with &’(j) < 0. This for-
mulation yields a ranking of the various products: low-j goods have a high weight (have high
priority in consumption) and vice versa.

We need to restrict the functions o(-) and &(-). We first assume that purchasing a differ-
entiated product is a “zero—one” decision: either a product is consumed in quantity 1 or is
not consumed, c(j) € {0,1}. This allows us to normalize the baseline utility to »(0) = 0 and
v(1) = 1. This first assumption is primarily for tractability and analytical convenience. Second,
and more importantly, we assume that the hierarchy function takes the form &(j) = j=7 with
y € [0,1). The instantaneous utility function can then be written as u({c(j)}) = f0°° j77c())dj
and, when the first N goods in the hierarchy are consumed, it takes the constant-elasticity
form u({c(j)}) = N1=7 /(1 —y). This second assumption is required to generate a balanced
growth path.

Consumers have an infinite time horizon. Their objective function reads®

0o N(t) 1-o

U@ = [ | [i7edndi | ertoa &
0

T

where p and 1/ denote the rate of time preference and the elasticity of inter-temporal substitu-
tion, respectively.

3.2. Consumption choices

Consumers are unequally endowed with labour and wealth. The inter-temporal budget constraint
of a household can be written as

oo N(t) 00

// p(j,t)c(j,t)dj-e‘R(t’T)dt5/w(t)|~e‘R(t’7)dt+V(r), 2)
0

T T

where N(t), p(j,t), and w(t) denote the mass of available differentiated products, the price of
variety j, and the wage rate, respectively, all at date t. R(t,7) = f:r(s)ds is the cumulative
discount factor between dates  and t, | is a household’s (time-invariant) labour endowment, and

V (z) is the initial wealth level the household owns.
The household maximizes (1) subject to the budget constraint (2). Setting up the Lagrangian
and defining u(t) = u({c(j,1)}), itis straightforward to obtain the first-order conditions for c(j, t)

1 j,t) <z(j
c(j,t):[o’ P(.0 = 2(1.1) -
- (.Y > z(), 1),

where the willingness to pay z(j,t) is defined by

eR(t,r)—p(t—r)
z(j,H=j77 ——u®™’.
U

3. We assume here that the N(t) goods supplied at date t coincide with the first N(t) goods in the consumption
hierarchy. In other words, there are no “holes” in the distribution of supplied products along the hierarchy. This will be
the case in the equilibria studied below, where innovators introduce always the most urgently wanted goods.
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The parameter u denotes the Lagrangian multiplier, the marginal utility of wealth at the initial
date z. (This can be translated into the more familiar “time-t” marginal utility of wealth A(t) =
e~ RED+2(=7) y The two equations in (3) state that the consumer will purchase the differen-
tiated good | at date t, if its price p(j,t) does not exceed the willingness to pay z(j,t), and he
will not purchase otherwise.

The consumer’s willingness to pay z(j,t) increases as the position of good j in the hier-
archy decreases (i.e. the higher the priority of good j). Furthermore, z(j,t) is the higher if the
consumer’s marginal utility of wealth A(t) = ge~R&D+2(=17) js smaller. Rich consumers have a
lower marginal utility of wealth, and their willingness to pay is higher.

4. DISTRIBUTION

It is assumed that all consumers have the same objective function (1) but differ in their endow-
ments. To keep things as simple as possible, we assume there are two types of consumers, poor
P and rich R, with respective population sizes f and 1 — . All households derive income from
their labour and from shares in profits that accrue in the monopolistic firms. We assume fur-
ther that each household has the same income composition (identical labour and profit shares).
Hence the ratio of the income level of the poor relative to per capita income is 0 < 1, and the
corresponding ratio of the rich is g > 1. The income shares of poor and rich must sum up
to unity, so we have (1 — S)0r + S0p = 1. Taking ¥ = Gp as the exogenous parameter, we
have 6r = (1 — $9)/(1 — f). Hence the two parameters g and ¢ fully characterize the income
distribution.

The corresponding Lorenz curve is piecewise linear with slope ¢ for population shares
between 0 and £, and slope (1 — Bv)/(1— ) for population shares between 4 and 1. Common
measures of inequality (such as the Gini coefficient, the coefficient of variation, etc.) indicate an
increase in inequality as a result of a reduction in ¢ and/or an increase in . For instance, an
increase in ¢ could result from progressive taxation. A change in £ could capture a situation of a
negative (positive) economic shock that affects parts of the rich (poor) population. A decrease in
S could result from making education and firm ownership more accessible to a larger fraction of
the population.

5. TECHNOLOGY AND PRICE SETTING
5.1. Production technology and technical progress

The supply side of the model is standard. Labour is the only production factor, and the labour
market is competitive. The market-clearing wage at date t is denoted by @(t). The goods are
produced in monopolistic firms under increasing returns to scale. Before a good can be produced,
the firm has to make an “innovation”. This gives the firm exclusive access to the blueprint of the
new good and guarantees a monopoly position. The innovation cost is modelled by a set-up cost
equal to F (t) labour units. Once this set-up cost has been incurred, the firm has access to a linear
technology that requires b(t) units of labour to produce one unit of output.

Innovations imply technical progress. We assume that the knowledge stock of this economy
equals the number of known designs N(t). The labour coefficients in the sector that produces
differentiated goods are inversely related to the stock of knowledge. Hence we have F(t) =
F/N(t), and b(t) = b/N(t), where F > 0 and b > 0 are exogenous parameters. We choose the
marginal production cost in the differentiated sector as the numéraire @ (t)b(t) = 1. This implies
that wages grow pari passu with productivity, @(t) = N(t)/b, and the innovation cost remains
constant over time as w(t)F (t) = F/b.

(© 2006 The Review of Economic Studies Limited
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A monopolistic firm’s market demand

5.2. Pricesof the differentiated goods

Producers of differentiated products are in a monopoly position and can set prices above the
marginal cost of production. In order to determine the monopoly price, we need the monopolist’s
demand function. Consider the demand for good j. (For convenience, we omit time indices in
this subsection.) As consumption is a binary choice, market demand for good j depends on how
many consumers are willing to purchase at a given price p(j). With two groups of consumers,
the market-demand function is a step function (Figure 1). At prices in excess of those the rich are
willing to pay, p(j) > zr(j), demand is 0, and the demand curve in Figure 1 coincides with the
vertical axis. For prices that do not exceed the willingness of the rich to pay, but that are strictly
larger than that of the poor, p(j) € (zp(j), zr(j)], market demand equals the population size of
the rich 1 — f. Finally, for prices lower than or equal to the willingness to pay of the poor, p(j) <
zp(j), market demand equals the size of the whole population in the economy, which is unity.*

A monopolist will either charge zr (j) and sell only to the rich (point A in Figure 1) or charge
zp(j) and sell to the whole population (point B in Figure 1), whichever yields higher profits. The
corresponding profit levels are [zr(j) — 1](1 — ) = TIr(j) (point A) and [zp(j) — 1] = Mot ()
(point B), respectively.

Suppose monopolistic firms supply N products and the range of goods consumer i purchases
by N;. Which firms set high prices zr(j), and which set low prices zp(j)? Note first, that a
situation where all N firms charge zr(j) and sell only to the rich cannot be an equilibrium. If the
poor would not buy any differentiated products at all, their willingness to pay for goods j — 0
would become infinitely large. Hence there must be some j > 0 such that Iy (j) > I1R(j), or
equivalently, zp(j) — zr(j)(1 — ) > £, which implies that zp(j)/zr(j) > 1 — /5. Note further
that a situation where all firms charge zp () also cannot be an equilibrium. In that case we would
have Np = NR, so that poor and rich would spend the same amount on consumption goods. Since

4. Obviously, there are more such kinks, if there are more types of consumers, and we have a smooth demand
function in the case of continuous distribution. In any case, under the indivisibility assumption, the shape of the demand
function reflects the distribution of the consumers’ willingness to pay.
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the rich would not exhaust their budget constraint, their marginal utility of wealth would be 0,
and zr (] ) equals infinity. It is then profitable for a monopolist to deviate and sell only to the rich.
This leads us to the following:

Proposition 1. Firms set the prices for all goods j € [0, Np] in such a way that p(j) =
zp(j), andwehave p(j) = zr(j) for all j € (Np, Nr], where0 < Np < Nr < N.

Hence Proposition 1 implies that the prices of the differentiated products are

. zp(j,1), ] €[0,Np(t)]
= 4
PU-D [zRu,t), j & (Ne(t). Nr(®)] “

Proposition 1 implies that the poor consume all goods | € [0, Np], and the rich consume all goods
j €0, Nr] where 0 < Np < Nr < N. This implies that “consumption follows the hierarchy” in
the sense that consumer i purchases only the first N; products in the hierarchy, and no product
j > Ni. The poor purchase low-j goods, that is, goods that satisfy their most urgent wants.
The rich purchase not only those necessities, but can also afford more luxurious goods. These
observations lead us to

Proposition 2.  The equilibriumis characterized by one of two regimes. In thefirst regime,
Np(t) < Ngr(t) = N(t), the rich purchase all products that firms can produce. In the second
regime, Np(t) < Nr(t) < N(t), therich purchase only a subset of all producible goods.

Proposition 2 has important implications for the characteristics of the balanced growth path.
We will see below that, along this path, the ratios Np(t)/N(t) < 1 and Nr(t)/N(t) < 1 are
constant over time. When Ngr(t)/N(t) = 1 and rich consumers purchase all producible goods,
the most recent innovator sells the new product to the rich right away and to the poor later on.
We will call this situation the “regime 1S” (“innovate and sell”). When Nr(t)/N(t) < 1, rich
consumers do not purchase all producible goods. The most recent innovator has to wait for a
while until there is positive demand for his new good. We will refer to this case as the “regime
IW” (“innovate and wait”). We will discuss the IS case in some detail in the next section and will
refer briefly to regime IW in Section 7.

Regime IW may appear to be a strange outcome to some readers. After all, there are always
some very rich people able to pay a very high price for any new product in the real world. Such an
equilibrium outcome is therefore simply an artefact of the two-class assumption (and which can
arise only when the two classes are sufficiently similar). It is nevertheless worthwhile to consider
regime IW since a situation where innovators incur costs in order to capture a new market may
in fact be more than a theoretical possibility.> Such an outcome may occur when the innovation
costs are low and the prospective (future) market is sufficiently profitable.

6. BALANCED GROWTH: REGIME IS
6.1. The allocation of resources across sectors

The economy’s resources consist of the stock of knowledge N(t) and the homogeneous labour
each household in the economy supplies. At any date t, N(t) is predetermined but affects current
productivities b(t) and F (t). Total labour supply is normalized to unity. Since innovation is costly,

5. As an example, The Economist (6 April, 2000) notes in an article on “patent wars”: “Biotech companies, which
often have nothing to sell for years, find their value residing solely in their intellectual property”.

(© 2006 The Review of Economic Studies Limited



948 REVIEW OF ECONOMIC STUDIES

a part of the economy’s resources are employed in an R&D sector that develops blueprints for new
products. The remaining labour force is employed in the production of final output. The allocation
of labour resources across sectors is endogenously determined. We denote by Ly the number
of production workers and by L the number of research workers. The demand for production
labour is given by Ly (t) = fON(t)[b/N(t)][ﬁCp(j,t) + (1 —p)cr(j,t)]dj. As the rich consume
all feasible products and the poor only a subset n(t) = Np(t)/N(t), this simplifies to Ly (t) =
b[An(t) + (1 — B)]. The demand for research workers depends on N(t), the level of innovation
activities at date t. As introducing a new product requires F/N(t) labour units, the demand for
research workers is L; = FN(t)/N(t) = Fg(t).

A perfect labour market ensures that the labour supply is fully employed at each date, so
1 =Ly +L,. Using the above expressions for L and Ly, the economy’s resource constraint can
be written as

1=b[An(t) + (1 - )]+ Fa(®). ()

The dynamic analysis below focuses on a balanced growth path, along which the allocation of
labour across the two sectors remains constant over time. From equation (5) it is obvious that a
balanced growth path is only possible if n(t) = n and g(t) = g do not change over time.

6.2. Pricesand interest rate along the balanced growth path

How do the prices of some product j evolve along the balanced growth path? Denote the date
when the good is introduced by z. At that point in time, the innovating firm charges the price
p(j,7) = zr(j, 7), and the rich start purchasing. As their income grows, rich households are
willing to pay more for any given product, and the innovator can raise his price. The calcu-
lation of the rate of change in the price is straightforward from the definition of zr(j,t). Re-
call that zr(j,t) = j =7 eR&D=,U=2)yp(t)=7 / ur and that—as households consume “along the
hierarchy”—ug(t) = N(t)1=7 /(1 — ). Using this in the expression for zr(j, t), taking logs and
the derivative with respect to time t yields

p(i,t)  zr(j,t) N(t)
0.0~ Z=(L.D rty—p—ol—y) (6)

N(t)
Prices grow at that rate until firms find it optimal to attract the poor as additional customers. At
that date, firms cut prices from what the rich are willing to pay zr(j, S) to what the poor can pay
zp(j,S). After date s, the rate of change in zp (], S) determines price changes. The willingness to
pay of the poor is zp(j,t) = j =7 eRGD=PU=D)yp(t)=7 / up where up(t) = [n-N()]*7 /(1 —p).
Since n is constant along the balanced growth path, zp(j,t)/zp(j,t) yields exactly the same
expression as equation (6).

We can make a slightly different thought experiment and look at the evolution of the price
pP(N; (t),t). This is the price for the good with least priority (i.e. the most luxurious good) that
consumer i purchases. Setting j = Nr(t) = N(t) in the above expression for zr(j,t) and j =
Np(t) = n-N(t) in the expression for zp(j, 1), taking logs and the derivative with respect to time
t yields (in each case)

pND,) )
—p(Ni(t)’t)—r(t) p—(@+o(l—y))

N(t)
Along a balanced growth path, the menu of consumed goods increases at the same rate as N (t) for
both types of consumers. This rate is constant and given by g. Furthermore, the price of the most
recently developed good N (t) has to stay constant over time, otherwise the resources devoted to

(© 2006 The Review of Economic Studies Limited
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FIGURE 2
Mark-up structure along the balanced growth path

R&D L would change (see the next subsection). Using p(N(t),t) = p(n- N(t),t) = 0 we can
solve the above equation for the interest rate

r)=p+9(y +a(l-7y)), (7

which, unsurprisingly, is also constant along the balanced growth path. Equation (7) in our model
is the equivalent to the familiar Euler equation in the standard growth model and is identical to
it in the absence of a consumption hierarchy y = 0. Note further that, in the special case where
o =0, the hierarchy parameter y tells us how an increase in the range of consumed goods affects
the utility flow, just like the elasticity of marginal utility in the standard model.

Reinserting the interest rate (7) into equation (6), we see that p(j,t)/p(j,t) = gy, hence
the price of a particular good increases at a constant rate. However, the price of a particular
relative position in the consumption hierarchy, j/N(t), is independent of t. In other words, the
distribution of prices stays constant along the balanced growth path.

The endogenous variables g, p(N(t), t), and p(Np(t), t) determine the distribution of prices.
For further use, it will be convenient to focus on the price of the most recently innovated product
and define p = p(N(t),t) = zr(N(t),t). Furthermore, it will be expedient to express the price
p(Np(t),t) in terms of the endogenous variables p and n. We know from Proposition 1 that the
firm supplying good Np is indifferent between selling to the whole customer base and selling
only to the rich, as Np satisfies the arbitrage condition zp(Np) — 1 = [zr(Np) — 1](1 — ). (For
simplicity, we omit time indices.) We know further from equation (3), that zr(Np) = n=7" zr(N).
Using this and the definition zr(N) = p, we can solve the arbitrage condition for the price of
good Np

P(Np(t),t) = zp(Np(t),t) = B+ (1 —B)n"" p.

In sum, the price of a new good starts out with price p, increases at rate gy, drops to
S+ (1 —p)n~7 p once firms find it optimal to attract the poor as customers as well, and then
increases at rate gy thereafter. Figure 2 depicts the equilibrium prices as a function of j/N.

Two comments on the evolution of prices are in order. First, the relative position of a particu-
lar good j in the hierarchy, j/N, decreases in the growth process. In this sense, a good that was
previously a luxury good, now becomes a necessity. This is reflected in increasing willingnesses
to pay and rising mark-ups (and rising prices because marginal costs are normalized to unity) for
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this product.® Second, the discontinuous evolution of prices with a discrete jump when the poor
start to purchase, is due to our assumption of two groups of consumers. With many groups, there
would be many small changes in prices in order to attract additional customers instead of one big
change.

6.3. Theinnovation process

Up to now we have taken a continuous introduction of new products (and corresponding increases
in productivity) for granted. We now look at the incentives to conduct R&D and introduce new
products.

We assume that there is free entry into the R&D sector, and the equilibrium is a situation of
zero profits in which the cost and the value of an innovation are exactly balanced. The cost of an
innovation is given by F/b whereas the value of an innovation remains to be determined. Note
first that innovation efforts will be targeted towards those goods for which consumers are willing
to pay most. Hence the innovation process will follow the consumption hierarchy.

To calculate the value of an innovation, we need to know the profit flow following the
introduction of a new product. A successful firm has initial demand 1 — £ up until the date when
prices are cut and also the poor are attracted as customers. From that date onwards, all consumers
purchase, and demand equals unity. Let A denote the time interval during which only the rich
purchase a new product. A must satisfy Np(t + A) = N(t). Along a balanced growth path, Np
grows at the constant rate g, and we can write Np(t)e9% = N(t). Taking logs and solving for A
yields

A =—In[Np(t)/N()]/g=—(Inn)/g.

Note that A > 0 because n < 1 holds. Obviously, the duration A during which an innovator sells
only to the rich is long if (i) the poor are very poor (meaning that the fraction of goods the poor
can afford n is small) and (ii) the growth rate g is low.

Recalling the evolution of prices and noting that we have normalized the marginal produc-
tion cost to unity, the profit flow equals (1 — 4)(pe9” S~V — 1) at dates s € [t,t + A) (when the
firm sells only to the rich) and equals [8 + (1 — g)n~” p]e¥’ ¢—1=4) _1 at dates s > t + A (when
all households purchase the good). The value of an innovation equals the value of this profit flow,
discounted at rate r. Calculating this value and setting it equal to the costs of an innovation yields
the zero-profit condition of the innovation sector

Foaop (P V) pars (L1
o= (g o) () ®

6.4. Solving for the equilibrium growth rate

We can now solve for the balanced growth equilibrium. We use Proposition 1 to rewrite the
budget constraints (2) of poor and rich consumers, respectively, as

1
1—y

V,
wlp+ (r —g)NLtP — [fn+(L—p)pnt~7]——, and

1—nt—7
1-y

V, 1
wlr+ ([ =@ =+ A= pHpn* I+ p

6. We do not allow for any changes in the market structure over the product cycle so that prices grow without
bound. An easy way to cope with this problem would be to introduce finite patent protection and marginal cost pricing
once patents have expired. As long as patents expire after the poor have started to purchase the product, the relationship
between inequality and growth will remain (qualitatively) unchanged.
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Dividing the former equation by the latter and making use of our assumption on the endowment
distribution Ip/Igr = Vip/Vir = 6p/0r =9 (1 — B) /(1 — 9 p) yields an equation that can be solved

for p A—9)p

p=g¢() = 1=p J—ni-
The intuition for the positive relationship between p and n is straightforward: For a given degree
of inequality (as represented by the exogenous parameters f and 1), a situation where the poor
want to purchase a larger range of the differentiated products (n is higher) goes hand in hand with
a situation where the rich are willing to pay a higher price for the most recent innovator’s product
(p is higher).

Equation (9) demonstrates how this restricts the relevant range of p and n. Note thatn <1
and p > 1. Equation (9) implies that p reaches infinity at n = 91/=7) < 1. Moreover, we see
that a critical value of n exists, call it m, such that ¢ (m) = 1. Hence the relevant ranges for the
endogenous variables p and nare p € [1, co) and n € [m, 91/1=1)),

To determine the growth rate, we are now left with two equations in the two unknowns g and
n. The first equation is (5). We obtain the second equation from rewriting the R&D equilibrium
condition (8) using equations (7) to replace r and (9) to replace p

F (1—ﬂ)(p(n)+ﬂnp/g+(y+a(1—y)) 1—,6’+ﬁnﬂ/9+(J'+o(1—~/))

b p+9o(l—y) p+9(y +o(l—7))
No closed-form solution for the equilibrium growth rate g, and the consumption share of the poor
n exists.

We now discuss the conditions under which a general equilibrium exists. We will concen-
trate in the present section on the case when the hierarchy parameter y is small, and therefore
regime IW can be ruled out. We will abandon this assumption in Section 7 and discuss the prop-
erties of the balanced growth equilibrium in regime IW.

. , with ¢’(n) > 0. ©)

(10)

Assumption: flat hierarchy y <o Fp/(cFp+Db).

We will show that the general equilibrium, with a “flat hierarchy”, is unique, and innovators
never have a waiting time. To characterize the general equilibrium, it is convenient to draw the
two conditions (10) and (5) in the (g, n) space. In Figure 3, we will refer to the former equation
as the ZP curve (“zero profit”) and to the latter equation as the RC curve (“resource constraint”).

Let us next consider the position and slope of the RC and ZP curves. Equation (5) is linear
in both g and n and implies a negative relationship between these two variables. More resources
for innovation and growth (a higher g) are only feasible in regime IS at the expense of lower
consumption by the poor (a lower n). The ZP curve is more complex. We show in Appendix A
that the ZP curve crosses the n-axis to the right of m, where m is given by ¢(m) = 1. When
g — oo the ZP curve becomes a vertical line at n — 9¥¥/@=7)_ This can be seen from (9) and
(10). For 0 < g < oo, the slope of the ZP curve is generally not clear a priori. However, when
the hierarchy is flat, y < o Fp/(c Fp +b), a larger g is always associated with an increase in
n, that is, the ZP curve is monotonically increasing (see Appendix A). The ambiguity in the
general case arises because the effect of g on the value of an innovation can be positive or
negative (whereas the effect of n is always positive). A higher g not only raises the interest
rate, but also increases mark-ups and flow profits as well. The former effect is the familiar
discounting effect, which decreases the value of an innovation. The latter effect arises due to
hierarchic preferences. It increases the value of an innovation and is the stronger the larger y
is.” When the hierarchy is sufficiently flat, the former effect dominates the latter, and the ZP

7. Recall from our previous discussion that prices increase at rate gy . Hence, with a higher g, mark-ups and profits
increase at a higher rate.
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FIGURE 3
Aggregate equilibrium. The ZP and the RC curve

curve is monotonically increasing. The intuition for the positive relation between g and n is then
straightforward: a larger n (which increases the value of an innovation) has to be offset by an
increase in g (which then decreases this value) to make sure that the zero-profit condition (10) is
satisfied.

We are now ready to state the following:

Proposition 3. Suppose the hierarchy isflat, y < ¢ Fp/(c Fp +b) and denote the hori-
zontal intercepts of the ZP and RC curve as n?’ = =11+ Fp/[(1 — f)b]) and nRC¢ =[1/b—
(1= A1/B. (@) 1f n?P < nRC a unique general equilibrium with a positive growth rate g > 0
exists. (b) If n?° > nRC, the unique equilibrium s stagnation g = 0.

Proof. See Appendix A. ||

6.5. The effect of inequality on growth

Having established conditions for existence and uniqueness of a general equilibrium, we now
turn to the question of our central interest: how does the extent of inequality affect long-run
growth? The following proposition gives an answer to this question.

Proposition 4. Suppose the hierarchy isflat, y < o Fp/(c Fp + b), and a unique equi-
librium with a positive growth rate exists. (a) An increase in relative incomes of the poor ¢
decreases the growth rate g and decreases the consumption share of the poor n. (b) An increase
in the group share of the poor £, holding p = ) constant, increases g and has an ambiguous
effect on n.

Proof. See Appendix B. ||

The proposition states that more income inequality increases innovation and growth. (Recall
that an increase in the distribution parameter ¢ implies less inequality, whereas an increase in
the population share of the poor $, holding 8p = ¢ constant, implies higher inequality.) The
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results of the above proposition can be checked graphically. Let us first look at what happens
when the parameter ¢ increases. Equation (5) shows that this increase does not affect the RC
curve. However, ¢ enters equation (10) via ¢(n), affecting the ZP curve. When 4} increases,
¢ (n) decreases, see equation (9). From inspection of (10) we see that, holding g constant, any
reduction in ¢(n) must be offset by a corresponding increase in n, otherwise (10) would be
violated. Hence the ZP curve must shift to the right. The new equilibrium has a lower growth
rate and a higher consumption share of the poor. Consider next the impact of an increase in the
parameter f. Provided ¢ remains constant, this increases relative incomes of the rich but leaves
the poor unaffected. Such a change affects both the RC curve and the ZP curve. From (5), any
increase in  must be offset by a corresponding increase in n. Hence the RC curve shifts to the
right. Moreover, the ZP curve shifts to the left. An increase in f decreases the R.H.S. of (10)
directly and increases it indirectly because ¢ (n) increases in 5. Appendix B shows that the direct
effect dominates. To offset this, n has to decrease.

The above proposition states that a higher income ratio of rich to poor (through a lower )
as well as a higher concentration of income among the rich (through a higher g) both increase
growth. What is the intuition behind these results? Let us first consider the impact of a higher
income ratio of rich to poor. The intuition is easiest to see from the resource constraint (5).
While the rich still consume all goods after the redistribution, the lower income of the poor
translates into lower consumption, that is, a lower fraction of affordable goods. In other words,
the rich cannot increase their consumption, so making them richer lets them spend more for the
same goods but does not require additional resources. The poor have a lower income and have
to decrease their consumption that releases resources that can be employed in the R&D sector,
which increases growth.

A different way to look at this result is by considering the impact of higher relative income of
rich to poor on the value of an innovation (the R.H.S. of the zero-profit condition (10)). A higher
relative income of rich to poor has two effects. The first effect is a price effect. The rich have a
higher willingness to pay, which increases the prices of new goods, whereas the poor have a lower
willingness to pay, which decreases the prices of old goods. In other words, a new innovator starts
out with higher prices (as long as the product is sold exclusively to the rich) and ends up with
lower prices (when the product has become a mass product sold to the whole population). This
shifts profits from the future towards the present which, due to discounting, raises the value of an
innovation. The second effect is a (dynamic) market-size effect, a slower transition from exclusive
markets to mass markets. However, this has only a second-order effect on profits because the
expansion of market size coincides with lower prices. (In fact, at the switching date, the firm is
indifferent between selling only to the rich and selling to the entire population.) Taken together,
the former price effect always dominates the market-size effect, so that a higher income ratio of
rich to poor unambiguously increases the rate of growth.

Let us next consider the effect of a larger population share of the poor on the growth rate.
This implies that incomes are more concentrated. (There are more poor with the same income and
fewer rich with a higher income.) To gain intuition let us again look at the resource constraint (5)
first. A higher income concentration means that fewer households consume all goods, and more
households consume only part of the goods. Provided the consumption level of the poor does not
increase (a reasonable benchmark since their endowment remains unchanged), less production
labour is needed to satisfy aggregate consumption demand. Resources are released for the R&D
sector, allowing higher growth.

Alternatively, let us look at the effect of a larger population share of the poor on the value of
an innovation. As long as the income of the poor remains unchanged, prices, market sizes, and
profits for mass consumption goods j € [0, Np] remain unchanged as well. However, exclusive
firms j € (Np, N] now make strictly higher profits than before. When incomes are concentrated
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among fewer rich, exclusive markets are smaller but generate higher prices. How does this trans-
late into profits? For exclusive goods very close to mass consumption (for j — Np) firms be-
come indifferent between selling to all and selling only to rich households. In other words, profits
approach the mass consumption profit for good Np and do not vary strongly with income con-
centration. Income concentration makes a difference for exclusive goods farther away from mass
consumption j >> Np, however. Along the hierarchy, prices and profits for exclusive goods fall
with j, but they fall less strongly with a higher concentration of income. In other words, the most
recent innovator makes higher initial profits when entering the market, whereas profits become
increasingly independent of income concentration at later stages of the life cycle.

6.6. Redistribution and welfare

With more inequality fostering innovation and growth, it is interesting to ask whether there is
a Pareto-improving redistribution such that the poor might even gain from a regressive transfer.
Surprisingly, the answer is yes.

The welfare analysis turns out to be quite simple. Because there is only one state variable,
N (t), and because the technology is linear in N (t), the economy jumps immediately into the new
steady state after an exogenous shock. We continue to focus on regime IS below and consider the
impact of higher inequality due to a reduction in «J on welfare. We know from Proposition 4 above
that such a change increases the growth rate. Immediately after the redistribution, the rich group
enjoys the same consumption flow, but this flow grows at a higher rate. Hence, unsurprisingly,
the welfare level of the rich is higher.

How is the welfare level of the poor affected? Obviously, there are two effects. The static
effect reduces welfare. The lower income forces the poor to consume less. The dynamic effect
increases welfare as the consumption flow grows at a larger rate. Let us calculate the utility level
of the poor. As n and g are constant in steady state, the welfare level of a poor agent can be
calculated using (1)

N(T)l—y]l—” n(-7)1-0)
p—9(l—y)1-0)

(The formula of a rich agent takes the same form with n = 1.) To answer our question take the
derivative of Up(7) with respect to the relative income of the poor

dUp (1) _ o —oa—y)—y [, _ P n dn
G =et s )

where B is a positive constant. Note that we used the resource constraint (5) to calculate dg/dn =
—bps/F. We know from Proposition 4 that the share of goods consumed by the poor increases
with their income, dn/d«¢ > 0. Hence, the poor gain from a regressive transfer when the term in
brackets in (11) is negative. If the income of the poor is low (n close to 0), the poor will always
suffer from a decrease in 9. However, when the poor are relatively wealthy (n is close to unity),
a Pareto-improving transfer may exist.

ocey— L
P(T)_l—a[ 1—y

8. More precisely, we must have indifference of firms between exclusive and mass markets for the critical good Np,
thatis, (1—)[zr(Np) —1] = zp(Np) — 1. From Section 6.2 we know that zr (j) = zr (Np) - (j /Np) ™7 . Hence profits for
exclusive goods j € (Np, N] can be written as (1 — )[zr(j) —1] = [zp(Np) —11(j/Np) =7 + (1 = )[(j/Np) ™7 —1].
Assume (as in the text) that zp (Np) is unaffected by the change in $. The latter expression shows that for exclusive goods
(j > Np) profits increase in 8, and the rise in profits is bigger the higher j is.
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Proposition 5. A Pareto-improving transfer may existif pF <bg+(1—-b)(1—y)(1—0).

Proof. For perfect equality, ¥ — 1, n approaches 1 and the growth rate equals g = (1 —b)
/F using the resource constraint (5). Inserting these values into (11) gives us the condition stated
in the proposition. ||

When 9 decreases, the poor lose today but gain through higher growth rates in the future.
Such an outcome is more likely if households are patient, that is, p is low, so that the dynamic
gains dominate the static losses. Note also that a larger group share of the poor g makes the
condition in Proposition 6 easier to hold. With £ large, a decrease in n releases more resources
for the research sector, hence the growth rate increases more strongly.

The reason for this striking result lies in the fact that the rich make the new innovations
possible by paying the high prices of the innovative goods. This increases profits and triggers
entry in the research sector. While the poor suffer today, the increase in growth may be large
enough to outweigh the present loss in consumption.

7. BALANCED GROWTH: REGIME IW

We abandon the flat-hierarchy assumption in this section and explore the case where the hierarchy
is steep, so that the hierarchy parameter y > o Fp/(c Fp + b). The nature of the general equi-
librium may change in such a situation. In particular, the ZP curve may become non-monotonic,
giving rise to multiple equilibria, and the regime IW—uwhere innovators have to wait until their
new good is demanded—may become an equilibrium. (In such an equilibrium, innovators anti-
cipate that there will be demand in the future and discount the resulting profit flow. By incurring
research effort early, they pre-empt potential competitors and conquer a monopoly position on a
new market.)

Let us consider the equilibrium in regime IW where new firms have a waiting time until
the new product is demanded in positive amounts. In regime W, conditions (5), (9), and (10)
change to

1=gF +bn[(1-A)/m+4l, (12)
1-9 1—mi-7
A=) pm+L—pym—" (13)
and
E_ _ r/ |: 1 _li| Er/g
p = A=ppmO) | = (m) , (14)

wherer = p+9(y +0(1—1y)) by equation (7). These are three equations in the three unknowns
g, m, and n. Here m = Np(t)/Ng(t) denotes the relative consumption levels between poor and
rich consumers. Note that m is determined directly from equation (13) and depends only on the
hierarchy parameter y and the distribution parameters g and . It does not depend on technolog-
ical factors and is independent of the growth rate.? This allows us to characterize the equilibrium
graphically using equations (12) and (14).

9. Note that we have already calculated m in our discussion of equation (9) above. There we have defined m as
the limit case in regime IS, such that ¢ (m) = 1. In other words, we are at the limit n = m = Np/Nr when the rich are
willing to pay exactly the marginal production cost and in regime IW the willingness to pay is even lower. In regime IW,
m is constant, whereas n falls short of m. Hence, a smooth transition between regimes IS and IW exists.
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Steep hierarchy and multiple equilibria

Panel (a) of Figure 4 depicts an equilibrium in regime IW with steep hierarchy. In that
case the ZP curve bends backwards. The slope is negative when g is low and becomes posi-
tive for higher values of g such that the ZP curve bends back in regime IS. Again, once n —
91/A=7) > m the ZP curve becomes a vertical line. A positive growth equilibrium in regime
IW is more likely when F is very small, so the ZP curve is satisfied for low values of n.
In that case, the (low) costs of innovation activities pay off even when the rich consumers’
willingness to pay is initially low, and innovators earn positive profits only in the future. This
is intuitive, in such a case innovators are willing to incur research costs even if they have
to wait.

Panel (b) of Figure 4 shows a situation where there are multiple equilibria. There is a stag-
nation equilibrium at n = nRC, and two growth equilibria, drawn in regime IW.1% The reason why
multiple equilibria occur lies in a strong demand effect when hierarchy is steep. An innovating
firm’s demand depends on the economy-wide growth rate. If innovators expect high growth, they

10. The way panel (b) in Figure 4 is drawn is exemplary. By means of simulations, it turns out that the bad equilib-
rium is always stagnation, whereas positive growth equilibria may be either both in regime IW, both in regime 1S, or one
(with the lower growth rate) in IS and the other (with the higher growth rate) in IW.
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anticipate that their market will quickly develop into a mass market, with fast-growing prices
and profits. Hence optimistic growth expectations support an equilibrium with a high incentive
to innovate. If innovators expect low growth, profit expectations and the resulting incentive to in-
novate are correspondingly low. Hence pessimistic expectations sustain a low level of innovative
activities and vice versa.

The presence of steep hierarchy leaves the impact of income inequality on growth qualita-
tively unchanged for most cases. The situation is similar, though slightly more complicated than
in regime IS. More inequality does not necessarily imply that fewer resources are needed to sat-
isfy aggregate consumption demand. While the poor consume fewer, the rich now consume more
goods. Graphically, an increase in the relative income of the poor ¢ shifts the ZP curve to the
right, but the RC curve is also affected (in regime IW an increase in ¢ raises m and shifts the RC
curve to the right). However, simulations render the result that the overall change is a reduced
growth rate when ¢ increases or S decreases.

Proposition 6. Assume the hierarchy is steep, y > o Fp/(c Fp + b), and a unique equi-
librium with a positive growth rate exists. (a) An increase in relative incomes of the poor
decreases the growth rate g, decreases the consumption share of the poor n, and increases the
consumption share of the rich n/m. (b) An increase in the group share of the poor f, holding
Op =1 constant, increases the consumption share of the rich n/m, decreases the growth rate g,
and has an ambiguous effect on n.

The intuition why higher inequality also tends to increase growth in regime IW is similar
to that for regime IS. Higher inequality through a higher income ratio of rich to poor increases
the value of an innovation because positive profits accrue earlier in the product cycle (the waiting
time for the wealthier rich is shorter) whereas the transition to a mass market occurs later. The
former effect is first order whereas the latter effect is second order, so the result is higher growth.
A larger population share of the rich also leads to an increase in the value of an innovation. There
are fewer rich who start to purchase new goods earlier and who pay higher prices for exclusive
goods. The resulting increase in the value of an innovation stimulates innovative activities and
long-run growth. It is worth noting, however, that the growth-enhancing effect of inequality is
less strong in regime IW than in regime IS. In the latter, an increase in inequality did not have
an impact on consumption by the rich (they were consuming all goods anyway). In regime 1W,
however, the consumption of the rich increases requiring resources and dampening the positive
growth effect of higher inequality.

It is also interesting to study welfare consequences of redistributing income from the poor
to the rich. Since growth increases as a result of higher inequality, the rich gain from such a
redistribution. It can be shown that there are parameter constellations where also the poor gain.
In other words, a Pareto-improving redistribution is also possible in regime IW though less likely
(i.e. the parameter space when this occurs is smaller). The reason is that growth effects are weaker
because, and unlike in regime IS, the rich will increase the number of goods they consume.
Therefore, fewer resources are shifted from production to the R&D sector.

8. DISCUSSION

We have presented an endogenous growth model where consumers have non-homothetic
preferences and where the distribution of income plays a central role for innovation and growth.
We have shown that when price effects dominate market-size effects, higher inequality is favour-
able for growth. Our model is based on simplifying assumptions, both on the form of preferences
and on the distribution of income. So let us briefly discuss the importance of these assumptions.
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We have made two important assumptions on preferences. First, we have assumed a con-
sumption hierarchy, which weights subutilities with a power function. The power form of the
weighting function i ~7 is essential for balanced growth. It implies that demand functions and
monopoly prices only depend on the position of good j relative to the total number of available
goods N(t) (rather than its absolute position) in the hierarchy. As a result, the maximized static
utilities can be expressed as a function of the flow of total consumption expenditures, the function
taking the constant-elasticity form with parameter y . In other words, in inter-temporal problems
with a continuum of indivisible goods, assuming additive separability and weighting by a power
function is the analogue of a constant relative risk aversion-felicity function in the one-sector
growth model. Second, we have assumed goods are indivisible. Giving up the indivisibility as-
sumption potentially changes the nature of the inequality—growth relationship. More precisely,
the way in which continuous consumption affects this relationship will depend on the functional
form of the v (-)-function. For instance, to attain a situation where poor consumers cannot afford
certain goods, non-negativity constraints have to bind. (This requires a subutility function with
the property »’(0) < co.) Furthermore, the functional form of the subutility v (-) determines the
shape of individual demand functions. If these demand functions are non-linear in income, there
are additional distributional effects, which do not show up under indivisibility. While allowing
for continuous consumption is beyond the scope of this paper, it may be an interesting direction
for future research.

Concerning the distribution of income and wealth we have confined our analysis to a two-
class society. With two classes, the basic mechanisms can be made precise while keeping the
analysis simple and tractable. An open question is whether our results carry over to more gen-
eral distributions of income and wealth. Suppose there are three income classes, and consider a
redistribution from the middle class to the rich. In the new equilibrium, the rich still consume all
goods whereas middle-class households now consume less. This saves resources, which can be
employed in R&D to increase growth. More generally, as long as more inequality is the outcome
of transfers towards the richest households, our basic result remains valid. When more inequality
results from a higher income of the middle class at the expense of the poor, there is no direct
effect on the demand for production labour as the increase in consumption of the middle class
is offset by a reduction in consumption of the poor. However, the increased consumption of the
middle class tends to shift innovators’ profits towards the present, increasing the value of an
innovation and enhancing growth.

A further important assumption of our analysis is that consumers can only purchase dif-
ferentiated products supplied by monopolistic firms while no appropriate substitutes for these
goods exist. Introducing a non-innovative sector that supplies such substitutable goods is
potentially important because it limits the innovative firms’ scope for price setting.!! In that case,
redistributing income from poor to rich households stimulates demand in the non-innovative sec-
tors. Rather than paying higher prices for the same innovative goods, the rich purchase more
non-innovative goods and thus utilize more resources, which otherwise were employed in R&D.
With sufficient substitutability, price effects could become too weak to stimulate innovation and
growth.

11. The working paper version of this paper, Foellmi and Zweimuller (2004), works out the case of intermediate
substitutability when consumers have Cobb-Douglas preferences over the composite of the differentiated goods and a
perfectly divisible non-innovative good. In an equilibrium, where the rich purchase all differentiated products while the
poor can only afford part of them, an increase in the relative income of rich to poor is still growth enhancing. However,
increases in income concentration (by increasing the population share of the poor) do not necessarily enhance growth.
The reason is that price effects are weaker as consumers increasingly purchase non-innovative goods when the innovative
products become too expensive. Price effects may thus be too weak to outweigh market-size effects.
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APPENDIX A

Proof of Proposition3.  We have to establish the slope and horizontal intercept of the ZP curve. In integral notation,
we can rewrite the value of an innovation B, that is, the R.H.S. of equation (10), as

t+A
B(g.n) = / A=) (p(e? &Y _ 1)e~r ~Vgs
t
+f i({ﬂ+(1—ﬂ)n‘yw<n)]e97<s“—A> —1)e Vs,

We first calculate the horizontal intercept of the ZP curve, nZP. We note that g — 0 implies an infinitely long waiting
time A — oo. Evaluating B(g,n) at g = 0, setting the resulting expression equal to the costs of innovation F/b, and
solving for ¢ (nZP) yields

Fp
1-p)b

Since ¢ (n) increases in n, we also note that nZ° > m=p=1(1).

To calculate the slope of the ZP curve, it suffices to check the signs of the partial derivatives of B(g,n) with
respect to the endogenous variables g and n. We see that 0B/on > 0. The derivative with respect to g, noting that
IMR(N(t+ A)) = It (N(t + A)), is given by

> 1.

p(n?P) =1+

5 t+A
e / A=l A=)+ = o L= pme Dl 6D s yds
g Jt

+ / T e @oy) 1) —o =) B+ A= p(n)ed? G- De D (s _tyds.
t+A

We first state a sufficient condition for the second integral above to be negative. If y < o Fp/(c Fp + b), the following
holds n™7 p(n) > ¢(n) = p(n*") = 14 Fp/[(1=p)b] = L+ /[0 (L~ y)(1— )] where p(n) = p(n“") is true when
the curve has a positive slope. The condition on ¢(n) implies that the term in brackets of the second integral is non-
positive. The same condition also implies the first integral to be negative: we directly see that e (1 —y)+y —a(1—7y)
(e =Y < 0if p(n) = 14y /[o (1L — y)], which is a weaker condition. ||

APPENDIX B

Proof of Proposition4. It suffices to ask how the equilibrium curves defined by (5) and (10) are affected. From the
static equilibrium condition (9) we see that 0¢p /00 < 0and d0¢/6p > 0. Arise in & does not affect the RC curve, since this
parameter does not appear. A rise in S, however, implies that fewer resources are needed, the RC curve shifts up. To dis-
cuss the shifts of the ZP curve, note that ITiot(j) = [An” + (1 —B)e(M](j/N)T7 —1,and IIR(j) = [p(n)(j/N)77 —1]
A=p)=em)(Q—A)(j/N)"7 + B. Using the formula for ¢ (n) from equation (9) we get the expression ¢(n)(1—f) =
B(L—0)n/(O —nl=7). Hence, ¢(n)(1— B) falls in 6 and increases in 4. With n fixed, we directly attain the result that
ollot(j)/06 < 0, 9IIR(j)/00 < 0 and olltot(])/08 > 0, olltot(j)/0f > 0. Consequently, the ZP curve shifts to the
right when @ increases, and it shifts to the left when g increases. ||
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