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1. Introduction and statement of the results

Let G be a locally compact group with fixed left Haar measure dx. Recall that
G is said to be amenable if there exists a left translation invariant mean on the
space L™(G), i.e. if there exists a positive, linear functional M on LCO(G) such that
ilf(lG) = 1 and M(x<j>) =M(<p) for all <peLco(G), xeG, where x<f> denotes the left
translate x(j>(y) = <f>(xy). The class of amenable groups includes all soluble and all
compact groups (concerning the theory of amenable groups we refer to [9]). I t is easy
to see that G is amenable if and only if ClG, the space of the constant functions on
G, has a closed left translation invariant complement in LCO(G). This reformulation
of amenability leads to the following more general question.

Let 77 be a unitary representation of the arbitrary group G, and let Xn be the weak
•-closed subspace of LCO(G) generated by the matrix coefficients of 77 (observe that
Xv = ClG when 77 is the trivial one-dimensional representation 1G of G). When doesJC^
have a closed, left translation invariant complement in LCO(G) ? It follows from [1],
theorem 1, that this is the case if and only if the i1-kernel of 77, that is, the ideal
kerLi?7 = {feL1(G):n(f) = 0}, has bounded right approximate units. Recall that a
normed algebra A has bounded right approximate units if there is a bounded net
(ua)a in A such that lim \\uua — u\\ = 0 for all us A. In particular, 6? is amenable if and
only if the augmentation ideal

L°(G) = kerL. 1G = {fsL^G); I f(x)dx = 0}
JG

has bounded right approximate units. This is Reiter's characterization of amenability
(cf. [9], theorem 10-1).

Now let G be a non-compact, connected semisimple Lie group with finite centre.
It is well known that G is not amenable. Our purpose in this paper is to prove the
following stronger version of non-amenability of G: the weak *-closed subspace of
L°°(G) generated by the matrix coefficients of an irreducible representation n of G
never has a left translation invariant, closed complement in L°°(G) (equivalently,
kerLi77 never has bounded right approximate units). In fact we prove, in the case
where G is simple, a more general result giving a description of the L1-kernels of
unitary representations of G with bounded right approximate units. Observe that
such a kernel, being a *-ideal, has bounded right approximate units if and only if it
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has bounded left approximate units, and this is the case if and only if it has bounded
two-sided approximate units.

Here are the precise statements of our results.

THEOREM. Let G be a non-compact, connected simple real Lie group with finite centre
Z. Let nbea strongly continuous unitary representation of G. Let Xn be the weak *-closed
subspace of L°°(G) generated by the matrix coefficients of n. Then the following are
equivalent:

(i) ker^i n has bounded right approximate units;
(i)' Xn has a left translation invariant, norm closed complement in LC°(G);
(ii) kerLin = ker^iindf T for some unitary representation T of Z, where indf T denotes

the unitary representation of G induced by r;
(ii)' Xn = LCO(G) * fi for some measure /i on G with supp/t S Z.
In particular, if Z is trivial, then (i) or (i)' holds only if Xn = LX(G).

COROLLARY. Let G be a non-compact, connected semisimple real Lie group with finite
centre Z. Let n be an irreducible unitary representation of G. Then, with the above
notation, Xn has no left translation invariant, closed complement inL<o(G), and ker^i??
has no bounded right approximate units.

These results are in sharp contrast to the corresponding results for some classes of
amenable groups. The weak *-closed, translation invariant complemented subspaces
of LM(G) for abelian G are described by means of the so-called coset ring of the dual
group G (see [4], theorem A, [10], §17, theorem 2 and [8], theorem 13). Some partial
results have been obtained in [2] for exponential Lie groups and for motion groups.
A generalization of Reiter's characterization of amenability is given in [13].

I t should be mentioned that the main tools for the proof of our theorem are the
vanishing theorem of Howe and Moore [7] and the description of the central
idempotent measures on connected locally compact groups from [5].

2. Proofs

Proof of the Theorem. As mentioned above, the equivalence of (i) and (i)' follows
from [1], theorem 1, since Xn is the annihilator of kevLin in L<a(G).

To show that (ii) and (ii)' are equivalent, let T be a unitary representation of Z. Let
/ = ker^iindf T and J = kerLiT. Then, by [6], 2-2 lemma,

/ = {feL^G); J\ZeJ for almost all xeG}.

Let A1(..., An be the distinct unitary characters of Z for which J = D"_i kerLi A4. Then
clearly

where functions on Z are viewed as measures on G. Now let

Let feL1(G) with a*f = 0. Then for i = 1,... ,n we have

o = xt*(o-*f) = jl £ : V A > / = A > / ,
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by the orthogonality relations for Z. Hence

I = {feL1(G);<r*f=0}.

Since <J is idempotent, it follows that

I=(8e-<r)*Li(Q),

where Se is the Dirac measure at the group unit e. Let /* = Se — a, and let I1 be the
annihilator of/ in LX(G). Then IL = Lm(G) */i. This shows the implication (ii) => (ii)'.
Conversely, let /i =1= 0 be a function on Z and let / be the annihilator of ̂ (G) * /i in
Ll(G). Then

I {f
where fi is t h e function on Z d e n n e d b y fi(z) = /^(z"1). W r i t e fi = Sf_x at A{ for alt...,

aneC\{0} a n d for d is t inc t cha rac t e r s Ax, . . . , A n of Z. Then (as above)

I=C){feL1(G);Ai*f=O}.

Hence / = ker^i indf T, where T = ® A4.
t-i

This proves the implication (ii)' => (ii). Notice that the above arguments also show
the following: if fi is a function on Z, then LX(G) */i = LX(G) *fi, for some idempotent
function fi, on Z. This proves (ii) => (i)', since then

is a bounded projection commuting with left translations by elements of G.
It remains to prove the implication (i)' => (ii)'. Let P: LCO(G)^-X1, be a bounded

projection onto Xn with P(x<j>) = xP{<j>) for all $eLx(G),xeG. Let UCB(G) be the
space of (the equivalence classes of) the right uniformly continuous bounded
functions on G. ThenP(UCB(<?)) c UCB(G), since UCB(G) consists of those
for which the map

GL^iG) j

is continuous. Hence, denoting by C0(G) the space of all continuous functions on G
vanishing at infinity, we can define a bounded linear functional on C0(G) by

C0(G)-+C, 0

Let fi be the bounded measure on G for which

= f
JG

Then, since P commutes with left translations, Pip = <p*/i for all <fieC0(G). Hence
Xn f) C0(G) = C0(G) */i. Moreover, /i is idempotent as P is a projection. Now kerLi77 is
invariant under the involution f*(x) =f(x~1) on Ll(G). Hence kerLi77 has also
bounded left approximate units. The right-hand version of [1], theorem 1 yields a
projection P: Lco(G)-^Xn commuting with right translations. Therefore, by the same
arguments as above, X^ f) C0(G) = fi*C0(G) for some idempotent measure p, on G.
Thus

jl*<f> = (fil *<}>)* j i — fi*(<j)* fi) = <f>* j i

for all <j> e C0(G). This implies that fi = fi and /i is a central measure. By [5], theorem,
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the support of ju, is contained in the largest compact normal subgroup in G, hence
supp/* £ Z. I t remains to show that Xn = LX(G) * fi. Now, if n does not contain the
trivial representation 1G, then all matrix coefficients of n belong to C0(G), by the
vanishing theorem of Howe and Moore (see [7], theorem 5-2). Hence, in this case,
Xn fl C0(G) = C0(G) */i is weak *-dense in Xn, and this yields the conclusion.

Consider now the case where n contains 1G. Write n = no@n1, where n0 is a
multiple of 1G and where nl does not contain 1G. Then Xn = Xn + C1G. We claim that
C1G ^ Xw , i.e. Xn = Xn , and we are reduced to the case where n does not contain 1G.
Indeed, suppose C1G is not contained in Xn . Then Xn = Xn © ClG. Let Y be a closed
translation invariant complement for Xn in LX(G). Then Xn © Y is a closed
translation invariant complement for ClG in LX(G), a contradiction since G is not
amenable. This completes the proof of the theorem. I

Remark. Consider the more general case of a connected, semisimple Lie group G
with finite centre. The conclusion of the above theorem is probably true in this
situation. The proof shows that (i), (i)', (ii) and (ii)' are equivalent if all the matrix
coefficients of the unitary representation v of G are in C0(G). Indeed, in this case
Xn H C0(G) is weak *-dense in Xn and this implies that Xv = LX(G) */i, where ju, is the
measure defined above. This proves the crucial implication (i)' => (ii)'. The proof of
the other implications remains unchanged.

Proof of the Corollary. We first reduce to the case in which G is a direct product of
simple groups. Let G ->• G be a finite covering of G. Identifying G with G/N for some
(finite) normal subgroup N, we can view JL°°((?) as a subspace of LX{G). Notice that
iy°°(Cr) has a closed translation invariant complement in L°°(G). Indeed, the mapping
P: L°°(G)->Z°°(G) defined by

(P<fi)(x) = - j - 2 4>{xz), <f>eL^(G), xeG
liVl zeN

is a bounded projection onto LX(G) commuting with translations. Suppose now the
corollary is true for G. Let n be an irreducible unitary representation of G, which we
view as a representation of G. Then Xn has no translation invariant complement in
^(G). Hence Xn has no such complement in 2yOT(6r). Indeed, if Q is a projection of
LW{G) onto Xn £ LX(G) which commutes with translations, then QP is a projection
of i/°°((?) onto Xn which commutes with translations.

Consequently, we may suppose that G has the form G = Gr x ... x Gn, where each
Gt is a simple group with finite centre. Let TT be an irreducible unitary representation
of G. In view of Reiter's characterization of amenability, we may suppose n =j= 1G. As
is well known, connected semisimple Lie groups with finite centre are type I (see, e.g.
[12], 4-5'7-3 and 4-5-2-ll). Hence, 77 is a tensor product of irreducible unitary
representations of the factors Gt (cf. [3], 13*1"8). Let G' be the product of the factors
Gt for which n\Gt= lG(, and let G" be the product of the remaining factors. (Note
that G" =1= {e}.) Then the matrix coefficients of n \ G" are in C0(G") (cf. [7], theorem 5-2).

Suppose that Xn has a closed translation invariant complement Y in ^(G). Then
Y n LX(G") is a closed translation invariant complement for Xv in ^(G"), where we
identified G" with G/G''. Hence, we may suppose that G = G", that is, all matrix
coefficients of n are in C0(G). Therefore (see the above remark)

kerLi n = kerLi indf T
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for some unitary representation T of the centre Z of G. Since rr is irreducible, T = A/
for the central character A of n. Hence we may assume that T = A.

Let p denote the induced representation indf A. Recall that the Hilbert space Hp

of p is the space of all square-integrable measurable functions £: G -»• C which satisfy
the equality _

£,(xz) = A(z)£(x), for zsZ and almost all xsG.

Let g be the Lie algebra of G, and let 51 be the universal enveloping algebra of the
complexification of g. Let 51 be realized as the algebra of the left invariant differential
operators on G. Let nx and px denote the representations of 51 corresponding to n
and p on the spaces H™ and H™ of the CTO-vectors of //„ and Hp, respectively. We want
to show that kerp^ = 0 while k e r ^ 4= 0. Indeed, fix some neighbourhood C/of e such
that zll n U = 0 for each zeZ,z + e. Then each <j> e CX(G) with supp ^ c [ / coincides
on U with some 0 e # " : take simply <f> defined by

It follows from this that, if Dekerp^, then D(j> = 0 for all 0eC°°(6r) and hence
D = 0.

On the other hand, let 3 be the centre of 91, and let 3EW be the infinitesimal
character of n, that is, £„ is the character of 3 for which n^D) = Xn(D)I for each
D e 3- It is known that 3 has infinite dimension (in fact, 3 is an algebra of polynomials,
see [11], 4-9-3 and 4-10-3). Hence Xn(D) = 0 for some De% D * 0. Therefore
k e r ^ 4= 0.

Now, cr(D<f>) = <Tx(D)cr(<fr) for each unitary representation a of G, for each Z)e9l
and for each <f>er£>{G), the space of all infinitely differentiable functions on G
with compact support. Take some .DekerTT ,̂, D =t= 0. Then D<pekeTLm and hence
D(f>ekerLip for each <freT>(G). Let (<fia)a be an approximate unit for i1(Gr) with
functions (f>a from X>(G). Then

for all a. Since p(^a) converges strongly to / , this implies p^D) = 0, a contradiction to
kerpr o = 0. This shows that Xn has no closed, translation invariant complement. I

The first author gratefully acknowledges the hospitality of the Universite de Metz
where this work was prepared.
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