IMA Journal of Applied Mathematics (2004)69, 93—-109

Stability and asymptotic behaviour of solutions of the heat
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In this paper we study the boundary stabilization of the heat equation. The stabilization
is achieved by applying either Dirichlet or Neumann feedback boundary control.
Furthermore, we consider the asymptotic behaviour of the heat equation with general linear

delay or nonlinear power time delay. We prove that the energy does not grow faster than a
polynomial.
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1. Introduction

Consider the Cauchy-Dirichlet problem for the porous media equation with source term

ur— AQu™ = uPlu=0 in 2 xRy, (1.1)
u=20 on a2 xRy, (1.2)
uO =ug Iin 0, (1.3)

where 2 is a bounded and smooth subset®Sf, n > 1, m > Oandp > 1. Problem
(1.1)—(1.3) (see Galaktionov, 1981; Samarskial., 1995) describes the propagation of
thermal perturbations in a medium with a nonlinear heat conduction coefficient and a heat
source depending on the temperature whgrn> 0. Local existence for the solutions of
(1.1)—(2.3) has been proved when> 1 (the so-called slow diffusion case) in Galaktionov
(1981), Levine & Saks (1984), Nakao (1983), Samardial. (1995) and when & m < 1
(the fast diffusion case) in Filo (1987). The same type of results holds for the heat equation
with source, whem = 1. See for example Ball (1977), Fujita (1966, 1968), Levine (1973),
Tsutsumi (1972). However, other results are known for the heat equation wkep X
ﬂi_g (the last condition being necessary only wime 3) andug € H&(Q).

For large initial datalg in some sense, it is well known that the solutioof (1.1)—(1.3)
with m = 1 blows up in a finite time (see Ikehata & Suzuki, 2000), meanwhile for small
initial data, exponentially decaying solutions are obtained (see lkehata & Suzuki, 2000
and the references therein). In a recent paper, lkehata (2000) showed that all the global
solutions for (1.1)—(1.3) witlm = 1 naturally contain a Palais—Smale sequence so that the
global compactness result due to Struwe (1984) can be applied to this functional sequence
(see also Ceranat al., 1986).

In Section 2 we consider the non-dimensionalized heat equation with boundary
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prespecified at = 0 only

Ut —Uxx —AU=0 in 0,1) x R4, (1.4)
ux(0,t) =0 t>0, (1.5)
u(x, 0) = ug(x) in 0, 1), (1.6)

where the constant > 0 is aconstant parameter.

The system (1.4)—(1.6) is motivated by a physical problem. Indeed, consider the
problem of heat conduction in a rod of small cross-section. We assume that each element of
the surface of the rod loses heat to a surrounding medium by radiation and in addition, that
the heat is generated inside the rod due to a constant electric current flowing through the
rod. LetH be the surface conductance (emissivity) of the ratie strength of the current
andpe electrical resistivity. The electric resistivips changes linearly with the temperature
aspe(T) = pe(T1)(1 — ae(T — Ty)) whereT; stands for the temperature around which the
pe IS linearized, andr, is the thermal coefficient of electric resistivity. The heat equation
now becomes (see Carlsaw, 1921, Chapter 4)

TA, O =kT{A, Oy —v(Td,t) = To) + B(A — ae(T(, 1) — Ta)),

wherev = C';_g, B = %Azpe(Tl), A denotes the cross-sectiop,the perimeterp the

density,c the specific heat ank the diffusivity. Defining the dimensionless length, time
and temperature variables as

whereTe = To + B2 T-T9=1 stands for the constant equilibrium temperature distribution

along the rod and € [Of 1], weobtain

UT(X’ T) = uXX(X7 1') + )\-U(X’ T)’

wherex = %. Depending on the geometry of the rod and the magnitude of the

currenti, A can be either positive or negative.
Under the Dirichlet boundary conditionat= 1:u(1,t) =0, t > 0, (1.4) is unstable

if A > ”72 since forr = 0, ”72 is the first eigenvalue of

U —Uxx —AU=0 in 0,1) x Ry,
ux(0,t) =0 t >0,
ul,t)=0 t >0,
u(x, 0) = ug(x) in (0, 1).

A natural question is, ik > ”742 can one find a Dirichlet/Neumann boundary feedback
law u(l,t)/ux(1,t) that exponentially stabilizes (1.4)—(1.6)? We answer this question
positively in Section 2.
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In the second part of the paper (Section 3) we study the asymptotic behaviour of
solutions of heat equation with general linear time delay. Kato & McLeod (1971) discussed
the functional-differential equation

u'(t) = au(rt) + bu(t) 0<t <0 1.7)

wherea is a possibly complex constarit,a real constant anédl a non-negative constant.
They showed that (1.7) is well posed ifQ A < 1 and studied the asymptotic properties
of solutions ag — +oo0.

In this paper we generalize problem (1.7) to the heat equation with general linear time
delay

ur(x,t) —eAu(x,t) —aux, At —o) =0 in 2 xRy, (1.8)
ux,t)y=0 on I' x Ry, (1.9
u(x, s) = up(X, S) in 2 x [—0,0], (1.10)

where(? is a bounded domain iR" with boundaryl", ¢ > 0 denotes the heat conductivity
constant, O< A < 1, 0 > 0 are delay parameters ang(x, S) is an initial state in an
appropriate function space. Obviously, (1.8) is very similar to (1.7).

Another possible method of delay is the following power delay (note that the time is in
advance before time= 1):

ur(x,t) —eAu(x,t) —au(x,t*) =0 in 2 xR, (1.11)
ux,t)y=0 on I' xRy, (1.12)
u(x, 0) = up(x) in . (1.13)

To the best of my knowledge, problem (1.11)—(1.13) has not been studied before. By using
ideas from Kato & McLeod (1971), we shall prove that under certain conditiorss en
andA, the solutions of (1.8)—(1.10), (1.11)—(1.13) do not grow faster than a polynomial.

The paper is organized as follows. In Section 2, we study the stabilization of (1.4)—
(1.6). In Section 3, we study the asymptotic behaviour of solutions to (1.8)—(1.10), (1.11)—
(1.13). Throughout the paper we denote|by the usual ?-norm.

2. Stabilization
2.1 Dirichlet boundary condition

In order to stabilize exponentially the system (1.4)—(1.6), we choose as Dirichlet boundary
feedback law

1
ult) = —atan(a)/ u(s,t)ds
0

wherea is a real number.
Consider the following problem:

U —Uxx —AU=0 in (0,1) xRy,
ux(0,t) =0, t>0,

u(l, t) = —atan(a) folu(s,t)ds, t >0,
u(x, 0) = up(x).

(Pp)
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Then the main result of this section is the following theorem.

THEOREM 2.1 Assume thah € [0, 3%2) andac <max{0, sg % — ”{) ‘

then

(i) for anyug € C(0, 1), problem (1) has a unique classical solutiorsatisfying

2 2
UM < Cllugle” F Ay

’

whereC is a positive constant independentupf

(ii) for any ug € H(0, 1), problem (1) has a unique strong solutiansatisfying

_i(x% o2
U@ 2 < Cllugle (2 v o
whereC is a positive constant independentupf

REMARK The main idea in the proof of Theorem 2.1 is the coordinate transformation (2.1)
(see below), because once we have (2.1) the procedure to derive decay estimates for (i) and
(ii) of Theorem 2.1 is the standard energy method.

Proof. Forx € [0,1]and O< a < %, we introduce the new variabledefined by
X

v(X, 1) ;== u(x,t) +atan(ax)/ u(s, t) ds. (2.1)
0

This coordinate transformation has an inverse,

ux,t) = v(x, t) — asm(ax)/ cos(as) (2.2)
Indeed, forx = 0 we havev(0, t) = u(0, t), and forx € (0, 1] we have
X a2 X
(—atan(ax)/o u(s, t) ds)x = —atan(ax)u(x, t) — o2 (ax )/ u(s,t)ds
X a? atanax)
= —atan(ax) [v(x, t) — atan(ax) Ou(s, t) ds] — c02@x) (atan(ax) u(s, t)ds)

X
= —acot(ax)atan(ax) / u(s, t) ds — atan(ax)v(x, t).
0
Hence we get

X X "
—atan(ax) / ues, t)ds = / [—atan(as)v(s, t)els acosan dn| gg
0 0

X
eIn(sin(ax))/ [—atan(as)v(s, t)e~ In(sin(as))] ds

X
= —asin(ax )/ tan@s) v(s, t)ds:—asin(ax)/ v(s b ds
sin(as) o cogas)
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Thus

v(s, t

(s,t) ds

cogas)

Now, we claim that by this coordinate transformation, problé&}) (s converted into

ux,t) = v(x,t) — asin(ax)/
0

co(ax)

w(©.1) =0, v(Lt)=0  t=0 (Py)
v(x,0)=wp(X) in  (0,1).

vt—vxx+(—k+2a—2)v=0 in (0,1) x R,

Indeed, we have
X
v (X, 1) = u(x, 1) +atan(ax)/ ui(s, t)ds
0
X

= Uxx (X, t) + Au(X, t) + atan(ax) /(uss(s, t) + Au(s, t)) ds

0
X

= Uyx (X, t) + Au(X, t) + atan@x)uy(x, t) + ratan(ax) fu(s,t)ds,
0

vxx (X, 1) = Uxx (X, 1) + (atanax))” fu(s, t) ds + 2(atan(ax))’u(x, t)
0

+atan(ax)ux(x,t).

Hencev; — vyx + (—A + 2cogfax)) v = 0 ifandonly if

/ a'2
|:A — 2(atan(ax))’ + (—A + zco§(ax)):| u(x,t)

. a2 X B
+ [(—atan(ax)) + Aatan(ax) + (—A + 200§(ax)) atan(ax)} /ou(s, t)ds = 0.

A simple computation shows that

/ a2 _
)\. — 2(a'[ar(aX)) + (-)\, + Zm) = O,
" a2 —
(—atan(ax))” + ratanax) + <—k + 2m> atan(ax) = 0.

For the boundary conditions, by differentiating (2.1) and taking0, t) = 0 we obtain
vx(0,t) = 0, and by substituting = 1 in (2.1) and considering the fact thatl, t) = 0,
we deduce thatR;) and (P1) are equivalent.

It can be shown that the systef | is exponentially stable if

mn (-A2+2——|=-A+2a -
0<x<1 + coZ(ax) + T
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This condition is easily verified under the conditionsioanda stated in Theorem 2.1.

Since (P1) is well posed (see Ladyzhenskayh al., 1968, Chapter 4) and the
transformation (4.1) is invertible thet?{) iswell posed and by (2.2) there exists a positive
constant; > 0 such that

u®llL2 < Cellv® 2,
u®llyz < callv®ya,

and by (2.1) there exists a positive constgnt- 0 such that

lvoll 2 < c2llupll 2,
lvoll w1 < c2lluoll e

Consequently, it suffices to prove the estimates in (i)—(ii) for the solutioh( F~>1).

(i) We define the energy of a solutianby

1
E((t) = %fo v2(x, 1) dx.

1 aZ
OZ'/OA U(Ut—vxx+<—)\.+2m)v> dx

and the integration by parts yields

We have

1 1 a2
Et(v(t)) = _/ v2(x, t) dx — / (—x +2 ) v2(x, t) dx. (2.3)
0 0

cog(ax)

Since the operatm% with boundary conditionsiy(0,t) = u(1,t) =0 has’%2 as the
smallest eigenvalue, we have
2
T 2 2
—|v]|Ic < ||lv
2 vl < lluxl

and hence
2
Et(u(t)) < -2 (% +2a% - A) E(()).
Consequently
n2
Ew) < Epone Ty,
(ii) Define

1
Et) = / v2(x, t) dx.
0

By (2.3) we have
Ec(t) + E(t) < cE()

wherec denotes various positive constants which may be different at different steps.
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Now, we have

7'[2 7[2
T =) () + ) < el T e

and hence we get

d (e(ﬂTZHaz_k)tE(t)) n e(”—f+232—x)8(t) < |:(7T72 1222+ C:| e(”ff+2a2_x)t Ect)

; )
2 (2% 40q2_
) [(%Jrzaz—K) +c}e (% +2a2-a)t
The integration ove(0, t) yields

2 t (22 52
e(7+232—k)‘E(t) - / ol +2e? A)s’ﬁ(S) ds < cE(0).
0

1 aZ
OZA Uxx | vt — Uxx + _)L+2700§(ax) v ) dx

and hence we get

1 ) 1 a2
- a2
gt (t) 2'/;) Uyxx dX + 2/; + CO§(aX) VUxx dX

1 1 1
—2/ vfxdx+/ v2, dx+cf v? dx
o 0 0

v2 dx

We have

N

which implies that

7'[2 7T2
ont (5<t>e(7+2a2_k)t) < C[E) + £ el T

Integration from O td yields

712
5(t)e(7+2"‘“)t < c[£(0) + E0)],

whence

_1(22 282 )t
lu) | 42 < Clluoll 1€ (% +2at-i) . Vt>o.
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2.2 Neumann boundary condition

Equation (1.4) with Neumann boundary conditionxat= 1: ux(1,t) = 0, t > 0O, is
unstable forr > 0.

In order to stabilize exponentially the system (1.4)—(1.6), we choose as Neumann
boundary feedback law

2 1
Ux(1,t) = — (¢ + atan(a))u(l, t) — (aatan(a) + a_) / ucs, t) ds.
cofal Jo

Consider the following problem:
U —Uxx —AU=0 in (0,1) xRy,
UX(O, t) = 07 t > 07
ux(1,t) = —(a + atan(@))u(l, t) — (aatan(a) + Cé";a> folu(s, t)ds, t >0,
u(x,0) =ug(x) in (0,1)-

(P2)

The main result of this section is the following theorem.

THEOREM2.2 Assume that. € [O, 1+ ”72) ae (max{O, sgn(% — %) ‘% - %‘}%)
anda > 2. Then,
(i) for any up € C(0, 1), problem ;) has a unique classical solutiarsatisfying

Ju®ll < Cllulle™ @2t vt >0
whereC is a positive constant independentupf
(ii) for any ug € H(0, 1), problem () has a unique strong solutiansatisfying
lu® Il < Clluollyse” 24221t vt >0
whereC is a positive constant independentupf

Proof. The proof is similar to that of Theorem 2.1. Instead ﬁ)(we consider

vt—vxx—i—(—k—i—Z a? )v:O in (0,1) xRy,

co(ax) -
vx(0,1) =0, vx(1,t) = —av(l,t) t>0, (P2)
v(X,0) =vo(x) in (0,1).

It can be shown tha@) is exponentially stable if

a2
mn (-2 +2——— | > —
0<x<1 coZ(ax)

The relation (2.3) becomes

1
v)%(x, t) dx —/

0

Ei(v(t)) = —av3(L, 1) — /

0

1 a2 5
(—A + 200§(ax)) ve(Xx, t) dx.
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Sincev(x, t) = v(1,t) — fxl vs(S, t) ds we have

1 1 1
f v2(x, t) dx < 20%(1, t) +2/ (1-=x) dx/ v2(x, t) dx
0 0 0
1
<2v2(1,t)+/ v2(x, t) dx
0

and consequently
Ei(v(®) < Q- a)v?(1, ) — 2(1+2a° — HE(())
which implies
E(v(t)) < E(w(0)e 20+22°-Mt vt > 0,
The remainder is the same except \A#ﬁ1+ 2a® — A replaced by 4 2a? — A and& by

1
E(t) =au2(1,t)+/ v2(x, t) dx.
0

3. Asymptotic behaviour
3.1 Asymptotic behaviour of solutionsto (1.8)—(1.10)

In this section we study the problem (1.8)—(1.10). First we have the following result on the
well posedness.

THEOREM 3.1 Assume that > 0, 0 < A < 1anda s a real number. Then

() forany T > 0 andug € C([—o, 0], L2(£2)), problem (1.8)—(1.10) has a unique mild
solutionu verifying
u e C([0, T1, L2()),

(i) for any T > 0 andug € C([—o,0], H3(2) N H}(12)), problem (1.8)-(1.10) has a
unique classical solution verifying

ue C([0, T], H2(2) N H(2)) N C([0, T1, L2(2)).
Proof. (i) Define the linear operatok by
Au =¢cAu

with domainD(A) = H2(2) N H}(£2). It is well known thatA generates an analytic
semigroup &' on L2(2). Then, problem (1.8)—(1.10) can be transformed into the
following integral equation:

u(t) = up(t), —0o <t <0, (3.2)

t
u(t) = eAug + af eAMSy(is—o)ds, t>0. (3.2)
0
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For anyT > 0 andug € C([—o, 0], L2(£2)), the solutionu of (3.1)—(3.2) withu €
C([0, T, L2(£2)) is called a mild solution of (1.8)—(1.10).

The existence and unigueness can be proved in the usual way by Picard’s iteration
method of successive approximations. The reader is referred to Wu (1996, Chapter 2) for
more details.

(ii) Setv = u;. Thenw satisfies (1.8)—(1.10) with replaced byai and the initial condition
uo(x, s) replaced byo(x, s) = (Ug)s(X, S) € C([—a, 0], L2(£2)). Hence, by (i) we have
v=u € C(0, T]. L%(2))

and then, by the elliptic regularity we deduce that

u e C([0, T1, H3(2) N H3(©2)) N CL([0, T], L%(2)). -

Now, we study the asymptotic behaviour of the global solution to (1.8)—(1.10). We
use some techniques from Kato & McLeod (1971) to prove that the solutions to problem
(1.8)—(1.10) do not grow faster than a polynomial. We have the following result.

THEOREM 3.2 Let up be the smallest eigenvalue ofA with Dirichlet boundary
condition. Assume that > 0, 0 < A < 1 anda is a real number. Then, there exists a
positive constan€ = C(e, a, A) such that the solution of (1.8)—(1.10) satisfies

o)

u® Il < Cliuolic(—s,01,L2(02)) (1 + 1) ) vt >0, (3.3)
Ln(250)-1

lut 1 < Clidollca -, 01, L2(02)) (L + D™ n( @ ) , vt > 0. (3.4)

Proof. We make the change of variables

t=eS—L, 7=InA <0, wv(x,s8)=¢€ u(x, e - g ,
1—A 1—A

wherep = - In (%0)

The functionv satisfies

{vs(x, s) — e Av(X, S) + pv(X,s) —aef’efv(Xx, 7 +s) =0 in 2 xR, (3.5)

v(0,8) =v(1,s =0 in R.
Indeed, we have

U (X, t) = (vs(X, S) + pu(X, s)) eP5*s

Ao
u(x,kt—o):u(x, r€® — —a)
1—A

—u(x et 2
’ 1—A

=Py (x, 1 +5).
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Hence, to prove (3.3) it suffices to prove the existence of a positive coistant (e, a, A)
such that the solution of (3.5) satisfies

o

vl < Cliuolic—o,01,L2(02))- Vs > In 1 (3.6)

To prove (3.6) it suffices to prove that
Mh<C(s,a,\)Mg n=1,2,..., (3.7)
Mo < C(e, &, M) |[Uollc(—0.01.L2(12))> (3.8)

where we set
o

S T3 (3.9)
Mp = max lv(s), n=0,1,.... (3.10)

S—NT<S<SH—Nrt—1

By noting thatuo|lv(x, t)||2 < || Vu(t) |2 we have by integration by parts

d 2 .
d_s/Qv (s) dx_Z/Qv(s)vs(s) dx

= ZseS/ v(S) Av(S) dx — Zp/ v2(s)dx — 2aepfe5/ v(S)v(s + 1) dx
o) 7] 17
= —28e5/ |Vu(s)|? dx — Zp/ v?(s) dx — 2aepfe5f v(S)v(S + 1) dx
Q Q Q
< —2(p+ s,uoes)/ v2(s) dx — 2aep’e5/ v(S)v(s + 1) dX,
7] o)

and hence

d

% (e2ps+2*’“°es / v2(S) dx) < —2aePTH(@p+Dst2emoe® / v(S)v(s+1)dx. (3.11)
0 Q

The integration of (3.11) ovelsy — (n + 1), S) yields

exp(2ps + 2 10€) / v2(s) dx
7]
< exp2p(so — (N4 1)1) 4+ 2epupexp(so — (N+ 1)1)) / v2(80 —(n+ D7) dx
7]

S
—Za/ exp[pr +@2p+ Dt + 28uoet] / v(t)v(t 4+ 7)dxdt
so—(n+1)t 7]
< MZexp[2p(so — (N + 1)7) + 2eppexp(so — (N + 1)1)]
S
+2|a| MnMn+1/ exp[pr +@p+ Dt + Zeuoet] dt. (3.12)
so—(n+D)t
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On the other hand, we have

S

/ expl(2p + Dt + 2eppet] dt
so—(n+Dt

S

=|———expl2pt + 28,uoet)}
[Zp + 2epu0€t so—(n+1)t

s d el
_ exp2pt + 26 et_(—> dt
/;o(n+1)z pzp Ho )dt 2p + 25 o€t

S

< | =———— exp(2pt + 2¢p et)}

[Zp—i— 2e o€ pep ° So—(N+1)7
& [ ¢

12| p| EXP(2PS + 26 110€°) / S S

0 s—(n+1)t (2p + 2e pu0€t)?

S

= —— exp2pt + 2 o€
[zpﬂmé eXP2Pt + 21108 >]

|pl 1 s
e exp(2ps + 2euo€”) [Zp 26008 ]so_(n+1>f
< €5 exp(2ps + 2¢u0€°) | p| €XP(2pS + 2¢uo€®)
= 2p + 2e 1065 eno(2p + 2e o exp(so — (N + 1)1))
exp(so — (n+ 1)7)
2P+ 2epu0exp(so — (N + 1)7)

so—(+Dt

exp[2p(so — (N + 1)7) + 2epoexpso — (N+ )]

(3.13)
Consequently, we deduce from (3.12) that
exp(2ps + 2e10€%) / v2(s) dx
Q
< MZexp2p(so — (N + 1)7) + 20 xpiso — (N + 1)7)]
_ 2[a|Mq Mg exp(pr + 5 — (n+ D7)
2p + 2eppoexp(so — (N+ 1)7)
x exp2p(so — (N + 1)7) + 2epo €XP(So — (N + 1)7)]
L 2/ale* M, Mn+lé exp2ps + 2&uo€®)
2p + 2epup€s
| pl €XP(2PS + 2¢110€°)
+2|aleP" My M . 3.14
I MM @p + 220 expiso — (M + D7) (314
Now, we prove that
Mni1 < (1+o0on)Mn (3.15)
with
2|ap|eP*”
=1-f —(n+Dr1)+ , 3.16
" o= DOt @t 2emoexpm— Doy OO
2|alePTe’
f(s) = ———— (3.17)

T 2p+ 208’
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First, note that ifM11 < Mj, then (3.15) holds. So, assume thdt, 1 > My. Sincef (s)

defined by (3.17) is increasing ¢, co) it follows that f (s) < |a\ep = 1. Whence, from
(3.14) we deduce that

fQ v2(8) dX < MaMnsal1 — f(5p— (+ D7)

x eXp2p(sp — (N4 1)7) + 210 €XP(So — (N + 1)7)] eXp(—2ps — 2e/40€°)
2|aleP"MpMp, 1€° 2|ap|eP" MnMn, 1
2p + 2e €8 eno(2p + 2epnpexp(so — (n+ 1))

< MpMpia[l - f(so— (n+ D7)]

|ajeP* My Mn 1 |ap|eP" MnMn 1

2 epo(p+ epoexpso — (N+ 7))
= MnMna[1— f(so— (n+ D)7)]
|ap|eP* MnMn1

+MnMpy1 + , 3.18
nintt epno(P + epnoexp(so — (N+ D1)) (3.18)

which implies (3.15).

Therefore, to prove (3.7) it suffices to prove t§gf: (1 + on) is convergent, and
equivalently to prove that the seri@s,- ; In(1 + oy) is convergent, and in turn, to show
that the improper integral

+o00 a eprefrs a epr
/ In (2 - al + lap| > ds
1 p+euoe ™S euo(p+ o€ )

is convergent. This is true since

n <2_ |ajePre~ TS |ap|eP* )
lim P+enoe ™ epo(P+ o€ ")
500 (1+sH)1

ipfom et e )
_ jim 98 P+ emoe ™S eupo(p + euo€ *S)
oo LR
dx

— — lim < prlaleP e ™  euorfapleP e ) (14522

s>o0 \ (P+ 08 ™92 euo(p+ e10€77S)2 2s
=0.

Now, let us prove (3.8). It is sufficient to prove

0<r{1<ax u® Il < Cle, a, Mlluollc—o.0.L2(2)) (3.19)
i i —es__.9 <&
smceln1 T < s<|n )\—In)usequwalentto()gt_eS —% S 71

Setg (1) = maxogsgt ||u(s)||2 and letC = C(e, a, 1) denote various positive constants
which may be different in different occurrences. Then we have

0= / u(ut (X, t) — eAu(x,t) —au(x, At — o)) dx
o}
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and hence for any & t; <t

d
g e < 2|<'i|/ u(s)u(rs — o) dx
S 2
< Cllvolig(—o,01,L2) + CH(9)

and then

1
lut) 12 < (Cta + DlUollc—o.0,.L2) + C | (s

t
< (Cta + Dlluollc_o.0p.L2) + c/o ¢ (s) ds.

Consequently
t
1) < (Ct+ Dlluolic(—q,0,L2) + C/O $(s)ds

which yields by Gronwall’s inequality that for anyQt < o/

¢ ) < C(e, a, M Uollc—o.0),L2)- -
REMARK 3.3 (i) We guess that the exponem% In (%) given by (3.3) is optimal. That
is, if the solution of (1.8)—(1.10) satisfies

im _uOI
t—+4o0 t'% |n(€‘”‘T|0)

thenu(x,t) =0in 2 x R,.

(i) If |a| < euo, thenﬁ In <%) < 0. Therefore, the solution of (1.8)—(1.10) decays to

zero at a polynomial rate as—> +oo.

(iii) If we want to compare the case = 1 and the case & A < 1, let, for simplicity,

o = 0. Then, ifA = 1anda > euo, problem (1.8)—(1.10) has an exponentially growing
solutionu = gg exp((a—eup)t) whereyy is the eigenfunction correspondingitg. Onthe
other hand, if O< A < 1, Theorem 3.2 shows that all solutions grow at most polynomially.
This means that the proportionally delayed terfr, At) has a anti-dissipative effect in the
case O< eug. Fora < eguo, if A = 1, all solutions of (1.8)—(1.10) satisfy

u |l < lluoll exp((a — eno)t),

while the solutions decay probably only polynomially if<0 .1 < 1. This shows that the
proportionally delayed term(x, At) has a dissipative effect in the case: g up.

3.2 Asymptotic behaviour of solutionsto (1.11)—(1.13)

In this section we study the problem (1.11)—(1.13). Whether problem (1.11)—(1.13) has a
solution is open. However, if it has a solution then we have the following theorem.
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THEOREM 3.4 Assume that > 0, 0 < A < 1 anda is a real number. Lep > m—l—x)
then if problem (1.11)—(1.13) has a solution there exists a positive coitstart (¢, a, 1)
such that the solution of (1.11)—(1.13) satisfies

Ju®ll < CllugllA+t)P, vt >0, (3.20)
lu @1 < Clluoll(L+t)P~ 1, vt > 0. (3.21)
Proof. We make the change of variables
t=¢e, r=Inx <0, v(x,s) = e P€yU(x, ).
The functionv satisfies

vs(X, S) = e€5t€ Ap(x, 5) — peSu(X, S) + aeSTETADPE (x4 )
in xR, (3.22)
v(0,s)=v(l,5)=0 in R (3.23)

since

Up(x, t) = (vs(X, S) + pev(x, s)) exp((p — 1)e® — s)
u(x, t*) = u(x, €€) = eP€y(x, r + ).

As in the proof of Theorem 3.2, to prove (3.20) it suffices to prove that the solut@fn
(3.22)—(3.23) is bounded. That is, it suffices to prove that

Mp = max lv®)ll, n=0,1,...
—Nr<s<—NT—71

is bounded.
Noting thatuo|lv(x, t)||2 < || Vu(t) |2 we have by integration by parts

%/QUZ(S) dx=2/Q v(S)vs(S) dx
= —2cexp(s + €°) /Q |Vu(s)|? dx — 2pe5/Q v?(s) dx
—2aexps+ € + (A — 1) pe’] /Q v(S)v(s + 7) dx
< —2[p€’ + epo eXP(s + €] /Q lv(s)[? dx
—2aexps+ € + (A — 1) pe’] /Q v(Sv(s+1)dx, (3.24)
and hence
d% (exp(Zpes + 2ep0 EXP(EY)) /Q v2(s) ds>

< —2aexp[2pe® + 2sppexpe®) + S+ € + (A — 1) pe’] / v(s)v(s + 1) dx. (3.25)
I7)
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The integration of (3.25) over(n + 1)z, s) yields

S

[exp(Zpet + 2eppexpe)) / vz(t)dx}
0]

—(n+)t

S
< —Za/ exp2pe' + 2eppexpe) +t+ e + (A — 1) pet]/ v(t)v(t 4 ) dx dt
—(n+Dt 2

< —271a|Mn M1 exp2pe’ + 2e 10 exp(e®) 4+ s + € + (h — 1) pe~ D7),

which implies that

M2, < M2 — 2t]a|MnMn i1 exp[—(n F2)r +e T L — 1 pe’(“H)’] .
(3.26)

Consequently
Mns1 < (1 + 27| jale”® exp[—(n + 7+ 5e—<”+1>f]) Mn (3.27)

whereweset =e "+ (A —1)p <O.
Indeed, ifMp+1 < Mp, then (3.27) holds. M1 > Mp, then (3.27) follows from
(3.26). Therefore, to prove thM, is bounded, it suffices to prove that the product

00

1_[ (1 + 2|zl jale”" exp[—(n + 17+ 5e—m+1>r])

n=1

is convergent, and equivalently to show that the improper integral
o
/ In(1+ 2|7 |ale”" exp[—rs+ se"°]) ds
1

is convergent, which is true as in the proof of Theorem 3.2. O
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