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In this paper, we construct global action-angle variables for the periodic Toda lattice.
1 Introduction
Consider the Toda lattice with period N (N > 2),

Gn =0p,H, DPn=—0q,H

for n € Z, where the (real) coordinates (gn, pPnlncz satisfy (gn+n, Pn+n) = (Gn, pn) for any

n € 7 and the Hamiltonian Hryg, is given by

N =~

Hroga =

N N
dphtaty erin, 1)
n=1 n=1

where « is a positive parameter, « > 0. For the standard Toda lattice, « = 1. The Toda
lattice was introduced by Toda [18] and studied extensively in the sequel. It is an impor-
tant model for an integrable system of N particles in one space dimension with nearest
neighbor interaction and belongs to the family of lattices introduced and numerically in-

vestigated by Fermi, Pasta, and Ulam in their seminal paper [3]. To prove the integrability
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2 A. Henrici and T. Kappeler

of the Toda lattice, Flaschka introduced in [4] the (noncanonical) coordinates
b,:=—p,eR, ay:= aez'®—ann) ¢ R.o (neZ).

These coordinates describe the motion of the Toda lattice relative to the center of mass.
Note that the total momentum is conserved by the Toda flow, hence any trajectory of the
center of mass is a straight line.

In these coordinates, the Hamiltonian Hr,g, takes the simple form

1 N N
_ - 2 2
He Y R4y al
n=1 n=1
and the equations of motion are
b =an —an, (n ez @)
an = %an(anrl - bn)

Note that (b, y, @nin) = (by, ay) for any n € Z, and I—[L1 a, = oV, Hence we can identify
the sequences (by)ncz and (an)nez with the vectors (by)1<n<y € RY and (ay)1<n<y € Ri"o. Our

aim is to study the normal form of the system of equations (2) on the phase space
M:=RY xRY,.

This system is Hamiltonian with respect to the nonstandard Poisson structure J = Jp 4,

defined at a point (b, a) = ((by, @n)1<n<n by

J:< 0 A), (3)
—-tAO0

where A is the b-independent N x N-matrix

a 0 ... 0 —ay
—a; Qs 0 .. 0
1 . .
A= 5 0 —ajs as . . . (4)
0

0 ... 0 —ay-1 ay
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The Poisson bracket corresponding to equation (3) is then given by

{F,G};b,a) = ((VoF, V. F), J(VyG,V,G))pen
= (VpF, AV,G)gy — (Vo F, A* V,G)gr, (5)

where F,G € C'(M) and where V, and V, denote the gradients with respect to the N-
vectors b= (by,...,by) and a = (a,,...,ay), respectively. Therefore, equations (2) can al-

ternatively be written as b, = {b,, H};, @n = {an, H}; (1 < n < N). Further note that

a a
{bn,an}s = 711/' {bnt1.an}y = _TH' (6)

while {b,, ar}; = 0 for any n, k with n ¢ {k, k + 1}.
Since the matrix A defined by equation (4) has rank N — 1, the Poisson structure

J is degenerate. It admits the two Casimir functions

1 & N\
Cy = —Nan and C,:= <,[[1 an> (7)

n=1

whose gradients V,,C; =(V,C;, V,C;) (i = 1,2), given by

1
VCi =_ﬁ(1""’1)’ VaC1 =0, (8)
C, (1 1
VpC2 =0, VaCo=—\—/--..— ), (9)
N ai ay

are linearly independent at each point (b, a) of M. (A smooth function C : M — R is a
Casimir function for J if {C,-}; = 0.)

The main result of this paper is the following one.

Theorem 1.1. The periodic Toda lattice admits globally defined action-angle variables.

More precisely,

(i) There exist real analytic functions (I,);<n<y—1 on M which are pairwise in
involution and which Poisson commute with the Toda Hamiltonian H and the

two Casimir functions C;, C3,i.e. foranyl <m,n<N-1,i=1,2,
{ImIn}; =0 onM

and

{H,I,};=0 and {C; I,};=0 onM.
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(ii) For any 1 <n < N — 1, there exist a real analytic submanifold D, of codi-
mension 2 and a function 8, : M\ D, — R, defined mod 27 and real analytic
when considered mod 7, so that on M\ Uif;f Dy, (0n)1<n<n-1 and (In)1<n<n-1

are conjugate variables. More precisely, foranyl <m,n<N-1,i=1,2
{Im,6n}s =68mn and {C;,6,};=0 onM\ D,
and

{0m,60,}; =0 on M\ (Dy, UDy).
U

Let Mg 1= {(b,a) € R2?Y : (Cy,C5) = (8, )} denote the level set of (Cy, Cy) for (8, ) €
R x R.o. Note that (—B81y,aly) € Mg,, where 1y = (1,...,1) € RY. As the gradients V,,C;
and V;,C, are linearly independent everywhere on M, the sets Mg, are (real analytic)
submanifolds of M of codimension 2. Furthermore, the Poisson structure J, restricted
to Mg, becomes nondegenerate everywhere on Mg, and therefore induces a symplectic
structure vg, on Mg,. In this way, we obtain a symplectic foliation of M with Mg, being

the symplectic leaves.

Corollary 1.2. On each symplectic leaf Mg, the action variables (I,,);<,<y-1 are a max-

imal set of functionally independent integrals in involution of the periodic Toda lattic&]

In subsequent work [9], we will use Theorem 1.1 to construct global Birkhoff
coordinates for the periodic Toda lattice. More precisely, we introduce the model space
P:=R>W-1 xR x R.g endowed with the degenerate Poisson structure J, whose sym-
plectic leaves are R?¥-1 x {8} x {«}, endowed with the standard Poisson structure, and

prove the following theorem.

Theorem 1.3. There exists a real analytic, canonical diffeomorphism

Q: (M, J) — (P, J)

(b,a) = (%0, ¥o)1<n<n—1,C1,C2)

such that the coordinates (%, ¥n)i<n<n-1,C1,C2 are global Birkhoff coordinates for
the periodic Toda lattice, i.e. (X,, ¥n)i<n<n—1 are canonical coordinates, C;,C, are the
Casimirs, and the transformed Toda Hamiltonian H = H o Q! is a function of the ac-

tions (I)1<n<ny—1 and Cy, C; alone. O
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In [10], we used Theorem 1.3 to obtain a KAM theorem for Hamiltonian perturba-
tions of the periodic Toda lattice.

Related work. Theorem 1.1 and Theorem 1.3 improve on earlier work on the nor-
mal form of the periodic Toda lattice in [1, 2]. In particular, we construct global Birkhoff
coordinates on all of M instead of a single symplectic leaf and show that techniques
recently developed for treating the KdV equation (cf. [11, 12]) and the defocusing NLS
equation (cf. [8, 15]) can also be applied for the Toda lattice.

Outline of the paper. In Section 2, we review the Lax pair of the periodic Toda
lattice and collect some auxiliary results on the spectrum of the Jacobi matrix L(b, a) as-
sociated to an element (b, a) € M. In Section 3, we study the action variables (I;)1<n<n—1,
and in Section 4 we define the angle variables (6,)1<p<y—1 on M\ U_, D, using holo-
morphic differentials defined on the hyperelliptic Riemann surface associated to the
spectrum of L(b, a). In Sections 5 and 6, we establish formulas of the gradients of the ac-
tions and angles in terms of products of fundamental solutions and prove orthogonality
relations between such products which are then used in Section 7 to show that (I,)1<n<y-1

and (6,)1<n<y—1 are canonical variables and to prove Theorem 1.1 and Corollary 1.2.

2 Preliminaries

It is well known (cf. [18]) that the system (2) admits a Lax pair formulation L = ¢ = [B, L],

where L = L (b, a) is the periodic Jacobi matrix defined by

b a O ... tap
a; b, as
L*ba):=| o0 g, b - o |, (10)
an-—1
tay ... 0 any_1 by

and B the skew-symmetric matrix

0 a; 0 —ay

—a 0 as

B = 0 _az 0
an-1
ay e 0 —an-1 0

Hence the flow of L. = [B, L] is isospectral.
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Proposition 2.1. For a solution (b(t), a(t)) of the periodic Toda lattice (2), the eigenvalues

(k}’)lgjgv of L(b(t), a(t)) are conserved quantities. O

Let us now collect a few results from [16] and [18] of the spectral theory of Jacobi

matrices needed in the sequel. Denote by M® the complexification of the phase space M,
ME ={(b,a)eC* :Rea;>0 V1< j<N)}
For (b, a) € M€, we consider for any complex number % the difference equation
(RpaY)(k) = Aylk) (k€ Z), (11)
where y(-) = ylk)xcz € C” and Ry, is the difference operator
Rpq = ax_1S " + bpS® + a; S! (12)
with S denoting the shift operator of order m € Z, that is,

(S"yik) = ylk +m) for keZ.

Fundamental solutions. The two fundamental solutions yi(-,A) and y»(-,A) of
equation (11) are defined by the standard initial conditions y;(0,A) =1, »1(1,1) = 0, and
y2(0,1) =0, y2(1, 1) = 1. They satisfy the Wronskian identity

Wn) = yi(n, Vppn+ 1,4 — pin+ 1, W ppin, ) = Z—N (13)

n

Note that for n = N one gets
W(N) = 1. (14)

For each k €N, y(k,A,b,a), i =1,2, is a polynomial in A of degree at most k — 1 and
depends real analytically on (b, a) (see [16]). In particular, one easily verifies that y,(N +
1,1, b,a) is a polynomial in A of degree N with leading coefficient o= V.

Wronskian. More generally, one defines for any two sequences (v(n))nez and

(w(n))pez the Wronskian sequence (W(n)) _, = (W, w)(n)) _, by

nezZ nez

Wn) = vin)wn + 1) — vin + Nw(n).

Let us recall the following properties of the Wronskian, which can be easily verified.
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Lemma 2.2.

(i) If y and z are solutions of equation (11) for A = A; and A = A,, respectively,

then W = Wly, z) satisfies for any k € Z
arW(k) = ag_1 Wk — 1) + (A2 — A1) ylk)z(k). (15)

(ii) If y(-,2) is a one-parameter family of solutions of equation (11) which is
continuously differentiable with respect to the parameter A and ylk,)) :=
%y(k, A), then W = Wly, y) satisfies for any k € Z

arW(k) = ar_ Wk — 1) + ylk, )2 (16)
O

Discriminant. We denote by A(A) = A(A, b, a) the discriminant of equation (11),
defined by

A = ni(N,A) + ya(N + 1, A). (17)

In the sequel, we will often write A; for A(A). Note that y»(N + 1, 1) is a polynomial in A

of degree N with leading term oY A", whereas y; (N, A) is a polynomial in A of degree less

than N, hence A(}, b, a) is a polynomial in A of degree N with leading term o=¥AY, and it
depends real analytically on (b, a) (see e.g. [18]). According to Floquet's Theorem (see e.g.
[17]), for A € C given, equation (11) admits a periodic or antiperiodic solution of period
N if the discriminant A()) satisfies A(A) = +2 or A(A) = —2, respectively. (These solutions
correspond to eigenvectors of L* or L, respectively, with L* defined by equation (10).) It
turns out to be more convenient to combine these two cases by considering the periodic

Jacobi matrix Q = Q(b, a) of size 2N defined by

by a; o (0 ... 0 ay
ai by . N O 0
an-1
0— ay—-1 by lay ... 0
0 ay |bi  a
0o ... 0 |a; b,
an-1
ay ... 0 0 |0 . ay1 by
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(a) N =4 (b) N=5

Fig. 1. Examples of the discriminant A(%).

Then the spectrum of the matrix Q is the union of the spectra of the matrices Lt and L™
and therefore the zero set of the polynomial A? — 4. The function A? — 4 is a polynomial

in A of degree 2N and admits a product representation

2N
A —a=a ] =2, (18)
j=1

The factor «~2" in equation (18) comes from the above-mentioned fact that the leading
term of A(A) is a VAV,

For any (b, a) € M, the matrix Q is symmetric and hence the eigenvalues (1;),<j<on
of Q are real. When listed in increasing order and with their algebraic multiplicities, they

satisfy the following relations (cf. [16]):
AM <Az A3 <Ag < A5 <---Aon-2 < Agn-1 < A2p.

As explained above, the A; are periodic or antiperiodic eigenvalues of L and thus eigen-
values of L™ or L~ according to whether A(L) = 2 or A(A) = —2. One has (cf. [16])

AR) =DV -2, Algn) = Alhon) = (D)"Y .2, Alkgy) = 2. (19)

See Fig. 1 for an illustration in the cases N =4 and N = 5.

_d
— dxr

N — 1, and it admits a product representation of the form

Since A, is a polynomial of degree N, A, = A(}) A(A) is a polynomial of degree

N—-1
A, = Na™V ]_[(,\ — ). (20)
k=1
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The zeroes (A,)1<n<y_1 Of A, satisfy Ayp < Ap < Agny1 forany 1 <n < N — 1. The intervals
(Aon, Aany1) are referred to as the nth spectral gap and yy, := A2, y1 — A2 as the nth gap
length. Note that |A(A)| > 2 on the spectral gaps. We say that the nth gap is open if y, > 0
and collapsed otherwise. The set of elements (b, a) € M for which the nth gap is collapsed
is denoted by D,,,

D, :={(b,a) e M : y, =0}. (21)

By writing the condition y, =0 as y2 =0 and exploiting the fact that y? (unlike y;,)
is a real analytic function on M, it can be shown as in [12] that D, is a real analytic
submanifold of M of codimension 2.

Isolating neighborhoods. Let (b, a) € M be given. The strict inequality Az,—1 < A2p
guarantees the existence of a family of mutually disjoint open subsets (Uy)1<n<n-1 0f C,
so that for any 1 <n < N —1, U, is a neighborhood of the closed interval [Azy, Aopt1].
Such a family of neighborhoods is referred to as a family of isolating neighborhoods (for
(b, a)).

In the case where (b, a) € M®, we list the eigenvalues (A});<;<2y in lexicographic
ordering A; < Ay < A3 < --- < Agy.

The lexicographic ordering a < b for complex numbers a and b is defined by

Rea <Reb
a<b = or (22)

Rea =RebandIma <Imb.
We then extend the gap lengths y, to all of M® by
Yni=Aamy1 —Azn (1<n<N-1)
and define
DS :={(b,a) e W: y, = 0}. (23)
In the sequel, we will omit the superscript and always write D,, for DE.
Similarly, we do this for the zeroes (i,;)<n<ny_1 of A;. The A;'s and 4;'s no longer

depend continuously on (b, a) € M®. However, if we choose a small enough complex neigh-
borhood W of M in MC, then for any (b, a) € W, the closed intervals G, CC(l1 <n < N —1)
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defined by

Gn = {(1 - t)an + t)»2n+l :0<t= 1} (24)

are pairwise disjoint, and hence, as in the real case, there exists a family of isolating

neighborhoods (Up)1<n<y-1-

Lemma 2.3. There exists a neighborhood W of M in M® such that for any (b,a) e W,

there are neighborhoods U,, of G, in C (1 < n < N — 1) which are pairwise disjoint. [

Remark 2.4. In the sequel, we will have to shrink the complex neighborhood W several

times, but continue to denote it by the same letter. O

Contours I'y,. For any (b,a) € Wand any 1 <n < N — 1, we denote by I';, a circuit
in U,, around G, with counterclockwise orientation.

Isospectral set. For (b,a) € M, the set Iso(b, a) of all elements (b’,a’) € M so that
Q(b',a’) has the same spectrum as Q(b,a) is described with the help of the Dirichlet

eigenvalues u; < g < -+ < uy—1 of equation (11) defined by

(N +1,u,) =0. (25)

They coincide with the eigenvalues of the (N — 1) x (N — 1)-matrix L, = L,(b, a) given by

b, a, O 0
asz
o . . . 0
an—1
0O ... 0 ay.1 by
In the sequel, we will also refer to u;,...,uny—1 as the Dirichlet eigenvalues of L(b, a).

Evaluating the Wronskian identity (13) at A = i, one sees that u, lies in the closure of
the nth spectral gap. More precisely, substituting y;(V + 1, uy,) = O in identity (13) with
A = up yields

NN, wn) (N + 1, up) = 1. (26)
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Hence the value of the discriminant at u, is given by

1
Alun) = N+ 1, up) + ———— (27)
Un V2 Un YZ(N+ 1, 1)
and |A(u,)| > 2. By Lemma 2.6, given the point (b,a) withb; =...=by =anda; =... =

ay = «, one has Ay, = Azpe; and hence w, = Ay, for any 1 <n < N — 1. It then follows
from a straightforward deformation argument that Ay, < u, < Azp41 everywhere in the
real space M.

Conversely, according to van Moerbeke [16], given any (real) Jacobi matrix Q with
spectrum A < Ay <Az <Ag < As < ---Agn—2 < Aay—1 < Azy and any sequence (pn)1<n<n—1
with Aop < un < Aopy1forn=1,..., N — 1, there are exactly 2" N-periodic Jacobi matrices
Q with spectrum (A,);<n<2oy and Dirichlet spectrum (un)1<n<ny—1, Wwhere r is the number
of n's with Ayp, < n < Aopys.

In the case where (b, a) € M®, we continue to define the Dirichlet eigenvalues
(Un)1<n<n-1 by equation (25), and we list them in lexicographic ordering pu; < pz < -+ <
un—1. Then the ;s no longer depend continuously on (b, a) € M®. However, if we choose
the complex neighborhood W of M in M® of Lemma 2.3 small enough, then for any
(b,a)e W and 1 <n <N -1, u, is contained in the neighborhood U, of G, (but not
necessarily in G, itself).

Riemann surface X ,. Denote by X, the Riemann surface obtained as the com-

pactification of the affine curve C;, defined by
{(n,2) € C?: 2% = A%\, b, a) — 4}. (28)

Note that C,, and Xp, are spectral invariants. (Strictly speaking, ¥, is a Riemann
surface only if the spectrum of Q(b, a) is simple—see e.g. Appendix A in [17] for details
in this case. If the spectrum of Q(b, a) is not simple, X(b, a) becomes a Riemann surface
after doubling the multiple eigenvalues—see e.g. Section 2 of [13].)

Dirichlet divisors. To the Dirichlet eigenvalue uy, (1 < n < N — 1) we associate the

point u} on the surface Xpq,
wh = (n,J A2 —4) with JAZ —4:= y(N, up) — (N + 1, n), (29)
where we used that, in view of equation (26) and the Wronskian identiy 14,

A2 — 4= (N, mn) = y(N + 1, 1n))®.
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Standard root. The standard root or s-root for short, v/1 — A2, is defined for
A e C\[-1,1] by

V1=22:=iry1—2r"2. (30)

More generally, we define for . € C\ {ta + (1 —t)b|0 <t < 1} the s-root of a radicand of
the form (b — A)(A — a) with a < b,a # b by

Sb— 200 —a) = gm —w?, (31)

I”T“, and w := );;é
Canonical sheet and canonical root. For (b,a) € M, the canonical sheet of X;,
is given by the set of points (A,,/A% —4) in Cp,, where the c-root A% — 4 is defined

on C\ U;VZO(AZn,AZnH) (where Ag := —o0 and Ayy,1 := o0) and determined by the sign

wherey :=b—a, 1 :=

condition

—i\JAZ —4>0 for Amy_1 <A <X (32)

As a consequence, one has forany1 <n < N

sign \JAZ . —4= (=DM for Ay <A < Aopir- (33)

The definition of the canonical sheet and the c-root can be extended to the neighborhood
W of M in M of Lemma 2.3.

The s-root and the c-root will be used together in the following way: By the
product representations (20) and (18) of A; and A? — 4, respectively, one sees that for any
(b,a) in W\ D, withl <n<N-1,

A, N — ip)
= xn(A) YA eTy, (34)
Jaz—a Vlan = W0~z
where
—1 N+n—-1 A — )\
Ynlh) = D ]_[ : (35)

=2 how — m;én \/()\ Azmt1) (A — Agm)
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Note that the principal branches of the square roots in equation (35) are well defined for
A near G, and that the function y, is analytic and nonvanishing on U,. In addition, for
(b, a) real, x, is non-negative on the interval (Ao, Aoy 1)

Abelian differentials. Let (b,a) e Mand 1 < n < N — 1. Then there exists a unique
polynomial v, (1) of degree at most N — 2 such that forany 1 <k < N —1,

Lf Vo) g5 = s (36)
2

o JAZ 4

Here, for any 1 <k < N — 1, ¢, denotes the lift of the contour I'; to the canonical sheet

of ¥p,. For any k # n with Ay # Agk41, it follows from equation (36) that

/sz+1
=0. (37)
Aok +/ AZ

Hence in every gap (Aak, A2k+1) With k # n, the polynomial ¢, has a zero which we denote
by of'. If Aox = Aak41, then it follows from equation (36) and Cauchy's theorem that o} =

Aok = Azk+1- As ¥y (A) is a polynomial of degree at most N — 2, one has

Y =M, [] (A—0p) (38)

1<k<N-1
k#n

where M,, = M,(b,a) # 0.

In a straightforward way, one can prove that there exists a neighborhood W of
M in Mc, so that for any (b,a) € W and any 1 <n < N — 1, there is a unique polynomial
Yn(A) of degree at most NV — 2 satisfying equation (36) for any 1 <k < N —1 as well as

the product representation (38), and so that the zeroes are analytic functions on 'W.

Lemma 2.5. Let 1 <n<N-1 be fixed. Then the zeroes (ix);<x<y_1 of A(r) and

(o)1 <k<n—1kzn Of Y¥pn(A) satisfy the estimates

of — = 0(¥f) (40)

near any given point (b, a) € W, where 1}, = %(Azkﬂ + Aok). O
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Proof. To verify equation (39), write A? — 4 in the form
A} =4 =\ — Azn)(Azns1 — A pald), (41)

where p, is a polynomial which does not vanish for A € U,. Then equation (39) follows
by differentiating equation (41) with respect to A at iy.

Fix 1 <k,n < N —1 with k # n. In the first step, we prove that o — 7z = O(yx)
near any given point (b, a) € W.If y; = 0, then o' = 1, and equation (40) is clearly fulfilled.
Hence, we assume in the sequel that y; # 0. By the product formulas (38) and (18) for

Yn(A) and Af — 4, respectively, we obtain, for A near G,

" ol
ult) Tk ¢r), (42)

\%Ai _4 B \S/()»zk+1 - A= )»zk)

where

M, (b, a) »—ol
(A = o) V=) Can = A 1y 5 /Oamis — Dlhzm — A

L) = (43)

with o)} := 1, and Mj,(b, a) # 0. The function ¢} is analytic and nonvanishing in Uy. Sub-
stituting equation (42) into equation (36), one gets

1 )L—U,?
27 Jry JOaks1 — MO — Aok)

Zrda = 0. (44)

We now drop the superscript n for the remainder of this proof and write ¢ as ¢x(A) =
£ + (Zx (M) — &) with & := (k) # 0. Note that

1 A —oOg d
27 Jre /arsr — M — do)

A =Tk — Ok,

and hence equation (44) becomes

1 A— A) —
(0% — Tl = .~ 0l — )

_ b (45)
2r Ik \s/()\zlﬁq — M- )\2k)
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To estimate the integral on the right-hand side of equation (45), note that

1 f)
5= dir| < max| f()) (46)
2 Jry \S/()»zk.H — M)A — Aog) 1eGg |7

for an arbitrary function f analytic on Uy. We want to apply equation (46) for f(A) =
(A — or)(¢k (M) — &). Note that for A € Gy,

1€ (M) — &kl = 16k (A) — (T | < Mykl,

where M = sup {J, ;-y_{I¢k(A)] : A € Gi}. Hence equation (46) leads to

lox — tk|1ék| = sup [A — ok| O(yx).

reG

Dividing by |&| # 0, we get

lox — x| = sup [A — ok| O(yx) (47)
reGg

and in particular, |oy — x| = O(yx).

In the second step, we now improve estimate (47). Note that

sup |A — ok| < |ox — | + sup [A — x| = O(yx). (48)
reGk reGy
Combining equations (47) and (48), we obtain the claimed estimate (40). [ |

For later use, we compute the spectra of Q(b,a) and L,(b,a) in the special case
(b,a) = (Bly,aly) with B € R and « > 0. Here 1y denotes the vector (1,...,1) € RY. These
points are the equilibrium points (of the restrictions) of the Toda Hamiltonian vector
field (to the symplectic leaves Mg,). We compute the spectrum (A;);<;<on of the matrix
Q(B1y,aly) and the Dirichlet eigenvalues (ug)i<k<y—1 of L = L(B1ly, aly) together with a
normalized eigenvector g = (gi(j)i<j<n of wi, i.e. Lg = g, g(1) =0, and a vector h; =
(hi(j)1<j<n, which is the normalized solution of Ly = u;y orthogonal to g satisfying
Wi(h;, gi)(N) > 0.
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Lemma 2.6. The spectrum (Aj);<j<oy of Q(Bly,aly) and the Dirichlet eigenvalues
(u1)1<1<n—1 of L(Bly,aly) are given by

)\.1=l3—20l,
lm
)\.2[2)\.2“_1:#[:,3—20[COSF (15151\7—1),

)\21\] = ,3+20[

In particular, all spectral gaps of Q(B81y,«aly) are collapsed. For any 1 <l < N — 1, the
vectors g; and h; defined by

alj) = (—1)f+1\/%sin¥ (1<j=<N), (49)
huj) = (—l)j\/%cos % 1<j<N) (50)

satisfy Ly = ;¥ and the normalization conditions

N

N
> a)? =
j=1 J

Wih;, g)(N) > 0, (h;, g)rv = 0.

h(j)>=1, ¢ >0, gl(1)=0;
1

O
Remark 2.7. For (b,a) = (81y,aly), the fundamental solutions y; and y» are given by
. sin(p(j — 1)) .
A= Z), 51
n(j, A sinp (j €Z) (51)
. sin(pj) .
r(j,A) = — P (e, (52)
sin p

where 7 < p < 27 is determined by cos p = %

<
O

Proof. For any A € R, the difference equation (11) for (81y,«1y) reads
(Rs o V)(k) := Bylk) + aylk — 1) + aylk + 1) = Aylk) (53)
and can be written as

)\’_
Wk —1)+ plk+1) = T'By(k). (54)
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Since we are looking for periodic solutions of equation (54), we make the ansatz ylk) =

etk This leads to the characteristic equation

_’3.

o

2cosp=€e¥+e " =

For the solution to be 2N-periodic, it is required that p € %Z. To put the eigenvalues in
ascending order, introduce p; = (1 + %)n with 0 <1 < N. Then for any 1 < j < 2N, there
exists 0 <l < N such that

lm
)Lj=,3+2acospl=ﬁ—2acosﬁ.

Note that for I =0, A; = 8 — 2« is an eigenvalue of Q(B1y,@1y) with eigenvector y(k) =
é™* = (—1)*. Similarly, for I = N, A,y = B + 2« is an eigenvalue with eigenvector y{k) = 1.

For the eigenvalue A1y = 8 — 2a cos % (1<l<N-1),
k) = e

are two linearly independent eigenvectors. As there are 2V eigenvalues altogether, Ay is
double for any 1 <l < N — 1, and A; and A,y are both simple. It follows that all N —1
gaps are collapsed and hence p; = Ay forall1 <l <N —1.

Turning to the computation of gy and hi, one easily verifies that for any real
number A # +2« + B, the fundamental solution y;(-,A) of equation (54) with y;(0,A) =1
and yi(1,A) = 0 is given by

_sin(p(j - 1)

7).
sin p ez

nij,a =

where 7 < p < 27 is determined by cos p = £, thus proving equation (51). In the same

20 '

way, one verifies equation (52). For A = u; = 8 — 2 cos

I

= we then get

in (o1(j i LN . =1
sin (p(j — 1)) = sin ((1 + N)n(J — 1)> — (1)7*'sin (j N) s

In particular, sin (p(j — 1)) =0 for j=1and j = N + 1. As
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and these two sums add up to N, one sees that

N .
— 1) N
Z sin? Y= Viw =—, (55)
5 N 2
Jj=1
yielding the claimed formula (49) for g;.
By the same argument, one shows that /; given by (—1)/ \/% cos % (i.e.theright

side of equation (50)) satisfies Rs ,/y = iy and the normalization condition Z?]:l m(j)? =

1. Using standard trigonometric identities one verifies that

N
(g ) =Y gMhj) =0

J=1

and W(h;, g)(N) can be computed to be
(N g (N + 1) — Iy(N 4 1)g(N) = —h(N + 1)g(N) = —P;(1)g;(0) > 0.

Hence h; is indeed the eigenvector with the required normalization, i.e. h; = h;, thus

proving equation (50). |

3 Action Variables

In the next two sections, we define the candidates for action—angle variables on the phase
space M and investigate some of their properties. In this section, we introduce globally

defined action variables (I,);<n<y—-1 as proposed by Flaschka—McLaughlin [5].

Definition 3.1. Let(b,a) e M\.Forl <n <N -1,

(56)

1 A
I, :=2—/ A——2 da,
7T (¥
Mn JAZ -4

where A, = %Ak is the A-derivative of the discriminant A, = A(A, b, a) and the contour

I, and the canonical root /- are given as in Section 2. O

Remark 3.2. The contours I', can be chosen locally independently of (b, a). In view of

the fact that A, is a spectral invariant of L(b, a), the actions I,, are entirely determined
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by the spectrum of L(b,a). In particular, (I,);<n<ny-1 are constants of motion, since by

Proposition 2.1, the Toda flow is isospectral. O

Remark 3.3. The variables (I,);<n<y-1 can also be represented as integrals on the Rie-
mann surface ¥ ,. If ¢, denotes the lift of I',, to the canonical sheet of ¥ 4, equation (56)

becomes

Inzi/,\idx 1<n<N-1). (57)
Cn

From definition (56), the following result can be deduced.

Proposition 3.4. On the real space M, each function I, is real, non-negative, and it

vanishes if y,, = 0. O

Proof. Since

A
/ B g0,
Tn JAZ -4
it follows that

1 . A
A — hp)

IL, = —
n 27 Iy cA§_4

dx. (58)

By shrinking the contour of integration to the real interval, we get

1 A2nt1 . A
L=~ (DM — ) = dA
T iz NI
by taking into account definition (32) of the c-root. Since sign(x — i,)A; = (—1)Y*"~! on

[A2n, A2ns1] \ {An}, the integrand is real and non-negative, hence I, is real and non-negative
on M, as claimed.

If y, = 0, then Ay, = Agnpr. Hence A, = Aop = Agpy1 = 7, and

A= =1V hans1 — M — Azy).
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Therefore the integrand in equation (56) is holomorphic in the interior of the contour I'y,,

and by Cauchy's theorem the integral in equation (56) vanishes. |

The action variables (I,);<n<y—1 can be extended in a straightforward way to a
complex neighborhood W of M in MF.

Theorem 3.5. There exists a complex neighborhood W of M in M€ such that for all 1 <
n < N — 1, the functions I,, defined by equation (56) extend analytically toW, I, : W — C.
O

Proof. Let W denote a neighborhood of M in M® of Lemma 2.3 and define for any
1 <n < N —1 the functions I, on W by formula (56). Let (b, a) € W be given. Then there
exists a neighborhood W;, of (b, a) in W, so that the integration contours I',, in formula
(56) can be chosen to be the same for any element in W;, and A, /,/A% — 4 is analytic on
B.('y) x Wy,4, where B.(I'y) := {A € C|dist (A, ;) < ¢} is the e-neighborhood of I';, with ¢
sufficiently small. This shows that I, is analytic on 'W. |

Proposition 3.6. There exists a complex neighborhood W of M in M® such that for
any 1 <n < N — 1, the quotient I,,/y? extends analytically from M\ D, to all of W and
has strictly positive real part on W. As a consequence, &, = m is an analytic and
nonvanishing function on ‘W, where /- is the principal branch of the square root on
C\ (—o0, 0l O

Proof. Let W be the complex neighborhood of Theorem 3.5. Substituting equation (34)
into equation (58) leads to the following identity on W\ Dy:

N (A — An)?

I, = — X
" 2 Ty \7()\.2”+1 — )\.)()\ — )\.2n) "

(Ada,

where x, is given by equation (35). Upon the substitution A(¢) = 7,, + 1’2—”§, with 7, = %(AZH +

(i —1n)
n

Aons1) and 8, = 2 L%, one then obtains

2I, N — 8,)° n
B (& —8») (TnJFV?;)d{, (59)

=] ==«
v2 4wy J1-g2""
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where I';, is the pullback of I', under the substitution A = A(¢), i.e. a circuit in C around

[-1, 1]. By equation (39), A, — 7, = O(y?2), and hence 8, — 0 as y, — 0. We conclude that

. 2I, N c?de N (! t?dt N
lim — = —/ Xn(th) —= = xult) = — Xn(Tn).
4 1'*;1

Y0 P2 /1 — 2 " on 1 /1 —¢t2 - 4

By defining % by %Xn(fn) on WnN D, it follows that zyiz" is a continuous function
on all of W. This extended function is analytic on W\ D,, as is its restriction to W N D,,.
By Theorem A.6 in [12], it then follows that zyiz” is analytic on all of W.

By Lemma 3.7, the quotient I,/y;? can be bounded away from zero on M, % >

1
3m(ony—21)"

real part of I,,/y,2 is positive and never vanishes on W. Hence the principal branch of the

By shrinking W, if necessary, it then follows that for any 1 <n < N — 1, the

square root of 2I,,/y;? is well defined on W and &, has the claimed properties. [ |

To show that ¥ %n is well defined on ‘W, we used in the proof of Proposition 3.6

the following auxiliary result, which we prove in Appendix A.

Lemma 3.7. For any (b,a) e Mandanyl <n <N —1,
¥y < 3oy — A1)l (60)
O

From definition (56), Proposition 3.4, and estimate (60), one obtains the following

corollary.

Corollary 3.8. Forany (b,a) e Mandanyl <n <N -1,
I,=0 ifandonlyif y,=0.
O

Actually, Lemma 3.7 can be improved. We finish this section with an a priori
estimate of the gap lengths y, in terms of the action variables and the value of the

Casimir C;, alone, which will be shown in Appendix B.

Theorem 3.9. For any (b, a) € Mg, with 8 € R, & > 0 arbitrary,

n=1 n=1 n=1

N-1 N—1 N-1 \?2
>y <120 (Z In> +972(N — 1) <Z In> : (61)
O
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4 Angle Variables

In this section, we define and study the angle coordinates (0,)1<n<ny-1. Each 6, is defined
mod 27 on W\ Dy, where W is a complex neighborhood of M in M as in Lemma 2.3 and

D, is given by equation (23).

Definition 4.1. Forany 1 <n < N — 1, the function 0, is defined for (b, a) € M \ D,, by

N—1
On:=nn+ »_ B¢ mod 2, (62)
n#k=1
where for k # n,
e Y () M g (3)
,3,?:] 2 da, nn=f —22"_ dx (mod 27), (63)
b JAZ—4 b (AT -4

and where for 1 <k < N —1, puj is the Dirichlet divisor defined in equation (29), and
A2k is identified with the ramification point (i, 0) on the Riemann surface ¥p,. The
integration paths on ¥, in equation (63) are required to be admissible in the sense that
their image under the projection n : X, — C on the first component stays inside the

isolating neighborhoods Uy. U

Note that, in view of the normalization conditions (36) of v, the above restriction
of the paths of integration in equation (63) implies that », and hence 6, are well-defined

mod 27.

Theorem 4.2. Let W be the complex neighborhood of M in M® introduced in Lemma
2.3. Then for any 1 <n < N — 1, the function 6, : W\ D, — C (mod r) is analytic. O

Remark4.3. Asthelexicographic ordering of the eigenvalues of Q(b, a) is not continuous

on W, it follows that 1, and hence 6, are only continuous mod 7= on 'W. O

Proof of Theorem 4.2 To see that 6, : W\ D, — C (mod ) is analytic, define for any
1<k <N-1theset

Ex :={(b,a) € M® : kb, a) € {A2(b, a), hok41(b, a)}}.

Below, we show that for any 1 <k < N — 1 with k # n, g is analytic on W\ (Dy U Ey),

that its restrictions to Dy N'W and Ex N'W are weakly analytic and that it is continuous
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onW. (Let E and F be complex Banach spaces, and let U C E be open. Themap f:U — F
is weakly analyticon U, if foreach u € U, h € E, and L € F*, the function z — L f(u + zh)
is analytic in some neighborhood of the origin in C.) Together with the fact that Ex N'W
and Dx N'W are analytic subvarieties of W, it then follows that g is analytic on W—see
Theorem A.6 in [12]. Similar results can be shown for 8] = 5, (mod 7) on W\ Dy, and one
concludes that 6, (mod =) is analytic on W\ D,,.

To prove that 87, k # n, is analytic on W\ (D¢ U Ex), note that since Ay is a
simple eigenvalue on W \ Dy, it is analytic there. Furthermore, u} is an analytic function
on the (sufficiently small) neighborhood W of M in M®. On W \ (Dy U Ey), we can use the
substitution A = Ayx + z to get

M Mg —A2k
ﬂ]? :/ k 1!’n()\) d)hzv/o k 1!’n()\«zk‘f‘z)dZ,
A2k

JA2—4 V2V D(2)

= AZ(LZ*ZH} is analytic near z = 0 and D(0) # 0. Note that D(z) does not vanish

where D(z)
for z on an admissible integration path not going through XA,x;. Such a path exists, since
(b, a) is in the complement of Ey. Furthermore, vy, (A2x + 2) and D(z) are analytic in z near
such a path and depend analytically on (b, a) € W\ (D U E). Combining these arguments
shows that g7 is analytic on W \ (Dx U Ey).

For k # n with Agg # Agki1, one has

A2k+1
/ de =0. (64)
A2k

As o} = Ak if Aox = Aak41, One sees that equation (64) continues to hold for (b,a) € Ex N W
with Aok = Aoky+1 and we have g7 |z,nw = 0. To prove the analyticity of 8;|p,nw, consider
the representation (42) of ~2%_ For (b,a) € Dy N'W, one has

\Y A)\
Aok = Aokl = Tk = Oy,

r—op
/ (a1 —A)(A—Az2k)

n(A)
,3,?:/ W( dr==+ / pd
ha JAZ— 4 G

As uy is analytic on W, it then follows that g} | p,nw is analytic. To see that g} is continuous

which implies that the factor in equation (42) equals +i. Hence we can

write

on W, one separately shows that 87 is continuous at points in W\ (Dx U Ex), Ex "W\ Dg,
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Dy "W\ Eg, and Dy N Ex N'W, where for the proof of the continuity of g} at points in
Dy N Ex N'W, we use equation (42) and the estimate o' — 7 = O(ykz) of Lemma 2.5.
By equation (64), n, vanishes mod 7 on E, "W\ D,,. Arguing in a similar way as

for g}, one then concludes that 5, (mod =) is analytic on W\ Dj. |

5 Gradients

In this section, we establish formulas of the gradients of I,,, 6, (1 <n < N —1) on M in
terms of products of the fundamental solutions y; and y».

Consider the discriminant for a fixed value of A as a function on M,
A (b,a) = yi(N) + (N + 1).

Then A, is a real analytic function on M. To obtain a formula for the gradients of y; (N)
and y»(N + 1) with respect to b, differentiate Ry, y; = Ay; with respect to b in the direction
v € RY to get

(Ro,a — M{Va¥i, v)(k) = —vi i (k). (65)
Differentiating Ry, y; = Ay; with respect to a in the direction u € RY leads to
(Rpg — M {(Voy, udlk) = —ug_1 vk — 1) — ug ik + 1). (66)
Taking the sum of equations (65) and (66) yields
(Ro,a — A ((Vo¥i, v) + (Vo ¥, w) (k) = —(Ry,u 13)(K), (67)
which we can rewrite as
(Ry,a — M(Voa¥i, (v, u) (k) = —(R,,u y1)(K), (68)

where (-, ) in equation (68) now denotes the standard scalar product in R?", whereas in
equations (65), (66), and (67), it is the one in RY. The inhomogeneous Jacobi difference
equation (68) for the sequence (V. i, (v, u))(k) can be integrated using the discrete ana-
logue of the method of the variation of constants used for inhomogeneous differential

equations. As (Vp ¥, (v, u)(0) = (Vo Vi, (v, u))(1) = O, one obtains in this way for m > 1

(Voa i, (v, W) (m) = {@ 3 nRIR k) — ¥ ;(m) 3> yz(k)(RU,uyi)(k)) (69)

N ko1 N k=1
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In the sequel, we will use equation (69) to derive various formulas for the gradi-
ents. The common feature among these formulas is that they involve products between
the fundamental solutions y; and y» of equation (11). Whereas the gradients with respect
to b = (by,...,by) involve products computed by componentwise multiplication, the gra-
dients with respect to a = (a, ..., ay) involve products obtained by multiplying shifted
components, reflecting the fact that the b; are the diagonal elements of the symmetric
matrix L(b, a), whereas the a; are the off-diagonal elements of L(b, a).

To simplify notation for the formulas in this section, we define for sequences

(v(J)jez), (w(j) jez) < C the N-vectors

v-w = Wpw(ihi<j<n, (70)
v Sw = WHw(j+ Dicjzn, (71)

where S denotes the shift operator of order 1. Combining equations (70) and (71), we
define the 2N-vector

vsw:=(W-w,v-Sw+ w- Sv). (72)
In case v = w, we also use the shorter notation
v? = v-gv. (73)
Written componentwise, v-sw is the 2N-vector
wswljl=] . v(j)w(j)' ‘ (1< _] <N)
v(j—Nw(j—N+1)+v(j—N+1w(j—N) (N<j<2N).
Proposition 5.1. For any (b, a) € M, the gradient V,,A; = (VpA;, Vg A;) is given by
—anyVpA;, = pN)yi-n — n(N+H) -y + (Yz(N-H) -n (N)) Vi-ye (74)

—anVeAy = 2p(N)yi - Syt — 21 (N + 1)yz - Syz + (12(N + 1) — yi(N)) (y1 - Syz2 + v2 - Sna)
(75)
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or in the notation introduced above

1
Vb,a AA - -

an (r2(N)y2 — pi(N+1)2 + (r2(N + 1) — p1(N) yi-s 12) - (76)

The gradients V,A, and V,A; admit the representations (1 < m < N),

oA 1

——=——wI(N,A, S"b,S"a), 77
b an Yz( a) (77)
A, 1 m m m+1 m+1

——=—| —p(N+1,A,S™b, S"a)+ y2(N—1,4, S b, S a)l. (78)
0am Am Amp

O

Proof. The claimed formula (76) follows from the definition of A, and formula (69).

Indeed, evaluate equation (69) fori = 1 and m = N to get

N N
(Vbayi, (0, u))(N) = B )Z)ﬁ(k) (wk-17(k — 1) + vy (k) + ey (k + 1))
N k=1
(V)
+YIa—Z v2(k) (ur—1y1(k — 1) + veyi (k) + uryr (k + 1)) . (79)
N k=1

In order to identify these two sums with (yz, (v, u)) and (y1-s y», (v, u)), respectively, note
that

N N
Youapklyilk—1) =) wn®nk+1) + unT,
k=1 k=1

where
T :=n0)wn(l) — n(N)y (N +1).

For the second sum in equation (79), we get an expression of the same type with a similar

correction term
T; := »1(0)y2(1) — i (N) yu (N + 1).

Taking into account the initial conditions of the fundamental solutions and the
Wronskian identity (13), one sees that y(N)T; — y1(N)T, vanishes. Hence we have the
formula

1
(¥, v, W) — n(N(n-sy2, (v, w)). (80)

(Vbayi, (v, u))(N) = o
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Similarly, evaluating formula (69) fori = 2 and m = N + 1 leads to
1
(Voo u) (N +1) = —— (r2(N + 1)(y1°s y2, (v, w) — pi(N + 1)(y3, (v, w))) . (81)
N
Here we used that the value of the right side of equation (69) does not change when we

omit the term for k = m = N + 1 in both sums.

It remains to prove the two formulas (77) and (78). We first note that

w(n, A, S™b,S"a) = Z—m(Y2(Tl +m, A b,a)yilm, A, b,a) — yi(n+m, A, b,a)yz(m, A, b,a)), (82)
N

since both sides of equation (82) are solutions of Rgmp smqy = Ay (for fixed m € Z) with the
same initial conditions at n = 0, 1. For n = 1, this follows from the Wronskian identity

(13). Similarly, one shows that

(N +m,A)=wnN,ANpnm, A+ IV + 1,0 pim, ), (83)
V2N +m,A) = (N, A y(m, &) + (N + 1, 1) ya(m, A) (84)

for any (b, a) € M. Hence, suppressing the variable &, we get

RN, §"b, §"a) = “ (1 (N)yi (m) + ya( + 1)z m) 33 (m)
N
—(y1 (N y1(m) + p (N 4 1) yu(m)) yz(m))
- Z—m(YZ(N)YI(m)Z + (N +1) — n(N)yi(m)yz(m) — y (N + 1)y2(m)2)_
N

By equation (74), this leads to

aA,

N,S™b, S™a) = —apy——
yal a) amabm

and formula (77) is established. To prove equation (78), we first conclude from equation
(82) that

AN _ (N — 1,8 b, S" ) = yu(N + m, b, a)yi(m + 1,b, )

Am+1
—n(N+m,b,aly(m+1,b,a) (85)

and

a
a—NY2(N+ 1,8"b,S™a)=y:(N+m+1,b,a)yi(m,b,a)
m

—vn(N+m+1,b,a)y(m,b,a). (86)
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Now expand the right-hand sides of equations (85) and (86) according to equations (83)
A,
dam "

equation (78). |

and (84). By equation (75), the sum of equations (85) and (86) is —ay

thus proving

As anext step, we compute the gradients of the Dirichlet and periodic eigenvalues.
In the following lemma, we consider the fundamental solution y;(-, u) as an N-vector
vilj, mwicjen. Let ;W) = Z?’:l vi(j, n)?, and denote by - the derivative with respect
to A.

Lemma 5.2. If u is a Dirichlet eigenvalue of L(b, a), then
avyi(N, Wi (N +1, 1) = [y (w)]? > 0. (87)

In particular, j5(N 41, 1) #20, which implies that all Dirichlet eigenvalues are simple. [
Proof. This follows from adding up the relations (16). |

As the Dirichlet eigenvalues (n)1<n<n-1 0f L(b, a) coincide with the roots of y3 (V +
1, 1) and these roots are simple, they are real analytic on M. Similarly, the eigenvalues
A1 and Aoy are real analytic on M, whereas forany 1 <n < N — 1, Ay, and Ay, are real
analytic on M \ D,,. Note that for (b,a) € M\ D,, and i € {2n,2n + 1}, we have AM #0 as

A; is a simple eigenvalue.

Proposition 5.3. For any 1 <n < N — 1, the gradients of the periodic eigenvalues A;

(i =2n,2n+ 1) on M\ D, and of the Dirichlet eigenvalues u, on M are given by

_ VbaAili=n
A,

i

Vbahi = = ﬁz and Vpgin = grzu (88)

where we denote by f; the eigenvector of L(b, a) associated to A;, normalized by

Z £()*=1 and (£(1), £(2) € (Roo x R) U ({0} x R.o),

j=1

and where g, = (gn(j)1<j<y is the fundamental solution yi(-, #,) normalized, so that
Y gnli? =1. O
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Proof. We first show the second formula in equation (88). Differentiating y; (N + 1, up) =

0 with respect to (b, a), one obtains

Vb,a YI(N +1, )\)|A=un

AN+, 1) (89)

Vb,a Un = —

Here we used that j5(N + 1, 4y,) # 0 by Lemma 5.2. To compute the gradient V, .,y (N +
1, M=y, we evaluate equation (69) fori =1 and m = N + 1. In view of y3(N + 1, u,) =0

and taking into account equation (26), one then gets

Vi (in)

Vv = - . (90)
battn anyi (N, )i (N + 1, wp)

The claimed formula Vj oy, = g,zl now follows from Lemma 5.2. By differentiating A,;, =
+2 with respect to (b, a), one obtains VoA = —Vp 4 Ay |A=,\i/AM in a similar fashion. To see
that VoA = fia, differentiate Ry, f; = A; fi with respect to (b, a) in the direction (v, u) €
RZN,

Ry,a(Vba fi, (v, w) (k) + (Ryu fi)(K) = (Vb ahi, (v, ) filk) + Xi(Vba fi, (v, w) (),

where (-, -) denotes the standard scalar product in R?Y, Take the scalar product (in RY)

of the above equation with f;. Now use that
(Vba filv, W), Rpa fidry = Ai(Vb,a filv, u), fi)grw,
(fi, fi)rw = 1, and
(Roufir fidrw = (f2, (v, w))gew,

to conclude that V,,2; = fZ holds. [ ]

To compute the Poisson brackets involving angle variables, we need to establish
some additional auxiliary results. Recall from Section 3 that for 1 <k,n < N — 1 with

k #n and (b,a) € M, B} is given by

(91)

.U«k
Br —/
A2k /Az
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whereas

Bl = 1y = /M" ™ G5 (mod 27). (92)
A

m JAZ—4

By Theorem 4.2, the functions ;! with k # n are real analytic on M, whereas g}, when

considered mod 7, is real analytic on M \ D,,.

Proposition 5.4. Let 1 <k <N —1 and (b,a) € M. If y, > 0 and Az = ug, then for any
l1<n<N-1,

Y (k)
VbaBi = _—a;A Ik s i,
I

where hy denotes the solution of R,y = ury orthogonal to gi, that is,
N
> gk(Ph(j) =0,
j=1

satisfying the normalization condition W(hy, gi)(N) = 1. O

Proof. We use alimiting procedure first introduced in [15] for the nonlinear Schrédinger
equation and subsequently used for the KdV equation in [11], [12]. We approximate
(b,a) € M with Ag(b,a) = ug(b,a) < raxy1(b,a) by (b, a’) € Iso(b, a), satisfying Aq (b, a) <
uk(',a’) < Aagy1(b, a). For such (b, a’), using the substitution A = Ay, + z in the integral of
equation (91), we obtain

k—A2k
V() di — /M Mdz, (93)
0

/Af —4 \/E\/ D(Z)

where D(z) = D(Ag, 2) := (A%(Agk + 2) — 4)/z. Taking the gradient, undoing the substitu-

M
Br,a)) = /
A2k

tion, and recalling definition (29) of the starred square root then leads to

1‘//n(N«k)

\*/ Alztk -4

VbaBi = (Vbattk — Vbarok) + EW', a'), (94)
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with the remainder term E(b', a’) given by

k—A2k
EW,a)) :/ Vo a (M) dz.
0 D(rok,2) ) V2

As the gradient in the latter integral is a bounded function in z near z=0, lo-
cally uniformly in (0/,a’), it follows from the dominated convergence theorem that
limp ,a)-@pq) E®',a’) = 0.

The gradient V,,p; depends continuously on (b, a) € M, hence we can conclude

by equation (94) that it can be written as

VooBl = lim Ynlpte)

(v',a’)—(b,a) JA2 — 4
V Tk

The gradient of both sides of the Wronskian identity (13)

(Vi itk — Vi, arhok). (95)

YI(N!)\')YZ(N_‘_ 11)") - YI(N+ llAﬂ)yZ(Nr)\') =1

leads to

V(N + 1)V y2(N) + »(N)Vp o i (N + 1) = n(N+1)Vpa A + (11 (N) = y2(N + 1))V g y2 (N +1).
(96)

The A-derivative can then be computed to be

V(N 4+ 1D)ja(N) + 71(N 4+ Dya(N) = ya(N + 1)A + (1 (N) — po(N + 1)j2(N + 1). (97)

Using equations (96), (97), and yi (N + 1, ux) = 0, formula (89) for V; o ux leads to

V2(N + D)V o A + (71 (N) — p2(N + 1)) Vi o 72 (N + 1)

- . 98
72(N + 1)A + (11 (N) — »2(N + 1))1(N + 1) 1k 98

Vhaltk = —

Further by equation (88),

VhaA
Vbahok = _b,Ta o (99)
=h2k
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Now substitute equations (98) and (99) into (Vy o itk — Vi ,aA2k) and use that by equation
(29),

JAZ — 4= (W) — B+ D).

We claim that

V — Vpar (I + 1)V N) — n(N)V, N+1
lim Y2akk ba 2k:Y2( + DVp i (N) — 11(N)Vp o 12 (N + 1) . (100)

Y ez -4 A 71N+ 1) p(N) -

Indeed, to obtain equation (100) after the above-mentioned substitutions, we split the
1

part, we collect all terms in

fraction (Vb o itk — Vi o/ A2k) into two parts which are treated separately. In the first

1
/A2 —4
in the nominator, and get after cancellation,

(Vb’,a’lik —_ Vbr’ar)\,zk) WhiCh Contain (yl (N) - YZ(N + 1))|/l,k

Ia, b):= _Al)LZk : Vb'ya’YZ(N_I_ l)lﬂk + Vb’yll’Ab»zk : YZ(N+ 1)|Mk
T Al - (V4 1A + (1 (N) — pa(N + )N + D)y,

Using again equation (97), we then get

(N + 1)V, N) - n(N)V N+1
lim I(b/,a,)=Y2( +1) b,z‘z).ll( )~ 1(NVea (W + 1))
(¥.a')—(b,a) AV (N 4 1)y, (N) Azk

The second term is then given by

II(b/ a/) — y2(N+ 1)|[J.k : (Vb’,a’Ab\Zk : A'/,Lk - A|K2k : Vb’,a’A|uk)
' Al - (N) — (N + 1), - (AN + 1) ya(N)],,,

Note that the nominator of II1(},a’) is of the order O(ux — A2x). In view of equation (29),

we have

(N (N) — yo(N + 1))|,, = O/ ke — A2k,
whereas the other terms in the denominator of II(b/,a’) are bounded away from zero.

Indeed, Az being a simple eigenvalue for (b, a) means A|m # 0 for (b',a’) near (b,a).

Further, use a version of equation (97) in the case Azx = ug to conclude that

NN+ 1)y(N) = pa(N + 1)A,,.
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Hence (N + 1)y(N)|,, # 0 for (b',a’) near (b,a) and II(b',a’) vanishes in the limit of
Uk —> A2k-
Substituting equations (80) and (81) into equation (100), we obtain

12N 4+ 1)V e y1(N) — 11 (N) Ve (N 4 1) 1 Vs
. N —_—— - .S 0
A §1(N + 1)y2(N) we  ayA '
with yp = yz:xi};yl — . Hence
lpn(Mk)
VB = —— K e
baBr aw A y1-s Yo
Since B is invariant under the translation b+ b+ t(1,...,1), the scalar product

(VbaB, (1,0))gen vanishes. Hence

CLNA

N
8:3]? wn i)
0 = —_— =
j§1 ob; E ANV

It means that y; and y are orthogonal to each other. Finally, we introduce h; := || y1 1| Vo

and verify that

n V2 (N 4+ 1) )
Wi(hy, =W ,—— | = Wiy, =W\ +———— ,
(A, gk) <||Y1||Yo ”y1”> (yo, 1) <y1(N—|— ph -~ rn

By equation (13), it then follows that
Wi(hg, gi) = —Wly2, y1) = Wiy, y2).
Hence by equation (14),
W(hg, gr)(N) = Wy, y2)(N) = 1.
This completes the proof of Proposition 5.4. |

6 Orthogonality Relations

In Propositions 5.1, 5.3, and 5.4, we have expressed the gradients of A;, i, and, on a sub-

set of M, of g in terms of products of fundamental solutions of the difference equation
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(11). In this section, we establish orthogonality relations between such products—see [2]
for similar computations. Recall that in equation (72), we have introduced for arbitrary

sequences (vj)jez, (wj)jez the 2N-vector v-sw.

Lemma 6.1. For any (b, a) € M, let vy, w; and v, w, be pairs of solutions of equation (11)

for arbitrarily given real numbers u and A, respectively. Then

20 — )
—M(Ul'sth(vz'Swz» =V+B, (101)
aay
where
N N
Vi= (W - SW|, + (SW - W), (102)

with W, and W, denoting the Wronskians W; := W(vy, wy), Wy := W(w;, v2), and where B

is given by

(A—p)
a

B:=

((v1 . w1)|llv+1(v2-s wz)(ZN)—(vz . w2)|{v+1(v1~sw1)(2N)). (103)
O

Proof. We prove equation (101) by a straightforward calculation, using the recurrence

property (15) of the Wronskian sequences W; and W,. By definition (3) of J, we can write

2 (v1-swy, Jlvz-swy)) = E1 + By,

where
N
Ei:=) " arllvr-sw1) (k) vz s wo) (N + k) — (v1-sw1)k + 1)(v2 s wa) (N + k)
k=1
—(v1 w1 (N + k)(vz-sw2) (k) + (v -swi (N + k) (v2-swa)(k + 1)]
and

Bi:=ay ((v1-swi1)(N + 1) — (v1-sw1)(1)) (v2-sw2)(2N)

+ay (va-swa)(1) — (va-sw2) (N + 1)) (v1 -gw1)(2N).
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Let us first consider E;. Calculating the products v;-sw; according to equation (72), we

obtain, after regrouping,

N
E=Y  ar[wa(k)ws (k) + valk + Dws (k + 1) Wi (k)
k=1

+(1 (K)wa (k) 4 v1(k + Dwz(k + 1) Wa (k)] + B,

with

By:=ay(v1(N + Lwi (N + 1) — (v1-s w1 )(V + 1)) (v2-s w2)(2N)
+an((vz-sw2)(N + 1) — v2(N + 1wz (N + 1)) (v -s w1)(2N).

Multiply E; by (A — 1) and use the recurrence relation (15) to express (A — p)va(k)w; (k),
(A — ok + Dwik + 1), (A — pwoi(k)wo(k), and (A — wvi(k + 1wy(k + 1) in terms of the
Wronskians W; and W, to get

N

(A — wE; = Z[akak+1(T/|/1(k)T/|/2(k +1) + Wik + DW2(K)) — ag-1ax (W (k — 1) Wx(k)
k=1
+ Wi (k)W (k — )] + (A — ) Ba.

The sum on the right-hand side of the latter identity is a telescoping sum and equals
the term a,ay V with V defined in equation (102). In a straightforward way, one sees that

G=w(p, + B,) equals the expression B defined by equation (103), hence formula (101) is

aan

established. [ ]

Corollary 6.2. Forany A, u € C,

{Ay, Aty =0. (104)

Proof. By formula (76) for the gradient of A,
{25, Auts = (VbalAy, IVpaAy)
is a linear combination of terms of the form (v;-sw;, J(v2-gwy)) for pairs of fundamental

solutions vy, w; and vy, w, of equation (11) for u and A, respectively. In view of equations
(77) and (78), VA, and V, A, are both N-periodic. In the case A # u, we use Lemma 6.1 and
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note that the boundary terms (102) and (103) in Lemma 6.1 vanish, hence {A;, A,}; =0.
In the case A = u, identity (104) follows from the skew symmetry of {-, -} ;. |

Corollary 6.3. Let1 <k < 2N and A € C. On the open subset of M where A is a simple

eigenvalue of Q(b, a), one has

{)\‘kl A)»}J =0.
O
Proof. Using formula (88) for Vj ,Ak, we conclude from Corollary 6.2 that
1
Ak, AoYr = ——{Au Ay} slu=r, = 0.
Ay,
[ |

Corollary 6.4. Let i, be the nth Dirichlet eigenvalue of L(b, a) and A # u, a real number.
Then

(h — (P (n), Ty (W) = (w%)z : (105)

0 = [Pt T 1) -s 1)) = a2 A0 ;ulvi)?(f; LA (106)
O — i len), T20)) = a ((%)2 _ 1) . (107)

O

Proof. The three stated identities follow from Lemma 6.1, using that y; (N + 1, u,) =0,
v1(2, un) = —ay/a1, and, by the Wronskian identity (26), y1 (N, uy) - y2(N 4+ 1, uy,) = 1. [ |

Corollary 6.5. Let u, be the nth Dirichlet eigenvalue of L (b, a) and A # u, a real number.
Then

n(V+1,4) \*/ Alzin —4 (108)

{Unr A)»}J =
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Proof. By equation (90), combined with equation (26), we get

N+1,u,
{ln, A2} = AN+ “))(yfwn),JVb,an). (109)

a’NYl(N+ lrﬂn

Substituting formula (76) for JV,,A;, we obtain

1
(V2 (in), va,am):—a— V2 (N, M(¥2 (i), T2 (2)
v
1
—a—(Yz(N +1,2) — yu (N, D) (¥E (n), Tyi (1) -s 2 (1)
v

1
+—nl+ 1, 3)(¥2 (un), T3 (). (110)
N

To evaluate the right side of equation (110), we apply Corollary 6.4 and get

— 1
(V) TV A )=— T 7z (— R D+ 1,07
14N 1Y2 r#n
—((N+1,4) — n(N, Dy (N + 1, M)y (N + 1, 4)
(N+1,4)
TR+ LA+ 1,07) - B
1

Using the Wronskian identity (14), the sum of the terms in the square bracket of the

latter expression simplifies, and one obtains

A= [n (N +1,4) V(N +1,4)
(n), IVpa Ay) = -
aay (R lkn): TV 23) a1y2(N + 1, j1,)2 a
(N+1,2)
- "la—(yl(zv,un)2 —1), (111)
1

where for the latter equality, we again used equation (14). Substituting equation (111)

into equation (109), we get

A— ln RN+ 1, u)n(N+1,2) 2
AV = - (N, up)* —1)
a,ay tns Bads aianyi(N + 1, up) Vi fn

N+1,1
_ Yl(' +1,2) fa2 _a,
arann(N+1,u,)V #n

where we used that, by the definition of the starred square root (29),
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JA2 —4=yp(N,un) — pa(N + 1, 1) = p2(N + 1, ) (71 (N, 1)* — 1).

This proves equation (108). |

Proposition 6.6. ForanyA e€R,1<n <N -1, and (b,a) € M\ Dy,

{On, A}y = Yn(A). (112)
O

Proof. Recall that 6, = Y r_,' 87 (mod 27) with 8} given by equations (91)~(92). To com-
pute {87}, Ay}, we first consider the case where (b, a) ¢ UQ’: Dy and Ao < g < Aogyy for

any 1 <k < N — 1. Then Ay and pj, are smooth near (b, a) and, by Leibniz's rule, we get

i wn(l/«)
T A= — A d
{Be  Asls (/Mk {\/m )\}J 2
wn(uk) (Azk)

2 {I’Lkl AA}J
*/Auk s/ A)L

By Corollary 6.3, {Azx, A,}; = 0. Moreover, as the gradient Vj,
Tya Iso(b,a) and JV,,A; € Ty, Iso (b, a), it follows that the Poisson bracket { Va1t LAy

A /Aﬁ—4

{)vzk, AA}J> .

‘”"("74 is orthogonal to

vanishes for any u in the isolating neighborhood U, of G,. Hence

B Ay = A,

* 2
A2 —4

By equation (108), we then obtain

Y Ynlw)  mIN+1,1)

On, A2}y = -
(On A} ;MHM) P

where for the latter equality, we used that Y, %Ylg"__ﬂﬂ and V(1) are both
polynomials in A of degree at most N — 2 which agree at the N — 1 points (ux)1<k<n-1-

In the general case, where (b,a) € M\ D, and the Dirichlet eigenvalues are ar-
bitrary, Aok < g < Agrs1 forany 1 <k < N — 1, the claimed result follows from the case

treated above by continuity. [ ]



Action—-Angle Variables for the Toda Lattice 39

Proposition 6.7. Let 1 <n,m,k,] <N —1 and let (b,a) € M with A,;(b, a) = u;(b, a) for
i =k,l. Then

{Br. B"}s=0.
O

Proof. In view of Proposition 5.4, this amounts to showing that the scalar product ((gx s
hy), J(g;-s hy)) vanishes. For k =1, this follows from the skew symmetry of the Poisson
bracket, hence we can assume that k # [. We apply Lemma 6.1 with vy := gk, w1 := hg, vy :=
h;, and wy := g;, which implies that Wy = W(gk, g)) and W, = W(hg, k). Since gg(1), gi(1),
gr(N + 1), and g;(N + 1) all vanish, we conclude that W;(N) = W;(0) = 0 and (SW;)(N) =
(SMA)(0) = 0, hence the expressions V and E, defined in equations (102) and (103) vanish.

This proves the claim. n

7 Canonical Relations

In this section, we complete the proof of Theorem 1.1 and Corollary 1.2. In particular,
we show that the variables (I;)1<n<n-1, (0n)1<n<n—1 satisfy the canonical relations stated
in Theorem 1.1.

Using the results of the preceding sections, we can now compute the Poisson

brackets among the action and angle variables introduced in Section 3.

Theorem 7.1. The action-angle variables (I;);<p<y—1 and (0,)1<n<ny—1 satisfy the follow-

ing canonical relations for 1 <n,m < N — 1:

(i) on M,
{In; Im}s = 0; (113)
(ii) onM\ D,,
{6n, Im}s = —{Im, 6n}s = —0nm. (114)
O

Proof. Recall that % arcosh (t) = (t2 — 1)*%. Hence for any (b, a) € M,

axr

1 d A
I, ‘—*

= — A—— arcosh
2n Ty di 2
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and therefore

1 d VpeA
Voaln = — | Ao —222% da.

2w T di C/Ai —4

Integrating by parts we get
1 Vb a ;.
C{ Az

As {A;,A,}; =0forall A, u € Cby Corollary 6.2, it follows that {I,, I} ; = 0 on M for any

l1<nm<N-1.

Vialn = — (115)

To prove equation (114), use equation (115) and then Proposition 6.6 to get

L[ 6 A )
n Il =~ [ P2 an= o [ i = o
I'm CA)L—4 m JAG —

by the normalizing condition (36) of y,. |

To prove that the angles (6,)1<n<y—1 pairwise Poisson commute, we need the

following lemma. We denote by K = K(b, a) the index set of the open gaps, that is,

Kb,a)={1<n<N-1:y,b,a)> 0}

Lemma 7.2. At every point (b, a) in M, the set of vectors

(1) ((Vb,aIn)neK/ Vb,a Clr Vb,acz)
and
(11) (J Vb,a In)neK
are both linearly independent. O

Proof. The claimed statements follow from the orthogonality relations stated in Theo-
rem 7.1: Let (b, a) € M and suppose that for some real coefficients (r)ncx € Rand sy, s, € R

we have

Z " Vbaln +81VpeCi1 +5:VCy = 0.

nek
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For any m € K, take the scalar product of this identity with JVj ;60,,. Using that {I,, 6} ;s =

8»m and that C; and C, are Casimir functions of {-, -}, one obtains

0= Z Talln, Om}s = ZrnSnm =Tm-

nek nek

Thus r, =0 for all m € K, and it follows that 51V, ,C; + 52V ,C2 = 0. By equations (8)
and (9), Vp,C; and V,,C, are linearly independent, hence s; = s, = 0. This proves (i). The
proof of (i) also shows that (ii) holds. |

Theorem 7.3. In addition to the canonical relations stated in Theorem 7.1, the angle

variables (0,)1<n<y-1 satisfy forany 1 <n,m < N —1on M\ (D, U Dy,)

{On,Om}s =0. (116)
g

Proof. Let1l <n,m < N — 1. By continuity, it suffices to prove identity (116) for (b, a) €
M\ (Ui Dy). Let (b,a) be an arbitrary element in M\ (U;;' D;). Recall that Iso(b, a)
denotes the set of all elements (b',a’) in M with spec(Qy o) = spec(Qpq),

Iso(b,a) ={b,a’) e M : A(-,b,a’) = A(-, b, a))}.

Then Iso(b, a) is a torus contained in M \ (;"," D), and as all eigenvalues of Q(b,a) are
simple, its dimension is N — 1. By Lemma 7.2, at any point (b, a’) € Iso(b, a), the vectors
(J Vi o Ix)1<k<n—1 are linearly independent. Using formula (115) for the gradient of I, one

sees that, by Corollary 6.2, forany u e R, 1 <k < N —1,

1 {AMIA)L}J

Z Iy c/A§_4

(Voo Ay IV o Ii) = — dr=0.

/

Hence for any (b, a’) € Iso(b, a),

(J Vo Ith<k<n-1 € Ty, Iso (b, a),

and therefore these vectors form a basis of Ty 4 Iso (b, a).
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To prove identity (116), we apply the Jacobi identity
{FI{GIH}J}J + {GI{HI F}J}J + {HI {Fr G}J}J =0

to the functions I, 6,, and 6,,. Since by Theorem 7.1 {I, 0,}; = Skn, We obtain

N-1

{Ix, {On, Om}sls =0 on M\ (U Dl> forany 1 <k <N —1.
=1

It then follows by the above considerations that Vy g {6n,0m}s; is orthogonal to

Ty o Iso (b, a) for all (V/,a’) € Iso(b, a), i.e. {6y, 6m}s is constant on Iso(b, a),
(6,0} 50, a’) = {6,,0)sb,a) Y, a') e Iso(b,a).

By [16], Theorem 2.1, there exists a unique element (', a’) € Iso(b, a) satisfying ux(b’,a’) =
Aok(b,a) for all 1 < k < N — 1. The claimed identity (116) then follows from Proposition
6.7. ||

Proof of Theorem 1.1 By Theorems 3.5 and 4.2, the action and angle variables intro-
duced in Definitions 3.1 and 4.1, respectively, have the claimed analyticity properties.
The canonical relations among these variables have been verified in Theorems 7.1 and
7.3, and the relations {C;, I,}; = 0 (on M) and {C;,0,}; =0 (on M \ D,) follow from the
fact that C; and C, are Casimir functions. It remains to show that the actions Poisson
commute with the Toda Hamiltonian. To this end, note that that the Hamiltonian H can

be written as

N N

;Zb,2l+2a,2l —tr(L(b a)?

Nlr—-l

ML

where ()"_-;‘—)ISJ'SN are the N eigenvalues of L(b, a). Recall that on the dense open subset
M\ U,’Q’;ll Dy of M, the A;'s (1 < i < N) are simple eigenvalues and hence real analytic. It

then follows by equation (115) that forany 1 <n < N -1,

= W A}
(H L}, = A?{Aj,fn}F—}: / i deA:O,
i=1 i=
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where for the latter identity we used Corollary 6.3. Hence forany 1 <n < N —1,
{H,I,};=0 onM\ U Dy.

By continuity, it then follows that {H, I;}; = 0 everywhere on M. [ |

Proof of Corollary 1.2 Since for any g € R and « > 0, the symplectic leaf Mg, is a
submanifold of M of dimension 2(N — 1), there are at most N — 1 independent integrals
in involution on Mg, . For any given (b, a) € Mg, let 74, denote the orthogonal projection
Tp,aM — TpoMp . Then the gradient of the restriction I,[n,, of In to Mg, (1 <n < N —1)
is given by ng 4 Vp,o In. By Lemma 7.2, the vectors (mg o Vp,q In)nex are linearly independent.
As Mg, \ UyZ' Dy is dense in Mg, it then follows that (], )1<n<y-1 are functionally
independent. Finally, as C; and C, are Casimir functions of {, -}, it follows that for any
(b,a) € Mg,

{InlMﬁ,u: ImlMﬂ,u}J(bra):(nﬂ,avb,aInrnﬁ,ajvb,alm)
:(vb,aInrJVb,aIm> = {In,Im}J =0,

that is, the restrictions Inln,, of I, (1 <n < N — 1) are in involution. [ |

A Appendix Proof of Lemma 3.7

In this Appendix, we prove Lemma 3.7. It turns out that the proof in ([1], pp. 601-602)
of the special case where the parameter « in equation (1) equals 1 can be adapted for

arbitrary values.

Proof of Lemma 3.7 Let (b, a) be an arbitrary elementin M and 1 < n < N — 1. First note

that I, = £ ;;n"“ arcosh|1A(A)| d1 and use & arcosh (t) = ﬁ to obtain
1 dontr plAG)]/2 1
I, = — dt da.

T Jign 1 Jt2 -1

Since the integrand of the inner integral is nonincreasing, we estimate it by its value at

%. This leads to

A2nt1 _
I > l/ viawiZ2 5, (a.1)
T Jrzm  VIAR)+2
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We will show that for Az, <A < Aony1,

AR =2 VA —doni/Aons =% (A.2)

[AM]+2 Aoy — A

We then substitute equation (A.2) into the integral (A.1) and split the integration interval

into two equal parts,

1 n \/)\ - )LZn\/)\Zn-H —A
Aan — A1 Ji,, A2N — A1

dx,

2
I, > —
b

where 1, = (A2p, + A2ny1)/2. For oy < A < 1, we estimate the quantity Ay, — A from be-

low by y,,/2, yielding

I, > E;f ””\/,\ hoan d = ; V2.
Azn 37 Aoy — A1)

It remains to verify equation (A.2). If A,, and XAy, are periodic eigenvalues, we
have A(X) > 2 for Ay, < A < Agpe1, ie. [A(A)] = A(A). In order to make writing easier, let us
assume that N is even—the case where N is odd is treated in the same way. Then by
equation (19), A; and A,y are periodic eigenvalues of L and thus for any Ay, < A < Agpy1,

the left side of equation (A.2) can be estimated by

- R,

VAR = \/ b= han)0 = ko) | VA= R R —

VAR +2 (A = 22)(X — Aan—1) - A2N — A1

where

(A.3)

A—A A—Aop_3 A — A Aoy — A
R= R0 = 1 2n—3 A2nta e _
A—Xi3  A—ldam-1lrami2—A Aan-2— A

As each of the the fractions under the square root in equation (A.3) can be estimated
from below by 1, for any A,, < A < Ay it follows that R(A) > 1 on [Azy, A2n11], leading to
the claimed estimate (A.2). |

B Appendix Proof of Theorem 3.9

In this Appendix, we prove Theorem 3.9 using estimates derived in [1]. Let (b, a) be in
Mg, with § € R and o > 0 arbitrary.

To show Theorem 3.9, we need the following proposition.
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Proposition B.1. For any (b,a) € Mg, with § € R, o > 0 arbitrary and any 1 <n < N,

2

Aan(b, a) — Aan-1(b,a) < T (B.1)

O

Before proving Proposition B.1 we show how to use it to prove Theorem 3.9.
Proof of Theorem 3.9 We begin by adding up the inequalities (60) and get

N-1 N—-1

V,f <37 Aoy — A1) ( ) (B.2)
n=1 n=1

Note that

N-1 N
dan —A1 = Yn+ Y (Azn — Azn1).
n=1 n=1

By the estimate of Proposition B.1 we get for any (b, a) € Mg,

N-1
Mo — M S 27+ Y Y,

n=1

which we substitute into equation (B.2) to yield

_1 N-1 N-1 N-1
y,f < 6an? ( In> + 3r (Z yn> ( In) .
1 n=1 n=1 n=1

=

3
Il

Using the inequality
2_2 1 2
2ab < e‘a +—2b (@a,beR,e >0)
€

with a = Zn L vn b= Z In, and €2 one gets

Sn(N 1)’

N-1 N-1 N-1 2 N-1 \ 2
2 <670 I +3—” 1 Zy + 37(N-1) I
= )2\ 3rin-p\ = "

n=1
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2
As (Zﬁ:—f yn) <(N-1) (22’;11 y,f), one then concludes that

1Vl N-1 92 N-1 2
> y2 < 6nia ( In> + -1 ( In> , (B.3)
n=1 n=1 n=1
which is the claimed estimate (61). [ |

To prove Proposition B.1 we first need to make some preparations. Note that for

an element of the form (b, a) = (81y, «1y) one has, by Lemma 2.6,

n—1)x nmw
han(Bly, aly) — xzn,l(ﬂlN,alN)=2a(cos D=7 cos —)
N N
. 2n—-1)r . 0w
=4¢ sin ———— sin —
2N 2N
2mo
N

Hence to prove Proposition B.1, it suffices to show that for any (b, a) € Mg, and any
l1<n<N,

Aan(b, a) — dan—1(b,a) < don(—Bly,aly) — Agp_1(—Bly, aly). (B.4)

To this end, following [14] (cf. also [7]), we introduce the conformal map

A Alw)

= _dyu,
VA — A2(u) .

S(A) = (=1)V (B.5)

where the sign of the square root is chosen such that for u < A1, /4 — A%(u) has positive
imaginary part. It is defined on the upper half plane U := {Im z > 0} and its image is the
spike domain
N-1
Qb,a) :={x+iy:0<x< Nx, y> 0} \ U Ty,

n=1

where for 1 <n < N — 1, T, denotes the spike

Al
T, = {nn +1it:0 <t < arcosh ((—I)NJ’"%)}.
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To see that §(U) = Q(b, a), note that for any (b,a) € M and A € U. the discriminant
A(A) and the function §(1) are related by the formula

AR = 2(—=1)Y cos 5(1). (B.6)

To prove equation (B.6), recall that for —1 <t < 1, one has % arccost = +—ﬁ

This formula remains valid for any ¢ in C \ ((—oo, —1]U[1, o0)). Thus

» Alw) *d Alp)
8(r) = (—I)N/ ——du = / —— arccos ((—I)N—> .
VA — A%(u) m Au 2
Since by equation (19) A(x;) = 2(—1)¥, we then get

A A AL

8(\) = arccos ((—I)N%) , = arccos <(—1)N%) , (B.7)

leading to formula (B.6) and the claimed statement that §(U) = Q(b, a).

The map § can be extended continuously to the closure {Im z > 0} of the upper
half plane. This extension, again denoted by §, is 2-1 over each nontrivial spike T}, and
1-1 otherwise. Since the nth spike T;, is the image under § of the nth gap (A2, Az2ni1),
all spikes are empty if and only if all gaps are collapsed. By Lemma 2.6, all gaps are

collapsed for (b, a) = (—B1y,aly), hence Q(b,a) C Q(—B1ly,ly) for any (b,a) € Mg,.
Note that
Aan(b, @) — hon-1(b,a) = 8 Hnr—) — 8 Hin — 1)x+) = f u () A, (B.8)

where u™ : Q(b,a) — R, z+— u™(z; b, a) is the harmonic measure of the open subset ((n —
1)z, nx) of 3Q2(b, a) (see e.g. [6] for the notion of the harmonic measure).

We need two lemmas from complex and harmonic analyses, respectively.

Lemma B.1. For (b,a) = (—B1ly,aly) with 8 € R, @ > 0 arbitrary, the map §(A) defined by
equation (B.5) is given by

2u

§(A) = N arccos <—)L + ﬂ) . (B.9)
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For arbitrary (b, a) in Mz, and £ € R, the following asymptotic estimate holds as n — oc:

_E+in+B

8(& +1in) = N arccos <
2«

) + 03, (B.10)

locally uniformly in &. O

Proof of Lemma B.1 In view of formulas (51) and (52) for the fundamental solutions y;

and y», for (b,a) = (—B1y,aly), the discriminant A(A) = A(A, —B1y,@ly) is given by

A=y (N,A) + (N +1,1)

_ sin(p(V —1)) L sin(p(N + 1))
sinp sinp

=2cos(pN),

where 7 < p < 27 is determined by cos p = % Hence

A
A(A):ZTN< +’3>, (B.11)
2a
where for any z € U,
Twn(2) = cos(N arccos z). (B.12)

Actually, Ty(2) is a polynomial in z of degree N, referred to as Chebychev polynomial of
the first kind. Substituting equation (B.11) into equation (B.7), we obtain

8(2) = arccos <(—1)N¥) = arccos ((—I)NTN (k i ﬂ)) .

The claimed identity (B.9) now follows from the elementary symmetry

Ty(z2) = (=) Ty(—2) VzeC.
Now let (b,a) € Mg,. The asymptotic estimate (B.10) follows by comparing the polyno-
mials A(}) correponding to (b, a) and the one corresponding to (—81y,«1ly). By equation

(17) (and the discussion following it), in both cases,

AQ)=a AV (1+NBA +0(7%) as |A] - oo.
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This implies that
ApaM) = A_g1ya1, () - (1 4+ 072,

hence by equations (B.9) and (B.11),

8p,q(M)=arccos

A plvaly@) - (1+ OK™ 2))>
()‘ +’3) a4 ow)))
=arccos (TN <—2+—a'3) 1+ 0()»_2))> .

Substituting formula (B.12) for Ty, one then concludes that

8pq(A)=arccos (cos <N arccos (—)L;_ ﬂ)) 1+ O()fz))>
o

=N arccos (—ﬂ> + 00732, (B.13)
2u

2

=arccos

(o
(1=

where in the last step we used that arccosz = —ilog(z+i+1— z2) for any z in C\
(=00, =11 U [1, 00)). n

Lemma B.3. Let u: Q2b,a) — R be a bounded harmonic function such that the non-
tangential limit of u(z) on 9Q(b, a) has compact support, and let U(}) := u(§(1)), where
8(A) is the function defined by equation (B.5). Then for almost every t € R, the limit
U(t) :=lim, o U(t + in) exists and is integrable, and

/ U(t)dt = lim 27a sinh (%) u (E n iX> . (B.14)

s
00 X—00

O

Proof of Lemma B.3 Again by Fatou's theorem, for a.e. ¢, the (nontangential) limit
lim,_,o U(t + in) exists, since U is a bounded harmonic function on {Im (z) > 0}. Since u
is bounded on (b, a) and its nontangential limit to 92 has compact support, U(t) is

bounded and compactly supported, and thus in particular, integrable. For A = & + iy, one
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then has the Poisson representation

. n [ Ul(t)
U = — _, B.15
(& +in) n/,w(t—s)unz (B.15)
and by dominated convergence we conclude that
/ Uit)dt = lim nn U(& +in). (B.16)
oo 17— 00

(In particular, the limit in the latter expression exists.) In order to compute the right-hand

side of equation (B.16), let & + in be given by
N
E+in=25" (TEHX)'
for x sufficiently large. Then U(§ + in) = u(% + ix), and by equation (B.13), it follows that

Tl < E+pB)+in
— + —x=arccos| ————
20

>t ) +0(E+in™?) (x— o). (B.17)

Taking the cosine of both sides of equation (B.17), multiplying by —2«, and using that

cos(3 +1it) = —isinht for ¢t € R, we obtain
2ia sinh% =(E+B) +in1+0(E+in7?) (x— o).
Hence, as x — oo,
. X
& =0(1), 7n=2asinh N + 0O(1). (B.18)

Substituting equation (B.18) into equation (B.16) leads to the claimed formula (B.14). B

Proof of Proposition B.1 Let (b,a) € Ms,. Besides the harmonic measure u™ of the
set E :=(n — 1)z, nx) C 0Q(b,a), we also consider the harmonic measure ujS"L of E C

0Q2(—B1y,aly); note that
Q(—Bly,aly) ={x+1iy|0 < x < Nx, y > 0},

and hence Q(b, a) € Q(—pB1y,aly). According to [6], both u™ and ug‘}l satisfy the hypothe-

ses of Lemma B.3. Let us recall the monotonicity property of the harmonic measures
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u(z, E, Q) with respect to Q (see e.g. [6]): If Q; € Q3, E C 92, N9Q,, and ulz, E, Q) i =1,2)
denotes the harmonic measure of E C dQ;, then for any z € Q;, ulz, E, Q1) < ulz, E, Q).

Apply this general principle to Q; := Q(b, a) and Q2 := Q(—B1y,aly) to get
u(x) < uff) (x). (B.19)

Writing U™ (1) := u(5(1) as well as U% (1) := ufj,(5()) and combining equations (B.8),
(B.14), and (B.19), we conclude that

ron(B, @) — gy (b, @)= / U™ (0d A

—0Q

X—> 00

N
=lim 27« sinh (£> ul® il +ix
N 2

b:4 N.
<lim 27« sinh (—) ugLL <—7T + ix)
N ’

X—>00 2

= f U d

[ee]

=Aon(—Bly,aly) — Agp_1(—Bly, aly).

This completes the proof of estimate (B.1) and therefore of Proposition B.1. |
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