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Abstract. A structure theorem is established for amenable actions of a countable
discrete group.

0. Introduction

In 1978, R. J. Zimmer introduced the notion of amenability for an action of a
separable locally compact group, or an equivalence relation, on a standard Borel
space with a probability measure. In [Z1], he showed that the Mackey range of a
homomorphism from an amenable ergodic equivalence relation to a separable locally
compact group G is an amenable G-space.

In [CW], A. Connes and E. J. Woods studied group-invariant, time-dependent
Markov random walks. In particular, they pointed out that the Poisson boundary
of a group-invariant matrix-valued random walk on a separable locally compact
group is an amenable G-space.

In the case that G is a (countable) discrete group, we shall show in this paper
that every amenable ergodic G-space can be obtained by either of these two
constructions. To summarize, if (S, u) is a standard measured space and G acts
ergodically on (S, 1) then the following statements are equivalent:

(i) (S, u) is an amenable G-space;

(ii) the equivalence relation induced by the action of G on (S, 1) is amenable
and the stability subgroup G, ={gec G; sg = s} is amenable p-a.e.;

(iii) (S, ) is isomorphic as a G-space to the Mackey range of a homomorphism
from an amenable equivalence relation to G;

(iv) (S, i) is isomorphic as a G-space to the Poisson boundary of a group-
invariant matrix-valued Markov random walk on G.

The organization of this paper is as follows. In § 1 we shall show that if (S, u)
is an amenable ergodic G-space, then the stabiliser subgroups G, ={g €'G; sg = s}
are amenable u-a.e. This fact was stated without proof in [ST]; for the sake of
completeness (and because we need this result), we prove it here. We shall show
in § 2 that (ii) implies (iii), and in § 3 that (iii) implies (iv). In § 4, we shall state
the main theorem formally and complete the proof.
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The results of this paper were announced at ICM-90 in Kyoto, where we learned
that V. Ya. Golodets and S. D. Sinelshchikov had proved independently and
simultaneously the equivalence between (i), (ii) and (iii).

1. Stabilizers of amenable actions

Let (S, u) be a standard measured Borel space, and let G be a countable discrete
group, acting ergodically and amenably on (S, u). By [Se], Theorem 1.1, there is a
natural short exact sequence of groupoids

[(SXG)»SxG>Re

where I'(Sx G)={(s, g); g€ G,} is the field of isotropy subgroups G, and R is
the equivalence relation induced by G on S. As R is amenable [Z1, Proposition
3.4], there exists an ergodic automorphism of (S, y) such that #; =%, ae. [CFW,
Proposition 4.1].

It follows that the surjective groupoid map (s, g)—(s, sg) has a left inverse,

y:Rs~>SXG,

also a (Borel) groupoid map (see [ST, pp 1091 to 1092]). Following [Se] and [ST],
let us consider the groupoid semidirect product of I'(S x G) by R with respect to
the action Ady,

I(SX GYXRs={(s, &, 58); & € G,, g€ G},
where
r(s, g, sg)=s, s(s,&,sg)=sg and
(s, 8, 8)(E, &, S8H) = (5, 8.7(5, 58) 8™ ' (s, 58), sgh).

This groupoid is endowed with the measure
V(-)=J lri(s) o | duls).
S

Clearly, I'(S X G) X% is isomorphic to S X G by the map
(s, 85 58) EN(S X G) X R (s, g,7(s, 58)) e SX G.

Let us recall (see [H1]) the definition of the von Neumann algebra of the groupoid
I'(S x G)XRs. Denote the set {fe L'(T(Sx G)XRs); || fln <o} by ITT(S x G) x
R), where the norm || f ||y is equal to

sup {I |£(s, g, sg)E(s)n(sg)| dv(s, g, s8); & ne L*(S, u), |€]=|n| = 1}-

For each feII(T'(S X G)XR;), the map L, which to each function ¢ belonging
to LX(I'(S x G) X %R) assigns the function

L(§)(x) = I fGp)Ey™) dv'®(y), xeT(Sx G)xRg,

is a bounded operator on L*(T'(S X G)X%R).
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Amenable actions of discrete groups 291

The von Neumann algebra W*(I'(S x G) X%R¢) of the groupoid T'(S X G) X R
is the von Neumann algebra on L*(I'(Sx G)X%R;) generated by the L,
feI(T(Sx GYXRG).
If feIl(I'(Sx G)XN%Rs), let us denote by E(f) the restriction of f to the
‘diagonal’, i.e.,
E()(s . sg)={? s 7 sg,
(s, g,5) ifs=sg

For ée€ L*(T(S x G)X %) and feII(I'(S x G)XR), we have:

—LE(fjé(s’ gs’ t) = ff((s’ gs’ t)(ta gt, S))i(& ’Y(S, t)gt_ Ly(t’ S)’ t) dvt(t’ gt’ S)

= ff (s, 8s¥(s, g, 5), S)E(s, ¥(s, g ' 9(t, 5), 1) dV'(E, &, )
= gf(s, g:¥(s, gy (1, 5), s)E(s, (s, )g; ¥(1, ), 1)

= (Z;Sf(s, gho', 5)E(s, b, t)
= gf(s, ks, $)E(s, kg, 1),

One deduces easily the following

LEMMA 1.1. Let N denote the sub von Neumann algebra of W*(I'(S X G)XRs)
generated by {Lg sy, feTI(I'(S x G) X R )}

(i) N is isomorphic to j’(;a AMG;,)" dus).

(ii) The map E(L;)= Lg,, extends to a normal conditional expectation from
WH*(T(Sx G)xR) onto N.

ProposiTiON 1.2. Let (S, ) and G be as above. The stability subgroup G, =
{g € G; sg = s} is amenable a.e.
Proof. As Sx G=T(Sx G)xX%s and the von Neumann algebra of a (measured)
groupoid is an isomorphism invariant, the factor W*(I'(S x G) X Rg) is injective
by [Z2], Theorem 2.1.

Hence by Lemma 1.1, the algebra If A(G,)" du(s) is injective and by [C1, Proposi-
tion 6.5], A(G;,)" is injective a.e.

Therefore by the result of J. T. Schwartz, G, is amenable a.e. O

2. Amenable actions and Mackey ranges
In this paragraph, we shall prove the following

THEOREM 2.1. Let S be a standard Borel space with a non-atomic probability measure
w and let G be a (countable) discrete group acting ergodically on S with respect to p.
Assume that

(i) the equivalence relation induced by G on S is amenable, and

(ii) the stability subgroup G, = {g € G; sg = s} is amenable, for u-almost every s € S.
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Then there exist a standard measured Borel space (S, ji), an amenable, discrete
equivalence relation % on (S, ji), and a cocycle a: & - G such that the Mackey range
of a is isomorphic as a G-space to (S, u).

The proof of this theorem divides into three parts. Note first that the space
S={(s,(g)n=1); gn€ G, forall n=1}cS=[] G

n=1

is a standard Borel space (Lemma 2.9). In fact the first part of the proof, from
Lemma 2.2 to Proposition 2.10, a measure g on $ is built. In the second part of
the proof, from Lemma 2.11 to Lemma 2.13, we define an equivalence relation R
on (S, ), and show that R is discrete, non-singular, and amenable. In the last part
of the proof, we construct a homomorphism a:@—»G, and a G-isomorphism
between the Mackey range of @ and the G-space (S, u).

Let S be a standard Borel space and G a countable group. Denote by ?f(G) the
collection of all finite subsets of G.

As G is countable, 2f(G) is countable, and so with the discrete topology it is a
Polish space.

Let S(G) be the space of subgroups of G, with the standard Borel structure
generated by the sets {K € S(G); K < A}, where A runs through the subsets of G
(these form the closed sets for a Polish topology on S(G)).

LEMMA 2.2. Let se S— G, € S(G) be a Borel map.

Then the subset E ={(s, F); F< G,} of Sx ?f(G) is Borel.
Proof. The subset {(s, g); g€ G,} of Sx G is Borel (see for example [S1], Theorem
2.5). Therefore, with G ={g,, g,,...}, for each n=0, the sets S, ={s€ S; g, € G,}
and S, ={s€ S, g, # G,} are Borel. Denote by = the projection of S x 2f(G) onto
S.Foreach n=0,theset A, =7 '(S,)u (7 (S)n S x Pf(G\{g,}) is a Borel subset
of SXPf(G), and E < A,. Conversely, if (s, F)€( ).=0 A,, then for each n=0,

gcF = g.€G,,
and so (s, F) € E. Therefore, E ={ ),=0 A,,, and the lemma is proved. O

Now let G act on S and suppose that S is a Polish G-space under the action
(5,2)e SXGrssgeS.

For all s€ S, set G, ={ge G; sg =s}. Then s€ $—G, < S(G) is a Borel map.

Let 4 be a G-quasi-invariant probability measure on S and assume that G, is
amenable w-a.e. Then

LeMMaA 2.3. For each n=1 and 6 >0, the subset

FAF .
E,,,5={(s,F);FCGS,%<61fg,-eGs,i=l,...,n}

of Sx Pf(G) is Borel. Moreover, u (Domain E, ;) = 1.
Proof. If w denotes the projection S X Pf(G)— S, then by definition

Domain (E,;)={se S; 77 '(s) " E, s # J}.
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First, note that for all g € G, the map

F
Fe g’f(G)H%e Q is Borel.

As s—G, is Borel, the set S, ={s€ S; g€ G,} is Borel for k=0. Then for each
e=(g,...,&,)€{0,1}", the subset
S.=S. . =1{s€8;8¢cG,ife;=1,g¢€G,if =0}

-(ns)a(n%)

is Borel, and S=]][..0.1)" S.. As

'gls,FAF|<6

Eu= 1| (s P FeGlnsx|F, =

e€{0,1}

}ﬂﬂ_’(Ss),

E, s is a Borel subset of S x #f(G) by Lemma 2.2.
Moreover, as G, is amenable u-a.e., 7 (s)nE,; # D p-a.e. O

Let us denote by ¥ the set {g:S—> G; g is a Borel map and g,€G.}. If ¢ is a
map from § to the set #(G) of functions on G and g € ¥4, thenthe map g¢ : S-> F(G)
is defined by

go(s)=a¢(s)(g(s)"'h), seS heC.

Then by [A, Theorem 2.4] (for example), together with Lemma 2.3, there exists a
Borel map

F: Domain (E, ;)<= S-> 2f(G)

s > F;

the graph of which is contained in E, ;. Set ¢, 5(s) = xr/|F|, s € Domain (E, ;).
Then ¢,5(s)€1'(G,)+, | @ns(s)]i =1, and the map

¢n5: Domain (E, ;)<= S I'(G)

N "‘)(P,,,,;(S)

is Borel, and || g, s(s) — @, s(s)|[1 <8 if g€ G, i=1,...,n, for a.e. s€S.

From this we deduce the following

LEMMA 2.4. There exists a sequence (¢,),.-, of Borel functions from S to I'(G) such
that

(@) @a(s)el'(G))s, [@a(s)]1=1, and
(b) for any ge %,
18(s)pn(s) = @a(s)]1 >0 a.e.
Proof. Let ¢, 5 be as above. Then D=(),., Domain (E, ) is conull in S. Define
¢n:S->1'(G) by
¢n,n71(s) ifSe Da
@als)= .
X{e) lfSE D.
We just have to check (b).
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Let g€ %. Then let (S.(g)).=0 denote the Borel partition of S, where S,(g) is the
set {se S; g(s)=g,}. For each N, for each k= N-+1,

k
lgew(s) — eu(s)]|; SI—V_IJTI forae.se gl S.(8).

Hence,

u( U {seS; IIIE(S)som(S)—svm(S)HlZN*'})S Y u(S.(2).

m=k+1 m=k+1
Therefore (see, for example, Theorem 1 on page 251 of [Sh]),
8en(s) —@u(s)]; >0 a.e. 0

Let E denote the Banach space L'(S, I(G)) (with Iz(G)). We define an order
structure on E by

f=0 if f(s)=0 inl™(G),a.e.
Consider the two elements ¢ and ¢ of E defined by
t(s)(g)=1 forallse S, geG,
c(s)=xg, forallses.
We will denote by # the set of means of E, i.e.,
Mg ={p€Ef;¢=0 and (¢, )=1},

and we set Mg, =M " {o € E*; (¢, c)=1}.
Recall that P'(G)={fe L'(G).; | f].=1}. Set

P(S)={neL™(S1'(G)); n(s)=0 and [n(s)],=1ae}
and
P(S)=P(S)n{ne L=(S,I'(G)); supp n(s) = G, a.e.}.

We will need the following results, the proof of which we give for the sake of
completeness.

LEMMA 2.5. (a) The space L™(S, I'(G)) is isometrically embedded in E*, via the map
n—>1n with

(ﬁ,f>=J (n(s), f(s)) du(s), feE.

(b) The set Mg is weak™-compact and f’(S)A is weak*-dense in Mg.
(c) The set My, is weak™*-compact and P(S) is weak™-dense in M.
Proof. (a) Let e L*(S,I'(G)) and f € E. We have

|<ﬁ,f>|SJ K (s), f(s)] dp(s)
N

= J' [ Nf($)]le dials)
=<|[nllfl-
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Hence, |4 < [In|. To verify the other inequality, let us show that for all ¢ >0,

2l =ln]—e.
As (S, u) is a standard Borel space, with non-atomic measure, we may assume
that (S,u) is isomorphic to [0,1], with Lebesgue measure. Set C =
{s€S;|n(s)]l;=|n|—3e}. Then C is measurable with non-zero measure. As 7 is
measurable, there exists a compact set K < C such that u(C\K) < u(C)/2 and n|K

is continuous. Hence there exist s,,..., s, € K and strictly positive real numbers
8,...,8, such that K< J]_, B(s, §;), and

In(t)=n(s)ll,<ie ifte KnB(s;,8),fori=1,...,n

,,,,, . of K such that
() —m(s)|<3e ifteA.

Let n,€ L*(S, I'(G)) be defined by

7:(s) :{

Then there is a measurable partition (A;);—,

n(s) ifseA,

n(s) ifsg K
Then
llm = mill=sup sup fIn(6) = m (sl =3¢, (25.1)
|<ﬁ—ﬁ1,f)lsj Kn(s)—ni(s), /) du(s)
SI m(s) = m)NILAS) o duls) (2.5.1)
=3¢l f]
For i=1,...,n, set B;={ge G; n(s;)(g)=0}= G. Let f:S->I(G) be the map
defined by
0 ifseK,
f(s)z{zx,,iﬂ ifseA,i=1,...,n.
Then fe E and

G f)=3 L (m(5:), 2xm, — 1) du(s) = L Ima(s)lls diacs)

- (2.5.2)
zj U5l ~1e) dusts)= (Il =21,

Here we have used (2.5.1) and the definition of C. By (2.5.1) again together with
(2.5.2), we have

1A= KA N = KA A =3el =l - e)llf].
As || f||> 0, this shows that ||9]=||n| —«.
(b) Note first that ./, is a weak*-compact subset of E¥ and that P(S) is a convex
subset of .. If the weak*-closure of f’(S) is not equal to ., then by the
Hahn-Banach theorem, for some ¢ € f, there exists f € E such that

@, > >sup (<A, f; n € P(S)).
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We may assume that f=0. (By {E, (8.18.1)], we may assume that f is bounded; we
may then add a suitable multiple of ¢ to f£) We will obtain a contradiction, by
proving that

sup ({7, f); n€ B(S)}=| 1]

of S and f, € I”(G),, are dense in E, (see [E, (8.18.1)]). Let £¢>0 be given and
choose f=Y_, xafx such that | f—f| <3e. For 1=k=n, let n, € P'(G) be such
that

(s ) = | filloo =3¢
and set n=Y"_. xa,m Then ne P(S) and
G2 =TIz 11 -3e=1f]-e

(c¢) Clearly, Mg is weak*-compact and P(S)c My . Letoe My, hy,..., h,€E,
and £ >0 be given. By [E, (8.18.1)], there exist f,, ..., f, € E and K >0 such that

Ifi—h]<ie and ||fi(s)|e=K, secS. (2.5.3)
Let £, <¢/2(1+3K). By (b), there exists n ¢ P(S) such that
|<ﬁ’ C>_1|<81 ’ and |<ﬁ,f;>_<¢’f;>|<el, izla"'9n' (254)

For se S, set 7(s) = || xan(s)|:. By (2.5.4),
J (1—7(s)) du(s)=e,
S
and so if C={se S; 7(s) =0}, then pu(C)<2¢,.
Let v:S - I'(G) be defined by

_ {[l/ﬁ(s)]Xcm(S) ifseC,
v(s)= )
X{e} if se C

By construction, v € P(S). We have

I Kv(s)—n(s), fi(s)] du(s) = J . I fi()l2(1 = 7(s)) du(s) = Ke,
s\C S\C

sj 1£.(5)]l | X2 2L8)
S\C

) n(s)

du(s)
1
and

J [(v(s) = n(s), fi(s)] duls) = L )+ ML) o dils)
C

<2Ku(C)=4Ke,
fori=1,..., n. Hence,
Ko —0,Ml=3Ke,, i=1,...,n (2.5.9)
By (2.5.3), (2.5.4) and (2.5.5), we have
Ko = h)l<3e+ (P4, f)l =36 +e,+3Ke,<3e+ie=<e.
Therefore, (¢) is proved. 0
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Denote by r:Sx G->R* the Radon-Nikodym cocycle of the action of G on
(S, ;). As in § 1, there exists a Borel left inverse y: %> S x G of the surjection
Sx G- Rg with y((s, sg)(sg, sgh)) = (s, sg)y(sg, sgh) on R, ie., such that y is
multiplicative. Let us still denote by y the composition of y with the projection
from Sx G to G.

Let x: G > Iso (E) denote the action of G given by

(1) Xof(5) = r(s, sg)f(sg)(v(s, sg) 'ky(s,s8)), seS, keG.

If 7 denotes the action by conjugation on I7(G) (i.e., 7 f(k)=f(g 'kg), ke G,
fel’(G)), then

(2) ng(s):r(ss sg)ﬂy(s,sg)f(sg)a f€ E

For each ge ¥={g:S5- G, g a Borel map with g(s) € G,}, there corresponds an
isometric automorphism of E, f—gf, defined by

(3) gf(s)(k)=f(s)(g(s)"'k), seS,keG.
For all g€ 9, he G, let gh e 9§ be defined by

(4) gh(s)=y(s, sh)g(sh)vy(s,sh)™', seS§.
Then for all g€ ¥4, he G,

(5) Xn(&) = (&h)xn-

Denote by y* the dual action, defined by

(6) (Xse. f)={p.xs'f), ¢cE* feE,geG,

and for each g€ %, denote by g* the dual transformation

g*o,f>={9.87'f), ¢eE*feE
Let  be a weak*-cluster point (in E¥) of the sequence ($,),~, (of Lemma 2.4).
If g % then (g*¢,—@,) converges weak® to 0 by Lemma 2.4. Therefore, ¢ is
%-invariant. Moreover, (¢, 1) =1, because (¢,,t)=1 for all n=1.
For all be Liz(S) and f< E, note that bf, defined by (bf)(s) = b(s)f(s), s€S, is
in E. Hence, if ¢ € E*, then by given by

(b, fY=(@,bf), fekE,
is an element of E* with |bep| < ||b]«| |- Set
K={f:10,1]-[0,11; = qixa },
where q;€Q, and {A;} is a finite partition of [0, 1] into intervals with rational

endpoints. Let 8: S~ [9, 1] be a Borel isomorphism (S is a standard Borel space),
and set K ={fBg; f€ K, g€ G}. Then K is countable.

LEMMA 2.6. Let A denote the weak™-closure of {} ... X (¥); fi€ K, ¥ inie fe =1}
Then A is a non-empty, compact, convex subset of Mg . which is x*( G)-invariant and
each element of which is %-invariant.

Proof. As ¢ € Mg, the first part of the lemma is clear.

Since  is %-invariant, by (5), xF¢ is also %-invariant for all h € G. Therefore
every element of A is %-invariant.
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If fe L™(S), ke E, and he G, then x,(fk)(s)=f(sh)x,k(s), s€ S. If fe K, then
fg e K for each g € G. It follows that A is y*(G)-invariant. O

Denote by A the left regular representation of G. Let F be a A(G)-invariant and
7(G)-invariant separable closed subspace of I“(G), containing the constant func-
tions. Denote by r: I*(G)* - F* the restriction map. Then r also defines a map from
E*to L'(S, F)*=L>(S, F*).If fe L'(S, F), be G and g € 9, then y, f and gf belong
to L'(S, F). Hence r is %- and x*(G)-equivariant.

In BeccQ, set Q={(yg)ecc; Ve =0, L, . Yo = 1}. For each y e Q, we denote by
s—y(r(¢))(s) the element of L*(S, F¥) corresponding to

y(r(¢)) = ZG Yexa(r(y)) e L'(S, F)}.

As y(r(¢)) € Mg, it follows that for a.e. s€ S, y(r(¥))(s) is a mean on F (i.e., belongs
to Mg).

Let Iso (F) denote the group of isometric isomorphisms of F, endowed with the
strong operator topology, and H(F¥) the group of homeomorphisms of F¥, with
the topology of uniform convergence. Consider the (Borel) homomorphism 7: R -
Iso (F) defined by

77.(5,!)f‘= Try(x,l).f; f€ FC I\x(G)s

and denote by #*:%s;-> H(F¥) the induced adjoint homomorphism, given by
¥ (s, 1) = (m(s, %)\,

LEMMA 2.7. For every s € S, denote by Ar, the weak™ closure of the set
{y(r(¢))(s); y€ Q} = FY.
Then (Ag;).s is a Borel field of compact convex subsets of F} such that
m*(s, 1) AR, = A, a.e.
Moreover, r(A)={¢ e L*(S, F*); ¢(s)c Ag, a.e}.

Proof. By [Z1], Lemma 1.7, the map s— A is a Borel field of compact convex sets
of F¥. Forall ge G and ke L'(S, F), we have

(xgr(y), k)= J (r()(s), r(s, s8 )y k(sg ") duls)

S

=I (T3 r(W)(1g), k(1)) du(1).

Hence s> ., r(#)(sg) is the element of L™(S, F*) corresponding to x¥r(¢), and

5”*}’("(‘/’))(5) 22 ygﬂ:i,xg)r(d/)(sg)e AF,s~

If (s, t)=(s, sh), then
TEY (W) =X Yol o T ong () (shg)

= Z ygﬂ(ﬁ',shg)r(w)(Shg) € AF,S"
g
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Set Ao={LsncfX2(¥); €K, Linie fe(s)=1}= Ef and B={gec L¥(S, FY);
@(s)e Ag, a.e.}. By [Z1], Proposition 2.2, B is a closed convex subset of L*(S, F*),.
As r is continuous and A is compact, the lemma will be proved if we show that
r(A,) is weak*-dense in B. By [Z1], Lemma 2.5, functions of the form

5= % FSr))(s)
are dense in B. But we have
£ =3 (£ naf ) iwre

and r(¥;_ fy,(¢)) corresponds to s—>Y[_, fi(s)y.(r(¢))(s). O

LEMMA 2.8. With the above notation, if R is an amenable equivalence relation, then
there exists ¢ € A such that x*¢o = ¢ forall ge G.

Proof. Since G is countable, we can find a collection of A(G)- and 7 (G)-invariant
separable closed subspaces Fj of I°(G), containing the constant functions and such
that I*(G) =Us. 5 Fs (B is some index set).

For each finite sequence B,,...,8,€ B, set F=Fz +---+Fy . As above, let
r:1*(G)* - F* denote the restriction map. Let (Ar).. s be the Borel field of compact
convex subsets of F¥ of Lemma 2.7.

Set Ir ={p € ET; r(¢)er(A) and xir(¢)=r(¢), g€ G}.

Assertion 1. I is a non-empty o(E*, E)-closed set.

As r is continuous, A is compact and x¥ e H(ETY), I¢ is closed.

As R is an amenable equivalence relation, there exists a Borel function n: S > F¥
with

n{s)e Ag, ae., (2.8.1)
ai o m(t)y=n(s) ae. (2.8.2)

Let 7 denote the element of L'(S, F)* corresponding to s—n(s). By (2.8.2) and
the definition of x*, we have y¥n=n for all ge G and by (2.8.1), n € M5 ). By
the Hahn-Banach theorem, one can extend 5 to ¢ € F§ such that r(¢)=7. One
can choose ¢ in #; by the monotone extension theorem. Indeed, E is an ordered
linear space and L'(S, F) is a cofinal subspace of E (see [NB, p 181]). Therefore,
I¢ is non-empty.

As ET is o(E*, E)-compact, there exists ¢ €[ Jg.p Ig,, ie., ¢ is a mean of E
such that for all Be B, rs(¢)erg(A) and x;rs(¢)=rz(p)ge G (where ry: E*>
L'(S, Fz)*).

To finish the proof of Lemma 2.8, we must prove the following
Assertion 2. p€ A and x}¢p =, forall ge G.

If ¢ £ A, then there exists fe E such that
(e, f)>sup (¢, f).

YeA
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Set 8 ={(o, f)—sup,c. (¥, f). The simple functions of the type

Z ﬁ(XAA,
k=1

where f, € I°(G) and (Ay);<k=, is a measurable partition of S, are dense in E (sse
[E, (8.18.1)]). Therefore, there exist f;,...,B,eB, F=F; + -+ F; and fe
LY(S, F) such that

If-Fll =36
Then as (rF(<p),f)= (¢,f} and re(@) e re(A), we deduce that
(@, fy={@, Y+ o, f—f)=sup (¥, /)+35,

WeA
a contradiction.
We check the second part of the assertion in the same way. O

Let (S, #) and G be as above. We may assume that S is a Polish space. Then the
space Sx][[, _, G is also Polish.

n=1

LEMMA 2.9. §={(s, (81)n=1); 8.€ G,} is a Borel subset of Sx]],., G.

Proof. As s— G, is (Effros) Borel, then for fixed g€ G, s—d(G,, g) is Borel where
d is the discrete metric (d(g, h)=1 if g# h) (see [S1, Theorem 2.5]). Therefore,
for g=(g,)n=1€ll,., G fixed, the map s—Y _, (1/2")d(G, g,) is also Borel.
Moreover, for s€ S fixed, ge[l,., G—2 ., (1/2") d(G, g,) is continuous. Hence

n=1\
the map
1
(s,8)eSx [ G— % Z—nd(Gs,g..)
n=1 n=1
is Borel and S ={(s, 8); 2., (1/2") d(G, g,) =0} is Borel. O

By [Ch, Theorem 2.6], S endowed with the subspace Borel structure is a standard
Borel space. Similarly, for each n=1,

§,,={(s,g§,...,gf,); seS, gieG, for 1=k=n}

is a standard Borel space.

For each se€ S and n=1, let us write Q, =[]
szn GS'

If ()=, is a sequence of positive elements of L™(S, I'(G)),, let us introduce
the following notation:

v, is the product measure Qi_; m(s) on O,

ve(resp. vy) is the infinite product measure Xy, 7 (s)(resp. R, M (s)) on
Q,(resp. Q7),

(& is the measure Is v, du(s) on S, and

i, is the measure js v, du(s) on S,.

For each ge G and n e L*(S, I'(G)), recall that Xg is defined by

Gs, Qs,n =1_[::1 G;, and Q?:

m=1

Xgn(s)zﬂ'y(s,sg)n(sg)a SGS~
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We shall write
XgUs.» to mean the product measure &k _, ;M (s) on Q.
XeUs(resp. x,v7) to mean the infinite product measure &i_; x,7(s) on

Q,(resp. Q=n Xem(s) on Q7).
We shall write G={g,=¢, g,, &,...},and G, ={go, &1, ..., g} for all k=0. For
each g, € G, denote by g, : S—> G the map given by

- _{e ifngGx,
= 8 lfgk € Gx'

ProrosiTiON 2.10. Let (S, n) and G be as above and assume that
(i) the induced equivalence relation R on S is amenable, and
(ii) the stabilizer G, is amenable, p-a.e.
Then there exists a sequence (7,),., of elements of P(S) such that
() for 1=k=n, | xgn(5) = na(s)]], du(s)=<1/2", and
(b) if p, is the smallest integer | such that for 0=sk=n-1,

1

J‘ dﬂ’(s)ngv,n—l({(S’ g;a AR ) g;—l)e S"",] > g-: v gil—lE Gl})Z 1 _n_ >
s

then for g, € Unea, h™'Guh,

1

L 18 () = mu()] duts) ==

Proof. Let ¢ € Mg . be as provided by Lemma 2.8. As P(S) is weak*-dense in (¢,
there exists a net (v,),cx in P(S)< L'(S x G) such that
b, > ¢ weak* in E*.
By Lemma 2.8, we have that for all k=1,
(x*d,-0,) and (g¥d,—10,) converge weak* to 0 in E™.
Note that
LY(SXG)*=L"(SxG)c L'(S,1"(G))=E.

Therefore, for all k=1,

(Xe,0o —V,) and (g, —1v,) converge weakly to 0 in LY(SxG). (2.10.1)
For each k=1, consider the maps

N L' (SxG)» L' (SxG)x L' (SxG)
foe af—has-o),

and

N:L'(SxG)-> [l (LY(SxG)x L' (SxG))

k=1

S g (ngf_f, g_kf_f)kal'
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Recall (see [B, I1.6.6, Proposition 8]) that the

o-< 1 (LY(SxG)xL'(§xG)), ® (L(Sx G)x L*(Sx G)))-topology

k=1 k=1

on [[,., (L'(Sx G)x L'(Sx G)) is the product of the o(L'(Sx G), L*(§x G))-
topologies on the various copies of L'(Sx G).

Set B =Conv {D,; o€XZ}. By (2.10.1), we have 0 N(B)"***. As N(B) is convex,
0 belongs to the norm closure of N(B). Hence there exists a net (7;),., such that
for all k=1,

Ixemi =m0 and ||gmi—ml->0 (inL'(SxG)).

The proposition follows easily by induction. O
Let S=13(s5,8");s€8, 2 =(g)n=1€,} be as in Lemma 2.9 and let (7,),= be a
sequence in P(S) as in Proposition 2.10.
Keeping the notation introduced after Lemma 2.9, let us consider the probability
measure

m= J v, du(s),
S

where v, is the infinite product measure <), n,{(s) on ,,se S.
Consider the measured equivalence relation % on (S, &) defined for §=(s5,2")
and f=(t,8)e S by

§Ri<sRst and for some m <o, v(t, s)gny(s,t)=g, fornz=m+1.

As G is countable, each @-equivalence class is countable, i.e., Z is discrete.
Let us denote by #, ; = # the sub equivalence relation given by

§g~£y,ct~<:>sg£ct and vy(t,s)gny(s,t)=g, forn=1.

LEmMMA 2.11. g}y,c is non singular.

Proof. Let us first check that, for each ge G and almost every se S, the product
measures v; and x,v, on {); are equivalent. For each n=1, set

_ a(sg)(y(sg, s)gnv(s, 58))

XeMn(S) (g5) =
" 7.(5)(g)

Na(s)

ea(s)(gn)=

For each n =1, 7,(s) and x,7m,.(s) are equivalent (as 7, € P(S)), and so by Kakutani's
criterion (see [HS, 22.36]), what we must show is that
Hl H(PZ/Z(S)HI,WM>0- (2.11.1)

As 0<||@ /() lhmusy =< @)V sy =1, it is equivalent to show that

21 (1- “‘P:'/Z(S)Hl,n,,(s)) =00,

On the one hand, we have
) (1_“‘P:’/2(S)“1,n,,(s))5 L = @n() im0
n=1

n=1
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and, on the other hand, by Proposition 2.10(a) we have
Z ||1_‘Pn(s)||l.nn(:): 2 ||Xg”fln(S)_77n(S)“1<°O-
n=1 n=t

Denote by fig?,,c—’ R, the Radon-Nikodym cocycle. As for §=(s, ) € S,
76, 58) = 6 50) 22 (),
the lemma is proved. O
Consider the Borel homomorphism §: % >R, defined for (5,Ne R by
oG D) =rs 0 11 n"(t)(gi,)_
n=1 N (5)(g7)
This is the Radon-Nikodym cocycle of g. With the notation of Lemma 2.11, for
(5, 7)€ R, there exists m <00 such that
. SR 7.(2)(gn)
ne1 M ()(¥(1, 5)gny(s, 1))
Therefore, for (5, ) € #, 6(3, £) € 10, oo[. This shows that 2 is non-singular.
Let us show now that & is amenable. To do so, we will use results of [FSZ] and
[S2].
Let &+ denote the equivalence relation on (S, i) given by

SRri©s=1t and there exists m <o such that g;=g, forn=m+1.
As y(s,s)=1e G for all se S, Ry %
LemMmMaA 2.12. R < % is normal (in the sense of [FSZ, § 2, Theorem 2.2]).

Proof. As above denote by % the equivalence relation generated by the action of
G on §, and let ©O: R > R denote the homomorphism defined by O(5, f) = (s, sg)
where sg = 1. If (§, 7)€ &, then

0(5,eRrP=5 ifandonlyif (§f)eR,.
Hence, ker O = .

Moreover, let (sg ', s)€ R and §= (s, g‘)e§, so that O(§)=s, the source of
(sg™',s). Set T=(sg", y(sg™",5)gy(sg”",s))eS. Then (i 5)eR and O(f 5)=
(sg™', s).

Therefore, by [FSZ], Theorem 2.2(d), to finish the proof of Lemma 2.12, we have
only to show that for any discrete ergodic measured groupoid (¥',v’) and
homomorphism @: A > & with ker @’ > R, there is a homomorphism «: Rs > &
with k@ =0’.

Denote by p:§—> S the canonical projection. For each se S, the relation R+ is
ergodic on (p~'(s), v,). The preceding property can now be shown as in [FSZ,
Theorem 2.2 (p. 249)]. O

By {S2, Theorem 3.7], as R is amenable, Rr < R is relatively amenable.

For each s € S, let Z1, denote the discrete measured ergodic equivalence relation
on ({),, v;) consisting of tail equivalence.

Then R, is amenable for each s € S. As W*(R7) “=’j‘<;) W*(Rr,) du(s), it follows
that the equivalence relation % is amenable.
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Therefore, by [S2, Corollary 3.4] we have

LEMMA 2.13. & is amenable.
If s"@f, there exists m <o such that (s,t)e Rs and y(1, s)gny(s, t)=g, for
n=m+1. Consider the map a:% - G defined by
a((§,0)=g1...gmy(s,0)(g) " ... (g 7"

As vy is a homomorphism, « is also a homomorphism.
Let m be a probability measure on G equivalent to the counting measure. On
(S x G, i x m), we still dentoe by # the equivalence relation given by

(5, g)R(T, h)=5RAT and ga($, 7)=h
On (S x G, u x m), let Z; denote the equivalence relation defined by
(s, 8)%c(t, )& sRst and gy(s, 1) =h.
Consider the action 8 of G on (S X G, ux m) defined by
(s, h)B(g)=0(sg, hg) forall (s,h)eSxG.

Remark 2.14. For every g€ §={g:s—g,; § a Borel map with g(s) e G,} and every
fe L™(S x G), we denote by p(g)f the function

p(8)f(s, h)=f(s, hg,).

If fe L°(Sx G)is A~ and p-invariant, then f is B-invariant.
Let IT: L*(S % G, gxm)-> L7(Sx G, uxm) denote the map defined by

If(s, k) = L f(s, g, k) dv,(g°).

IT has the following properties:
(1) I is a norm one linear projection, and hence a conditional expectation on
considering L*(S X G, ux m) as a subalgebra of L(S X G, g x m).
(2) I intertwines the left regular representations (for fe L(S x G, puxm), ge G,
one has A(g)f(s, h) =f(5, g™ 'h)).
Lemma 2.15. TI(L(§ x G, g x m)*) < L*(S x G, ux m)®.
Proof. Let fe L™(Sx G, ixm)?, || f .= 1. By Remark 2.14, it suffices to prove that
(i) for all ge 9, p(f =11f,
(i) IIf is %s-invariant.
As m is a probability measure, (i) and (ii) will follow if we show that for all

he G, and all £>0,
(i") for all ge ¥, |TLf(+, h) —p(B)If(-, B)|, <,
(ii’) for all ge G, |TIf(-, h) = x IIf(-, B)|,<e.
Let us verify (i'). Let he G, g€ ¥ and £>0 be given. Let n,=0 be such that if

B=[I}%,{s€S; &(s) =g}, then
w(B)=1-}e.
Let us fix n=n,, with 27" V< ¢ With p, as provided by Proposition 2.10, set
A =18l ., 80 )€Qn ;81 - 81-1€ Gy}
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To simplify notation, let us set

gfl:(g;()kzneﬂs,n, g~f|~1:(gi""ag;71)1
and

k(s)=(g1...gn-1)7'8(s)(gl...gnoy).
Note that

(35 g—s, hg_(s))@(sy g:, 1 k(s)gfn g;+ 1> h)
Then, as f is @-invariant, we have

(f(-, h)—p(DS(-, b)),
=_[ du(s) J [f(s, & h)—f(s, 8", hgi(s))] dvs(g")l
s Q,

=[Sdu(S) Uﬂ [(5,8° h)=f(s, &n-1, k(5)&n, &nsr, B)] dvs(és)(

:}; Aeels) U Hs, &5 W20 (&°) — A1 (§n-1) drn(s)
Q.
x(k(s)"'gn) dvs,m(éiﬂ)]\

= 5 du(s) 5 v, 1)1 Ma(5) — k() (),
s Qe

<l +J du(s) J Av, 1 (G- | ma(s) = k()M () -

Set G, =\Upcp, p 'G.p. Thenforallse Band §;,_,€ A, ,_,, wehave k(s)€ G,,,.
As |G, , |=<(p,+1)n, we obtain by Proposition 2.10,

IS, B =p(DTf (-, D =3e+ X JB du(s)||m.(s) = &ema ()1

k€ Gup,

<ie+(p, +1)n-—1—*<18+15=£
S G e T

Let us prove (ii’). Let g, he G and £ >0 be given. For each /=1, let us denote

by é,=(e, ..., e) the neutral element of [[/_, G. Let us choose n such that g€G,
and n> 6/e.

To simplify notation, set t=sg. Then (s, g°, h) and (¢, y(¢t, s)g°y(s, t), hy(s, 1))
are R-equivalent. Therefore, we have

I, B) =X TLAC-, W)l

=L du(s) J f(s, g% h) de(g_:)_L S, &', hy(s, 1)) dv,(g')l
Q '

=J du(S)j S(s, &%, h)ldv (g°) —dvi(v(1, 5)g.v(s, t))]!
S Q,

= J-S du(s) L f(s, 8%, W)ldv,(g°) — dxevi(80)]
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Moreover, for all g* € Q,,

f(s9 g’s, h) :f(sa En«l’ (gis LI | gf:«l)gfv, gf1+l, h)
Therefore, by Proposition 2.10, we have (2.15.3)

J du(s)

=J du(s)

x[dn,(s)((g7 ... gn 1) 'gn) —dna(s)(g)] dvi " (§5e)

f fis. g% h) dux<g-‘>aj f(s, 80y, Eo h) d0N(EY)

J dvs‘n—l(g.:l—l)J‘ f(s’ én—l’g:l’h)
Qo QY

SJ’ d#(S)I dv,, 1 (&n-Dl(gl .- gn))Mals) = na(s)],
2
S’n‘+J du(S)J dv,,(En-Dl(&1 - - gr)Ma(s) — ()

2 p,
==+ 3| du()lgin(s)- 7. ($)ls

=

X | —

[2+27"].

Similarly we have (2.15.4)

J du(s)
s

SJ d/'L(S) dvs,n—](g.'fl—l)”(g; .. givfl)/\/gnn(s)_/\/gnn(s)ul
S

Q1

J f(s,g“,h)dxgv:(g"‘)—f Sf(s, 8,1, 8, h) dxvi(g)
Q, al

SJ d,LL(S) J st.n-l(g;—l)[”(gi . gfl'—l)(/\/gnn(s) - nn(S))Hl

+1(gi - gn-0)Ma(8) = ()L XM (8) = 1a(s)1]

2 .
SZJ d,“(s)”/\/gﬂn(s)_ﬂn(S))”1+;+ Z J‘ dlL(S)”g;"ln(S)—"ln(S)Hl
N i=1Js

1 1
=—[2+2 "]+
<n [2 2 ] 2n—l

Hence by (2.15.2), (2.15.3) and (2.15.4), we have
ITLAC-, ) = x TLFC-, ML

SE+I du(s) J (s, 8,1, g, B)[dv](§)) — dxgve(82)]
n s a

6 - n s
$—+J du(S)J |dvi(gy) — dx,vi(gn)l.
n s a”
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As in Lemma 2.11, for n =1, set

7.(58)(y(sg, g)gnY(s, s8))

el = ) )
We have
[t -axergn=| 1= 1 esneon| a
=X J'G\ l} — e(s)(gi)l dni(s)(gi)
= 5 ()= xem()lh
Hence,

5 1
IIHf(',h)—xgﬂf(',h)fllf—+——-,.41+J’ du(s) T llmes = xgm(s)ls
n 2 S k=n

5
+

=- 1
n 2"

LEMMA 2.16. The map T1: L*(S§X G, ix m)” > L™(S x G, u x m)* is bijective.

Proof. By considering L*(S x G, u x m) as a subalgebra of L*(S x G, i x m) and
recalling the definition of R, we see that II is surjective.

Let f,, fr€ LX(Sx G, i x m)? with IIf, =I1f,. For all he G and & > 0, let us show
that

L_ |/i(s, &8, h) —fols, &', )| dii(s, §°) < 12e.

Foreachn=1landeachi=1,2,set E,fi(s, &', h) = fo fi(s, &, h) dv(g). Then there
exists N, such that for n= N,,

J- |fi(s, &', h) — E.fi(s, &', h)| di(s, §") <ie. (2.16.1)
S

Let n= N, be such that 1/n= ¢/24. Then by (2.16.1), we have for i=1,2,

|

Ifi(s, h) = J fi(s, 801, &0 h) dVT(£2) | duls)
ol

3
= J IT1fi(s, h) = E.fi(s, 8,1, h)] du(s)=—.

Similarly, we have

~5 = ~s 3
J du(s) J‘ |Enfi(s, &1, B) — Eofi(s, &y, h)| dva_y (§-1) =
S Q

n-1,s
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Therefore,

J_ Lfi(s, §1h) = (s, &, b)| di(5)
S

A

%8 +J d/.L(S) J‘ |Enﬁ(sa g.';—l ’ h) - Ean(s’ g~i|71’ h)l dvn—l,s(glvz—l)
S Q0

<te+ 3 [ auio |

t X J' ITLfi(s, h) = E,fi(s, &1, h)| dus)
i=1 S

|En.f;(sa g.’fl—l s h)_Enﬁ(S, énfl ) h)| dvn—l,s(g~:|~l)

n—

=

N|—

12
et+t—=e¢ O
n

ProposITION 2.17. Let (S, 4), R, and a be defined as after Proposition 2.10 and
Lemma 2.13.
It follows that the Mackey range of o is isomorphic (as a G-space) to (S, u).

Proof. By Lemmas 2.15 and 2.16, the map
I: LS x G, i xm)—> L(Sx G, ux m)

induces an isomorphism from L°°(§ x G, g %X m)g-? to L*(8 x G, u x m)? which inter-
twines the left regular representations.
Let p: Sx G~ S denote the Borel map (s, h)—>sh~'. Then for all ge G,

p((s, h)B(g)) = p(sg, hg) = p(s, h),
p(A(g)(s, h))=p(s,g 'h)=p(s, h)g.
Therefore, p induces a map from L™(S, u) to L*(S x G, ux m)? which intertwines
the left regular representation on § X G and the G-action on S.
If fe L*(SX G, uxm)® set f(s)=f(s,e), for seS.
Then feL*(S,n) and fp=f Hence, p:L7(S, u)> L*(Sx G, uxm)? is an
(isometric) isomorphism.
Therefore, the proposition is proved. O

3. Mackey ranges and Poisson boundaries
Let G be a second countable locally compact group. Following [CW], let us recall
the definition of a G-invariant matrix-valued random walk.

Let (1,),.o be a sequence of integers =1 and denote by E, the disjoint union of
1, copies of G. For each n=1, let o, be a (I,_, X I,)-matrix of positive measures on
G such that

]

2 0,.,(G)=1 for 1=i<l,_,. (3.1)
j=1

Such a matrix defines a transition probability P ' from E, ; to E, by
P76, x), (J, A)) = 0,,,(x ' A),

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 30 May 2017 at 21:17:09, subject to the Cambridge Core terms
of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0143385700007379


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0143385700007379
https:/www.cambridge.org/core

Amenable actions of discrete groups 309

where the point x is in the ith copy of G at the (n—1)st step and A is a Borel set
in the jth copy of G at the nth step. Notice that for each m=0, E,, is a G-space
(by left translation of G on G) and that for n=1,

P17 (g(i, x), g(j, A)) = Pn7'((i, gx), (J, gA)) = P2 ((i, x), (J, A)).

By the right group-invariant matrix-valued random walk on G associated with
the sequence (c,),., is meant the Markov process consisting of the sequence of
measurable spaces (E,), ., with the transition probabilities (P}, '),~;.

For each n=0, let A, denote the measure on E, extending Haar measure on each
copy of G. We define a (bounded) harmonic function h for the matrix-valued
random walk to be a sequence h, e L*(E,, A,) such that

h..l((j,g))=J h,((k, x)) P, ' ((j, 8) d(k,x)) for (j, g)€ Eqy,

E,

sup || h, ||« < .

The space #™ of bounded harmonic functions is a Banach G-space with the
norm ||h|| =sup, ||h,|~ and the action of G induced by the left multiplication of G
on E,, n=0.

Let o, be a probability measure on E, equivalent to the measure Ay. Let P denote
the Markov measure on (£}, &) =[], ., (E,, &,) determined by the transition prob-
abilities P,~' and the initial distribution o, (see for example [N, Proposition 5.2.1]).
Let o/ = & denote the asymptotic o-algebra (or tail o-algebra) of the matrix-valued
random walk on G. Note that &/ is G-invariant with respect to the action of G on
(Q, #) given by

((wn)nzo)gz(g_]wn)nzo fOI' (wn)HZOEQ' (32)

The Poisson boundary of the matrix-valued random walk is a standard measured
space (B, 1) such that

Lx(B’ /'L) = LCC(Q’ 'QgOC’ P)'

The action of G on L™(Q, .., P) defined via (3.2) gives rise to a G-action on (B, u).
For any fe L™(Q, ., P) and n=0, define

h,(f)(k, x) = J. H(@)P,n(dw), (k x)eE,, (3.3)

where P, ., is the Markov probability measure on (Q), &) defined by the transition
probabilities (P ), (see, for example, [N, Proposition 5.2.1]). The formula (3.3)
induces an isometric G-isomorphism between L*({, ., P) and %~ (see [N,
Proposition 5.2.2] and see [J] for a detailed proof).

From now on we shall assume that G is discrete. The main result of this section
is the following:

THEOREM 3.1. Let (.§, i) be a standard Borel space and % an amenable, ergodic,
discrete equivalence relation on ( S, 1). Let G be a (countable) discrete group and let
a:%->Gbea homomorphism. It follows that the Mackey range of a is isomorphic as
a G-space to the Poisson boundary of a matrix-valued random walk on G.
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By the isomorphism between harmonic functions and L™ -functions on the Poisson
boundary, Theorem 3.1 follows immediately from

PrROPOSITION 3.2. Let (§, ), ?;2, and « be as in Theorem 3.1. There exists a sequence
(00)n=1 of (I,., x1,)-matrices of positive measures on G verifying (3.1), with ;= 1,
such that the space of (bounded) harmonic functions of the right group-invariant
matrix-valued random walk defined by (0,),~, is G-isomorphic to the Mackey range
of a.

The proof of Proposition 3.2 divides into two parts.

First part of the proof. Let X denote the compact group [], .., {0, 1} with the Borel
o-algebra o and denote by K the dense subgroup @,.,Z/2Z acting on X by
addition. For all k=1, let us denote by S, the automorphism of X corresponding
to the element (x,),=; € K with x,=8,,, n=1.

The equivalence relation R being amenable, by Theorem 10 of [CFW] there exist
a probability measure on u on (X, &), which is non-atomic, quasi-invariant and
ergodic under K, saturated null sets Soc S and X,< X, and an isomorphism
1/ §\§O—> X\ X, such that

(1) Y(@) is equivalent to wu,

(2) d({te S; 1%s}) ={xe X; xR (s)}, s teS\S,.

By [C2, Lemma 7], we may assume that

(3) for each k=1, log duS,/du takes only finitely many values.

Consider the homomorphism ¢(a): Rx - G defined (up to equivalence) by
G(a)((s), y(1)=als, 1), (s,0)ed and s, teS\S,,

Pla)(xy)=1, (xy)edx and xyeX,
(see [Sch, § 2, p. 25]).

LEMMA 3.3. Let (X, p), Rk, G, and y(«) be as above. There exists a homomorphism
B: Ry > G, cohomologous to y(a), such that for every yc K, the map x—B(x, xy)
takes only finitely many values.

Proof. First of all let us introduce the following notation:

C(y,,...,y:) denotes the cylinder set {xe X; x, =y,..., X, = w}.

C(i; n) denotes the cylinder set {xe X; x, =i} for ie{0,1} and n=1.

K, denotes the subgroup of K generated by S, ..., S,.
Let (&,),-, be a sequence of positive numbers, with 0<e¢,<land ), _, &, <. We
shall construct by induction a sequence (¢,),-, of measurable functions ¢,: X > G
such that

(i) u({xeX; @a(x)#e})=e,,

(i) if @p=a and a,(X, xy) = @.(X)a,_ (X, xy)@.(xy)"', then G, ={a,(x, xy);
xe X; ye K,} is a finite subset of G.

Let ¢, denote the constant function ¢u(x)=e for all xeX. Assume
@0, P15 ..., Py built, and let us construct ¢,,.

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 30 May 2017 at 21:17:09, subject to the Cambridge Core terms
of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0143385700007379


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0143385700007379
https:/www.cambridge.org/core

Amenable actions of discrete groups 311

For all ge G, set F,={xe C(0; n); a{x, xS,)=g}. As ][]
exists a finite set M c G such that

F, = C(0; n), there

geG

,u(C(O; n\ U Fg)sﬁ' and p,(C(l; m\ U FgS,,>s£5"
geM 2 geM 2
Set F=J,.k,_, Ugenm Fyy and consider the map ¢, defined by
e if xe FuFS,,
on(x) = {a,,_l(xo, %0S%) ifxg FUFS,,

where x = x,8,, xo€ C(0; n)\F, j€{0, 1}. Then
p{xe X; @.(x) # e}) = u(X\(FU FS,)) < ¢,,
which proves (i).
Note that by definition F is K,,_,-invariant and therefore F U FS, is K, -invariant.
We divide the proof of (ii) into different cases. First of all, let xe FU FS,. If
ye K,_,, then a,(x, xy)=a,_i(x, xy)€ G,—;. If ye K,\K,_,, then y=17'S, with
y'€ K,_,. We have x = x,08,, with xoe\U,_,, F,, o€ K,_, and j€{0, 1}. Then
an(xa x‘Y) = an—l(xa x‘)’)
= an—l(xoas{l’ xooy’S{,“)
= an——l(XOS{ro" xOS{l)an—l(xOS{u xosjﬂ)an—l(xosiﬂayl)'
As o and oy'€ K,,_,, we have a,(x, xy)e G3}, M*'GZ!,.
Now, if xg FU FS,, then x = x,S’, with x,€ C(0; n)\F. If y€ K,,, let us write
y=9v'S,withy' € K,_,,andi=0o0r1. As xy = x,y'S."’, we have (xy), = x,7". Hence,
a,(x, xy) = @u(X)ay_1(X, xy) @, (xy) ™"
= a,_ (X0, xOS{,)a,._‘(xoS{,, X"Y)‘F’n(?ﬁ’r1
= an—l(an xy)an—l(xy’ xo'Y')
= an—](x09 xoyl) € GnAl .
Therefore, (ii) holds.
Note that if ye K,,_,, then we have a,(x, xy)€ G,.,x € X; more generally,
ar(x,xy)e G, , for xeX and k=n.
By (i), the sequence {@,(x),..., ¢,(x)),=; is a Cauchy sequence for a.e. x. Let
¢ : X = G denote the limit (see for example [Sh, p. 257]) and set
B(x, xy) = ¢(x)a(x, xy)e(xy)™".
Then B satisfies the requirements of the Lemma. O
By construction of (X, u, &k, B) and by definition of the Mackey range (see for

example [Z3, Proposition 4.2.24]), the two G-spaces MR(S, ji, #,«) and
MR(X, u, Zx, B) are isomorphic.

Second part of the proof of Proposition 3.2. Before stating Lemma 3.5, let us recall
the following definition from [S3]:

DEeriNITION 3.4. (1) A Bratteli diagram D is a graph with set of vertices V and set
of edges E with the following properties:
(a) V is the disjoint union of subsets V(n) (n=0) with |V(n)| <o for all n=0.
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(b) E is the disjoint union of subsets E(n) (n=0), with each edge ec E(n)
connecting a vertex s(e) € V(n) with a vertex r(e)e V(n+ 1).

(¢c) For every vertex ve V, there exist e, fe E with s(e) =y, r(f)= v (except for
ve V(0), for which we omit the second requirement).

(2) A path in D is a sequence (e,) of edges with s(e,)€ V(0), and for k=1,
s(ex) =r(ec_y).

We denote by (, the space of paths of length n, and by (2 the space of paths of
infinite length. We view (2 as a topological space, with basis {Q(f); feQ,, n=1},
where to each f=(f,, f1,...,f._1)€Q, we associate the set

Uf)={ecQ, e, =fi; 0=k=n}

(3) An AF-measure (or Markov measure) u, on ) is a measure determined by
a system of transition probabilities p (i.e. maps p: E [0, 1] with p(e) =0 and for
every vertex v Y, ..,-,, P(€)=1), given by

k@) = T1 p(0),
where f=f(fo, fi,....fa) €Q,.

Note that () carries a canonical equivalence relation R, defined by
eRq fe for some n e, =fi forall k=n.

LEMMA 3.5. Let X, u, Ry, and B be as in Lemma 3.3. Then there exist

(i) a Bratteli diagram D, an AF-measure p, on the path space Q of D, and an
isomorphism ¢ : (X, u) > (Q, w,) such that y(u)= p, and

Y(x)Rat(y) o xRy Y,

(ii) a sequence (b,),~o of maps b, : E(n)~> G such that if B'e Z'(R,,, G) denotes

the cocycle given by
B'(e,f)=boley) ... ba(e)ba(f.) ™" ... bo(fo)™
whenever eR f and e, = f, for k=n+1, then
B(x, xS,) = p'(Y(x), ¥(xSx)) m-ae,keN.
Proof. By Lemma 3.3, for each n =1, there exists a measurable partition (A}), <=,
of C(y,=0,...,y,=0)c X such that for 1=j=k,, and xe A},
dus,
du
Set B, ={X}. By induction, we define a sequence (%,),-, of measurable partitions
(modulo u-null sets) of C(y,=0,...,y,=0) by
B,={BNB'S,nA],B,Be€RB,_,,1=j=<k,,, and
uw(BAB'S, A" #0}.
To this sequence (B,),=0, We associate the following Bratteli diagram D.
For each n =0, the set of vertices V(n) is equal to %,.

Let C=BnB'S,., n A}'“ € B,.+.. Then there are two edges e in E(n) with range
C: the edge e(B, C) corresponding to the inclusion of C in Be< %,, and the edge

(x)=a,, and B(x,xS,)=gn.;
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Amenable actions of discrete groups 313
e(B', C), corresponding to CS,.,; < B’ 8,. Thus, s(e(B, C))=B,s(e(B,C))=HB',
and r(e(B,C))=r(e(B,C))=C.
Define a map p: E(n)~>[0, 1] by

_u(BNB'S,.,n A"
w(B)

p(e(B,BNB'S,,,nA]™"))

and

BnB'S, A™'S,
p(e(B, B'ﬁBanF\A,'-'H):M( n +10V A +1)
u(B)

For each Be &, = V(n), we have
z p(e)

{e€ E(n);s(e)=B}

(BN B'S, 0 A7)+ u(B'S,s 0 B AF™'S, 1)

"k u(B)

1=l=k,4,
= /‘L(BmBlSn+lnC(yl=0"'"yﬂ+l=0))

B'e @, /J«(B)

+ Z #(B,Sn+lmBmC(y1:0,"-,yn=0ayn+1=1))

B'e B, I-L(B)
_HBACH=0,...,y:+:1=0))

w(B)
+#,(Bnc(y1:0,..-,yn=0,yn+l=1))
u(B)

=1.

Therefore, p: E =]], ., E(n)~>[0,1] is a system of transition probabilities on D.
Denote by u, the corresponding AF-measure on the path space Q of D.

Let n=1.If (fy, ..., f._1) € Q,, then by the definition of the edges of D, for each
1< k < n there are elements B, € %, such that

By 1Sii < By
Hence we get the following chain of inclusions:
X > B,S51 > B,$5:8(1>--->B,S% - -+ 8§51,

Set 6,(Q(fo,...,fu1))=B,S;»...S1. Then 6, establishes a bijective
correspondence between

Q,={Qf); feQ,}
and

B,={B,SS...5;B,€B,,,€{0,1},1<i=<n}.

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 30 May 2017 at 21:17:09, subject to the Cambridge Core terms
of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0143385700007379


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0143385700007379
https:/www.cambridge.org/core

314 G. A. Elliott and T. Giordano

Indeed, suppose that B, S5 ... S} ¢ %,,. Then by definition of the partitions %,
there exists for each 1<k =< n+1 one and only one element B, € %, such that

B,Si...S'<B,_,S;=}...80c---cB,Sjic X.

These inclusions determine a unique path (fy, ..., f,_,)€Q,, where f,=e(B;, B;,,)
corresponds (cf. above) to the inclusion

£
B, S;' < B,.

Foralln=m=1, %7,,, c g}" and Q(m) < Q(n); moreover, 0, extends 8,,,.
If B, € By, then for 1<j=<k, duS,/du(x) is constant on B,. Therefore, we have

w(Bi i Sivy)
l_[0 u(B;)

n1 /-L(B.'+1S:4-+ll ce. ST‘) _
i—o u(BST...ST)

u(B,Sy, ..., ST

L ) = (@) =y (00(B,S' .. S1).

As U, -, B, (resp.U,.., Q(n)) spans the o-algebra of (X, u), modulo w-null sets
(resp. the o-algebra of (Q, u,), modulo w,-null sets), the family (6,).-, gives rise
to an isomorphism

¥i(X, n)~>(Q, u,)

such that ¢(u) =, and for all n=1, ¢* = 6,. The description of & is as follows:
For a.e. x € X, there exists a sequence (B}, ¢;);~, with B, € %; and ¢; € {0, 1} such that

xe€ - BSp---SheB,_ St} 8Shc---< B S

This chain of inclusions defines the path (x)=(e,),=0€ {}, where e, corresponds
to the inclusion B,.,S.i< B,.

Let k be given. Then for p-a.e. x € X there exist two uniquely defined sequences
(B, &);=1 and (C;, §;);~, with

1 =7
(a) B, C;e B, and ¢;, §;€{0, 1} for j=1,
(b) xe - -cBSy-- - She B, S¥t,...,Siic- - B Sy X, (3.5.1)
(c) xske...chsjf?,...Sflc...cclsfxcx‘

Note that for n=k, if Be %~,,, then BS, € 93,,. Then we have:
8,=¢ for j#k and &, =g +1(modulo2);
C,=B; for j=k; (3.5.2)
for j <k, C; is the element of 9%, containing G\ Sir.

Forj =0, let ¢; (resp. ;) denote the edge corresponding to the inclusion B;,,S;% < B;
(reSp- C}a—]sffl' < CJ) Then ¢(x) = (ej)jzo and ¢(xS,) = (ﬁ)jzo- By (3.5.2), €; =f} for
j=k
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This shows that ¢ intertwines the equivalence relation &y on (X, u) and Rq
on (£, u,), and finishes the proof of (i)

Proof of (ii). For each n=0, define a map b,: E(n)—> G by
b,(e(B,BNB'S,.,nA"")) =1,
b,(e(B, BS,.,nB' nA]"'S, ) =gl

With B’ defined with respect to this sequence for fixed k we have

B'(W(x), $(xS)) = bo(eo), - . ., bu_r(ex b1 (fue) ™+ bo(fo)™' ae.xeX.

To compute B(x, xSy), set yo=x, and set y;=xS7 - -+ Si, i=1. We have

B(x, x, )= B(yo, y)B1, ¥2) =+ + Bk—15 ) B> YieSi) B(YiSis Yic—15k)
o B Sk, YoSi).

For1=i=<k, by (3.5.1)(b) we have that y, € B, With j(i) such that B, A}(,-), we have

1 ife,’:O,
gEjl(,') lfﬁ,zl

By, yi)=B:S, yi) ={

As e, is the edge corresponding to B,S;' < B;_,, it follows that

B(yic1, y) = bi_i(ey). (3.5.4)
For1=i=k-1, by 3.5.1(c), we have y;S, € C; and y;,_, S, = y;S7'S, € Ci_,. As f,_, is

the edge corresponding to the inclusion C;S; < C;_,, we have

B(yi-1Sk, ¥iSi) = biy(fi-1)- (3.5.5)
For i=k, let us assume first that &, =0. Then B, = B,_,n C,_, S n Ay, and
Yk =Yk 1S =yi-1. Hence,
ﬂ(yk’yksk)=bk~l(ﬁ<—l)41,

because y,. Sy € C,._, and f, is the edge corresponding to the inclusion of B.S, <= C,_;;
hence,

B(¥iSks Yi-1Sk) = B(i-1Sk, Y1) = 1.

In other words,

B(yk’yksk)B(ykSkayk—lsk)=bk71(ﬁ<71)_1- (3.5.6)
If ¢,=1, then (3.5.6) is verified in a similar way. From (3.5.3) to (3.5.6), (ii)
follows. O

Let D be the Bratteli diagram, u, the AF-measure on the path space of D, and
B': Rq—- G the homomorphism obtained by Lemma 3.5.

For each n=0 and each (v, w)e V(n) x V(n+1), consider the positive measure
0. on G given by

Un,v,w = z p(e)‘sb,,(e)
{ec E(n);s(e)=v,r(e)=w}
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where 6, (., is the Dirac function at g = b,(e). Note that, for every ve G,

L o(G)= L 2 ple)=1.

weV(n+l1) weV(n+1) {ec E(n);s(e)=v,r(e}=w}

For each n=0, set F, =[]
from F, to F,., given by

Pﬁ+l((va g), (W’ A)) = o'n,u,w(gAlA)'

Then by [S3, Theorem 2], the G-space of harmonic functions of this matrix-valued
random walk on G is isomorphic (as a G-space) with the Mackey range
MR(Q, u,, B'). Therefore, Proposition 3.2 is proved.

vevimy G and consider the transition probability Pj.,

4. The main theorem
We finish the proof of the following result.

THEOREM 4.1. Let S be a standard Borel space with a non-atomic probability measure
w and G be a (countable) discrete group acting ergodically on (S, u). The following
Sfour statements are equivalent:

(i) (S, u) is an amenable G-space,

(ii) the equivalence relation induced by the action of G on (S, ) is amenable and
the stabilizer subgroup G, ={gec G, sg =s} is amenable y-a.e.

(iii) (S, u) is isomorphic as a G-space to the Mackey range of a homomorphism
Jfrom an amenable ergodic equivalence relation to G,

(iv) (S, w) is isomorphic as a G-space to the Poisson boundary of a group-invariant
matrix-valued Markov random walk on G.

Proof. Let (S, u) be an amenable G-space. Then the equivalence relation R is
amenable by [Z2, Proposition 3.4]. Moreover, by Proposition 1.1, the stability
subgroups G, are amenable, u-a.e. Therefore (i) implies (ii).
The implications (ii) to (iii) and from (iii) to (iv) are just Theorems 2.1 and 3.1.
In [CW, Remark 2.3], A. Connes and E. J. Woods state the implication from (iv)
to (i). A detailed proof can be found in [J]. O

Remark 4.2.

(a) The implication from (ii) to (i) is stated without proof as Theorem 4 of [H2].

(b) In[Z1, Theorem 3.3] R. J. Zimmer proves that (ii) implies (i), and also that
(iii) implies (i).

(¢) An alternative proof that (iv) implies (i) can be given by providing directly
the implication from (iv) to (iii). Let us give a sketch of this proof.

Let (B, u) be a G-space which is the Poisson boundary of a right group-invariant
random walk & on G, given by a sequence {0, },=, of (I,_; X I,)-matrices of positive
measures on G satisfying 3.1. Using a generalization of Lemma 2.5 of [CW], we
may assume that for all n = 1, the cardinal k,,; ; of Supp (0, ;) isfinitefor 1 <i=<|{,_,,
1=j=1, Let us write

Supp (0,.;) ={bi;(1),..., bl (kai;)}-
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Then consider the Bratteli diagram D defined (with the notation of Definition 3.4)
by:
V(n)={o},...,v}} for n=0,

fori<i<l,_, and 1<j<l,
the set {e(b] j(k))}; <k <k

denotes the edges from v? !

n,i,j

Consider the map p: E=]],., E(n)~>[0, 1] given by

n=0
ple(b, (k) =0, ,;(bi;(k)) forl=k=k,;;.

By equation (3.1), for 1<i=<l,_, and 1=<j=<1,, we have

I n
L ple)=% Z 0,(bi;(k))=1.
{ec E(ny,s(e)=0"""} j=1 k=

Therefore, p is a system of transition probabilities on D.
For each n =0, we consider the map b, : E(n)—> G defined by

b,(e(b;(k))) = bi (k).

Let h=(h,),=0€ ¥ be a (bounded) harmonic function associated with &. As
E.=V(n)x G, we have

h. 1(i, g) = b, (v} ,g)—J ha (G, ) PR (G, ), d(J, X))

n

I
"

I!l
= _ZIJ ha((j, x)) do; (g7 %)= ¥ I h.(j, gx) do;;;(x)

i=1
Il knl/

=X X ha(v], gbl;(k))p(e(bi;(k)))

j=1k=1

= s ) P(e)h (r(e), gba(e)).
e;s(e)=0v]"

On the path space  of D, let u, denote the AF-measure determined by the
system of transition probabilities p and let &, denote the canonical equivalence
relation on Q (see 3.4).

Let B e Z (R, G) denote the cocycle given by

Ble, f)=byleg) - - - bn(f—’n)bn(fny1 Tt bo(fo)_l

whenever eR, f and ¢, for k=n+1.

By [S3, Theorem 2], there is a natural G-isomorphism between the Mackey range

MR((Q, u,), o, B) and the Poisson boundary of the matrix-valued random
walk .
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