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We define the Hochschild (co)homology of a ringed space relative to a locally free Lie
algebroid. Our definitions mimic those of Swan and Caldararu for an algebraic variety.
We show that our (colhomology groups can be computed using suitable standard com-
plexes. Our formulas depend on certain natural structures on jet bundles over Lie
algebroids. In an appendix, we explain this by showing that such jet bundles are

formal groupoids which serve as the formal exponentiation of the Lie algebroid.

1 Introduction

This is a companion note to [5]. Throughout k is a base field of characteristic zero. If X is
a smooth algebraic variety over k of dimension d, then Caldararu defines the Hochschild

(co)homology of X as

HH“(X) = EXt%XXX(OA, Op)
HH,(X) = Extg—x’ix(w;l, Op) (1.1)

where A C X x X denotes the diagonal. The first of these definitions is due to Swan [16].
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From these definitions, it is clear that HH®*(X) has a canonical algebra structure
(by the Yoneda product) and HH,(X) is a module over it (by the action of HH®(X) on Oa).
As customary we refer below to these algebra and module structures as “cup” and “cap”
products.

Building on the work of a number of people (notably Kontsevich and Shoikhet),
we completed in [5] the proof of a conjecture by Caldararu which asserts that there is
a certain Duflo type isomorphism between the above Hochschild (co)homology groups
and the cohomology groups of poly-vector fields and differential forms which preserves
the natural algebra and module structures. We refer to [7-9] for background information
and additional results.

One small issue was left open. Instead of using (1.1) directly, we used explicit
chain and cochain complexes for the definition of Hochschild (colhomology. As a re-
sult, it is not immediately obvious that our algebra and module structures are precisely
the same as Caldararu’s. The fact that this is true for the cup product was proved by
Yekutieli (private communication).

In [5], we actually proved a version of Caldararu’s conjecture valid for locally
free Lie algebroids. This yields in particular the algebraic, analytic, and C*°-setting as
special cases. In this paper, we prove in the Lie algebroid setting an agreement property
(see Theorem 12.1) between the Hochschild (colhomology defined by complexes and by
formulas similar to (1.1) (see (5.2)).

Our formulas depend on various interesting structures on the sheaf of jet bun-
dles of a Lie algebroid. In Appendix 12, we clarify this by showing that these structures
make the sheaf of jet bundles into a formal groupoid which serves as the formal expo-

nentiation of the Lie algebroid (see also [11, Appendix] and [12, Section 3.4]).

2 Notation and Conventions

Unadornedtensor products are over k. We usually write ® x instead of ®», and we apply
a similar convention for Hom. We often drop “sheaf of.” For example, we usually speak
of an algebra instead of a sheaf of algebras. Lower indices denote homological grading.
If we need to translate between homological and cohomological grading, we use the
convention Hy(—) = H ().

Some objects below come with a natural topology which will be appropriately
specified. If an object is introduced without a specific topology, then it is assumed to

have the discrete topology. This applies in particular to structure sheaves.
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3 Preliminaries
3.1 Sites

For the theory of sites, we refer to [2]. We freely use sheaf theory over (ringed) sites and
in particular the fact that the category of modules over a ringed site is a Grothendieck
category (see [2, Proposition I1.6.7]). By definition, this is an abelian category with a gen-
erator and exact filtered colimits. Such a category automatically has enough injectives
and arbitrary products [10].

We will also use the fact that the category of complexes over a ringed site has
both K-flat resolutions [15, Theorem 3.4] and K-injective resolutions [1]. Hence, we may
freely use unbounded Hom's and tensor products and the corresponding Hom-tensor

identities.

4 Lie Algebroids, Enveloping Algebras, Jet Bundles, and Connections
4.1 Lie algebroids

Throughout (X, Ox) is a ringed site (or ringed space if the reader is not interested in the
utmost generality) and £ is a Lie algebroid on X locally free of rank d. By definition, £ is
a sheaf of Lie algebras acting on Ox which is also an Ox-module satisfying the following
conditions

([D(f2) = Al(f2),
LA R =L/ 2+ Al(f).
(L1, 1) = Ld2(f) —L2(a (),
(L1, fl2] = L (N2 + fll, L] (4.1)

for sections f, fi, f2 of Ox and sections [, 1, of L.

4.2 Universal enveloping algebras

The universal enveloping algebra (see [14]) of £ is denoted by UxL. To define this
object, note that Ox @ £ also carries the structure of a sheaf of Lie algebras via
[(fi, 1), (fo,l2)] = Li(f2) —l2(f1), 11, 12]). Then UxL is the quotient of the universal
enveloping algebra of Ox @ £ subject to the additional relation f-I = fI, for fin Oy
andlin Ox ® L.
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If X is a smooth algebraic variety and £ = Tx, then Ux/L equals Dy, the sheaf
of differential operators on X. In general, the properties of Ux£ mimic those of Dyx.
In particular, giving Ox degree zero and £ degree one, UxL becomes equipped with an

ascending filtration F* such that
gry UxL =SxL. 4.2)

The action of £ on Ox extends to an action of UxL on Ox which makes Ox into a left
UxL-module.

As Ux L contains Oy, it is equipped with a natural left Ox-action. We view Ux L as
a central(!) Ox-bimodule with the right Ox-action defined to be equal to the left one. In
this way, UxL becomes a sheaf of cocommutative Ox-coalgebras. More precisely, there is
a comultiplication A : UxL — UxL ®x UxL and a counit € : UxL — Ox which are locally

given by the following formulas (using the Sweedler convention)

AH=FfR1=1® f
A =1®1+11,

A(DE) =) DaEq) ® DigyE2),
D,E
e(D) = D(1) (4.3)

for f a section of Oy, [ a section of £, and D, E sections of UxL. Although UxL ® x UxL

is not a sheaf of algebras, the third formula is well defined as A takes values in a certain
subsheaf of UxL ® x UxL which is an algebra (see e.g., [17]).

4.3 Jet bundles

The sheaf of L-jets on X is defined as
JxL =Homx(UxL, Ox) (4.4)
(this is unambiguous, as the left and right Ox-module structures on Ux/L are the same).

Being the dual of an Ox-module Jx £ is also an Ox-module (given that Ox is commuta-

tive). Below we will sometimes use the corresponding Ox-linear evaluation pairing

(—, =) : IxL xUxL — Ox. (4.5)
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The cocommutative coalgebra structure on Ux/L induces a commutative algebra struc-

ture on Jx£ by the usual formula

@B)(D) =Y a(D))B(E) (4.6)
D

for «, B sections on Jx£ and D a section of UxL. The unit “1” of Jx£ is given by e.
One verifies that Ox — Jx£L: f+— f-1 is an algebra homomorphism. So Jx£ is an
Ox-algebra.

The natural ascending filtration F*® on Ux. introduced above induces a descend-
ing filtration F, on Jx£ where F,Jx . is given by those sections of Jx£ = Homx(UxL, Ox)
which vanish on F*"Ux/L.

One checks by a local computation that F, is the adic filtration for the ideal

J$L = F1JxL C JxL. For this adic filtration, Jx£ is complete and furthermore we have
grJxL = SxL*. (4.7)

Locally we may lift a basis x, ..., xq for £* to J°£ and in this way one obtains a local

isomorphism of sheaves of algebras

IJxL = Ox[[x1, ..., xq]] (4.8)

Lemma 4.1. If we equip Ux£ with the discrete topology and Jx£ with the J$£-adic
topology, then (4.5) is a non-degenerate pairing of sheaves of topological Ox-modules in

the sense that it induces isomorphisms

JxL =Homx(UxL, Ox), (4.9)
UxL = Hom$§™ (I xL, Ox). (4.10)
O

Proof. The first isomorphism is by definition so we concentrate on the second one.
Note that Homgfnt(JXE, Ox) C Homx(JxL, Ox) is given by those sections which
vanish (locally) on some power of J;£. The pairing (4.5) induces a pairing of locally free

Ox-modules of finite rank
(= =) 1 IxL/IGL)" x F"UxL — Ox

and from (4.2) and (4.7) it follows easily that this pairing is non-degenerate.
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Thus

FnUxﬁ = 'Homx(Jxﬁ/(Jg}ﬁ)H, Ox).
Taking the direct limit yields (4.10). |

As a slight generalization, we consider the pairing

(= =) : (TxL)®X x (UxL)®*" - Ox :

(1 ®- - ®ap, D1 ®---® Dy) — (a1, D1) - - {(an, Dp).

The filtrations F* and F, on UxL and Jx£ induce corresponding filtrations on (Ux£)®x"
and (J X£)®X” and the filtration on (J X£)®X" is complete. As in Lemma 4.1, one shows

that (—, —) is non-degenerate.

4.4 Flat connections

If M is an Ox-module, then an £-connection on M is a map

ViLxM—> M

with properties mimicking those of ordinary connections (which correspond to £ = Tx).
Namely

Vam = fvi(m,
Vi(fm) =1(HHm+ fVi(m)

for sections f of Ox, 1 of £ and mof M.! Here and below, we make use of the standard
notation V;(m) = V(I ® m). A connection is flat if Vy;, 1,; = Vi, Vi, — Vi, Vy, . All connections
below are flat. A flat connection on M extends to a left Ux£-module structure on M, and
in fact this construction is reversible yielding an equivalence between the two notions.
If D is a section of Ux/L, then we sometimes denote its action on a module with a flat
connection by Vp.

Clearly, Ox and Ux/L are equipped with canonical flat connections

Cvif=10ph,
¢v,D=1D

for sections f of Ox, 1 of £ and D of UxL.
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If M, N are equipped with a flat £-connection, then the same holds for M ®x
N and Homx(M, N). The formulas are the same as in the case £ = Tx. This applies in
particular to the definition of Jx£ (4.4). Thus, Jx£ is also equipped with a canonical flat
connection which we denote by ¢V as well.? Explicitly for a section [ of £, a section « of

Jx L, and a section D of Ux/L, we have
“Vi(@)(D) = l(@(D)) — a(D).
One verifies in particular
V(@) = Vi@ + aCVi(B). (4.11)

Besides the left Ux£-module on Jx£ induced by ¢V, there is another left Ux£-action on
Jx L which we denote by 2V. For sections D, E of UxL and « of Jx£, we put

(®*Vga)(D) = a(DE).

It is an easy verification that ¢V and 2V commute. See Appendix 12 for more details.
If X is a smooth algebraic variety and £ = 7Tx, then we can make the above defi-
nitions more concrete. As already mentioned above, UxL is the sheaf of differential

operators Dx on X. We also have Jx£ = pry, (/’)\Xxx,A and

(fXg, D)= fD(9),
“Vp(fRg) =D(f)Hg.
2Vp(fRg) = fX D(g) (4.12)

for sections f, g of Ox and D of Dy. The first line refers to the pairing between Jx£ and
Ux/L as in (4.5).

Remark 4.2. This example is a special case of the following: consider a smooth
groupoid scheme G = G(G, X, s, t,e, u) over X where s,t: G — X are, respectively, the
source and target maps, e: X — G is the unit map, and p: G xsx: G — G is the
composition.

If xe X, g et x, and uis a section of O, 1,, then we put (Lgw(h) = u(gh). This
definition is such that (Lgyu)(h) is defined when t(h) = s(g). In other words, Lyuis a func-

tion on ¢t~!s(g). Thus, Ly maps sections of Op-14(g) to sections of Op-14g).
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Let us write 7; C 7T for the relative tangent bundle of ¢t : G — X. The vector fields
in 7; act by derivations on O;-1, for any x € X. We say that a vector field & in 7; is left
invariant if for any g € G and for any section u of Op-14(g) WE have §(Lgu) = Lg&(w). It is
easy to see that the left invariant sections of s, 7; are closed under Lie brackets of vector
fields and hence they form a Lie algebroid on X. By definition, this is the Lie algebroid
associated to G and it is denoted by Lg.

In this setting, Jx£L = s*@G,X where X is regarded as a subscheme of G via the
unit map e. Vector fields on G act on s*@c; x by derivations. The Grothendieck connection
GV is the restriction of this action to the left invariant vector fields.

If we put G=XxX, s(x,y) =x, t(x,y) =y, e(x) = (x,x), and u((w, y), (x, w)) =
(x, y), then the data (G, X, s, t,e, u) form a groupoid on X. One verifies that the left
invariant vector fields are precisely those vector fields which are obtained by pull-
back from the first projection X x X — X. This gives an expression for the Grothendieck

connection which agrees with (4.12). O

5 Hochschild (Co)homology for Lie Algebroids

We need a fragment of the groupoid structure on Jx£ (see Appendix 12) namely the

counit

e:JxL — Ox:ar a(l) (5.1)

where the 1 is the unit of UxL. The kernel of € is the sheaf of ideals J§£ introduced
above.
We use € to make any Ox-module into a Jx£-module. We define the Hochschild

(colhomology for (X, Ox, £) as

HH}.(X) = Ext]_,(Ox, Ox),
HH; (X) = Ext} 2(nIL, Ox). (5.2)

This definition is motivated by the following proposition

Proposition 5.1. Assume that X is a smooth algebraic variety of dimension d and

L = Tx. Then we have an isomorphism
(HH}(X), HHy (X)) = (HH"(X), HHy(X))

compatible with the obvious algebra and module structures. O
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Proof. From (4.12 and 5.1), we obtain that ¢ is given by ¢(fX g) = fg. Thus, we get

(taking into account A%Tx = a);(l).

HH7.(X) = EXt%XXX N (O, On),

L -1
HH,(X) = Ext%XXX,A(a)A , Op).
The inclusion map Oxxx — @XXXA induces maps

p: EXt%XxXA(OA’ On) = Extgy,  (Oa, Op),

q: Ext%XXX.A(wgl, Opr) — Ext%XXX(wZI, Oa)
which are obviously compatible with algebra and module structures. We will prove

that p, g are isomorphisms. The flatness of (/Q\XXXA over Ox«x implies that there are

isomorphisms

_ L
Oxxx,.0 @0y, x Oa = O,

o~ L
-1 ~ —1
Oxxx,A Oy, x ©p = Wy

in D(Mod(@XXX’A)). Hence, we obtain using change of rings

~ L
n _ n
Exty, (Oa,On) = EXt@XxX,A(OXXX*A @0y, x Onr On)

= ]E:Xt,%XXXA (Oa, Op)

and one easily checks that this isomorphism is the inverse of p. The morphism q is

treated similarly. |

For the sequel, the above definition of Hochschild homology is not so convenient. We

will modify it.
Lemma 5.2. There is a canonical isomorphism in D(Mod(JxL)).

RHomy,(Ox, IxL) = A3L[—d]. (5.3)
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Proof. We need to show

; AL ifi=d
EXtJXE(Ox, JxL) =
0 otherwise.

First, we establish this locally in the case that Jx£ = Oxl[[x1, ..., x4]]. Let K, be the
Koszul resolution of Ox as Jx£-module with respect to the regular sequence (x1, ..., X3).
Thus, K, = Oxl[x1, ..., xqlll&1, - .., &q] where (§;) are variables of degree —1 such that

dt¢; = x;. One computes

. Oxer .. gx=pL ifi=d
gthJXL(OX’ JxL) = x8 5
0 otherwise.

One verifies that the resulting isomorphism Ext?X[:(OX, JxL) = AL is independent of
the choice of (x, ..., xq) and hence it globalizes. [ |

Proposition 5.3. We have a canonical isomorphism
L _ d-n d ~ p—n L
HHy, (X) = Ext] (AL, Ox) = R'T(X, Ox ®gy. Ox) (5.4)

compatible with the HHY.(X)-actions on the rightmost copies of Ox. O

Proof. We compute
Ext?;;}mdﬁ, Ox) = R (X, RHomy, c (RHomy, £ (Ox, IxL)[d], Ox))

L
= R "(X, Ox Rz Ox[—dl)

L
= R "I'(X, Ox ®ixe Ox).

As we have not touched the rightmost copy of Ox on both sides of (5.4), it follows
that this isomorphism is compatible with the HH}. (X)-action. |
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6 The Hochschild Cochain Complex

The Hochschild cochain complex of £ (also called the sheaf of L-poly-differential
operators) HC'E’ x 1s defined as the tensor algebra® Tx(UxL) with differential

0, p=0
du(D) =
D®1—ApD)+Ap1(D)—---+(-1)PT'1®@D p>0

where D = D; ® --- ® Dpis a section of T}’;(UX,C) and A; is A applied to the ith factor. The
Hochschild cochain complex is naturally a DG-algebra with the product being derived
from the standard product in the tensor algebra Tx(UxL). We refer to this product as

the “cup product” and denote it by U. Explicitly, we have
D1®---®Dp)U(E1®---®E) =(-DPD1® - ®DpREI ® - ® Eq.

7 The Hochschild Chain Complex

The complex of L-poly-jets over X is defined as

HCx..(JxL) = PUx0)®xPH!
p=0

equipped with the usual Hochschild differential
br(ao®@a1® -+ ap) =1 ® -+ Qup — A @12® -+ Qap+ -+ + (=1 Paparo® - - Qap1

In other words, as implied by the notation, ﬁEX,.(JXE) is simply the (completed) relative
Hochschild chain complex of the Ox-algebra Jx L.

By the usual Leibniz rule, GV acts on ﬁﬁx,.(JXL) and one easily verifies that the
action of *V commutes with by. In [5] (following [3]), we defined the Hochschild chain
complex? HC§(’. of (X, Ox, L) as the invariants of ITIEX,.(JXL) under ¢V. Explicitly for an
object U — X of the site

HC% ,(U) = HCx, p(Ix L))"
= {o € HCx p(JxL)(U) | VL € L) : ¢ Vi(a) = 0}.

The reason for this somewhat roundabout way of defining the Hochschild chain com-

plex is technical. The idea is that the complicated formulas of [4], valid for the ordinary
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Hochschild chain complex of an algebra, can be applied verbatim to HC x.o(JxL) which
is also just an ordinary (relative) Hochschild chain complex. We may then use the fact
that these formulas are invariant under ¢V to descend them to HC§’,. This is a major
work saving compared to working directly with HC§,’..

For use in the sequel, we give a more direct description of HC)E(,..

Proposition 7.1. We have as complexes

HCS, = P Ux0)®*P (7.1)
p=0

with the differential on the right-hand side being given by

bH(Oll ®®ap) :e(al)a2®...®ap_a1a2®...ap+...
e+ (CDP oy @ ®@apiiap+ (—DPa @ - @ apr€e(ap).

The isomorphism (7.1) is the restriction to ﬁEX,.(JX[,)GV = HC§’. of the map

ACx..(JxL) - DIxL)®*P (7.2)
p>0

which sends
a1 ® - Qap < ﬁEX,p(JXL)
to
e(@)on ® -+ @ ap € HCE .
The map (7.2) commutes with differentials. |

Proof. That the restriction of (7.2) is an isomorphism is proved in [3, Proposition 1.11].

That (7.2) commutes with differentials is an easy verification. |

The cap product of a section D =D; ® --- ® Dp of HCZ x and a section o =g ® --- ® &g
of ﬁEX,q(Jxﬁ) was in [5, Section 3.4] defined as

DﬂO{=O{02VD10[1~'~2VDP(XP®(XP+1®~~®O{q
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and for f € HCOL’X = Ox:
fNa=far®- - ®ay.
One verifies that this cap product is compatible with differentials
bg(DNa)=dgDNa+ (-1)P'DNbga.
The fact that °V and 2V commute yields immediately
¢Vi(DNa)=DN%V(a).
Hence, N descends to a cap product
N:HCy y x HC%, — HC%,

compatible with the differentials.

Proposition 7.2. ForasectionD=D;® ---® Dpof HCZ xand asectione =a; ® - - -

of Hcfgq (using the identification (7.1)), we have
DNa=a1(D1)-ap(Dplap @ ®ag
and for f e HC} , = Ox:

fNa=fa1® - ®ag.

Proof. This is a straightforward verification.

8 A Digression

(7.3)

®05q

(7.4)

The Hochschild cohomology as we have defined it is computed in the category Mod(JxL).

Inside Mod(Jx L), we have the full subcategory Dis(Jx£) of modules whose sections are

locally annihilated by powers of J§ L.

Lemma 8.1. Dis(Jx[() is a Grothendieck subcategory of Mod(JxL).
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Proof. Dis(JxL) is clearly an abelian subcategory of Mod(Jx£) which is closed
under colimits. Hence, it remains to construct a set of generators. The objects
JJuLy)/(JGLy)" where j: U — X runs through the objects of the site and n is arbi-
trary, do the job. |

Since Ox € Dis(Jx£), this suggests the following alternative definition for

Hochschild cohomology

HHJ 4;5(X) = EXtpig 5, 1) (Ox. Ox).

We show below that this yields in fact the same result as before. Along the way, we will
prove some technical results needed later.

For K € Dis(JxL), let RHompisyyr) (K, —) be the right derived functor of
Hompiggyc) (K, —) which sends F € Dis(Jx£) to the sheaf U +— Homy, - (K|U, F|U). The
exactness of jy implies that injectives in Dis(Jx£) are preserved under restriction. This

implies that RHomupis(y,c) (K, —) is compatible with restriction.
Lemma 8.2. Let M € Dis(JxOx). The natural map
RHOTnDjs(JXE)(OX, M) —> RHomeﬁ(OX, M) (81)

is an isomorphism. U
Proof. We may check this locally. Therefore, we may assume that £ is free over Ox and
JxL = Oxl[x1, ..., x4l

Let E be an injective object in Dis(JxL). We need to check that Sxt_'}XL(OX, E)=0
forn> 0.

Let Ko, = Oxl[[x1, ..., x%4l1[&1, ..., xq] be the Koszul resolution of Ox associated to

the regular sequence (xi, ..., Xg) in Jx£ (with differential d§; = x;). Then
RHomy,c(Ox, E) = Homy, c(K®, E).
Now put for p>1

pKo:K./(Xla-”7}(615515"-7§d)p‘



4112 D. Calaque et al.

Passing to associated graded objects, it is easy to see that PK, (equipped with the differ-
ential inherited from K,) is a resolution of Ox. Since PK, is a complex in Dis(Jx£) and E

is injective in Dis(Jx£), we find

n » _ n>0
H*(Homj,,(FK,, E)) =

Homy,r(Ox, E) n=0.

We find for n > 0:

H™(Homj,r(K,, E)) = H™(injlim Homy, . (PK,, E))
p

= injlim H(Homg, ¢ (PK,, E))
p
=0.

The first line is based on the observation that for any M € Dis(Jx£), we have

injlim Homy, r(IxL/(IGL)P, M) = M.
p

[ |

Lemma 8.3. For any K, £ in Dis(JxL), there is the following identity
RHompig ) (K, £) = RT'(X, RHompisc) (I, £)) (8.2)
in D(Ab). O

Proof. To check (8.2), we need to verify that if E is an injective object in Dis(Jx£) then
N =Homy, (K, E) is acyclic for I'(X, —) = Homy, (Zx, —). This is trivial if we are on a
space since one verifies immediately that N is flabby. If X is a site, then we can proceed
as follows. By general properties of Ext, an element o of Exth(ZX,N ) is represented
by an element in H”(Homzx(g',/\/)) for some resolution G* — Zy — 0 in Mod(Zy) and
by resolving G*® further we may without loss of generality assume that G° is flat. Then

we have

H"(Homg, (G*, N)) = H"(Homg,(G*, Homs, (K, E)))
= H”(HomJXg(Q' ®ZX K:, E))
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where Jx L acts on the second factor of G* ®z, K. Since G* — Zyx — 0 consist entirely of

flat Zy-modules, we have

e B K ifn=0
H™G®* ®z, K) =
0 otherwise.

Since G* ®z, K is a complex in Dis(Jx£) and E was assumed to be injective in Dis(JxL),

we conclude that forn> 0

H"(Homyg, (G*, ) = H'(Homy,((G* ®z, K, E))
= Homy, £ (H™(G* ®z, K), E)
=0.

Hence, o =0. Since this holds for any element of Ext%X(ZX,J\/), we conclude
Ext} (Zy,N)=0. [

Proposition 8.4. The natural map
HH} i (X) > HHE(X)
is an isomorphism. d
Proof. We need to prove that the natural map
RHomp;s (g, 0)(Ox, Ox) — RHomy, £ (Ox, Ox) (8.3)
is an isomorphism in D(Ab).
By the local global spectral sequences for RHomy,,(—, —) and

RHompjg gy c)(—, —) (Lemma 8.3), this reduces to Lemma 8.2. |

9 The Bar Resolution

The £ bar complex is defined as

B = Pxl)®xP+!
p=0
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with differential
b @ Qap) =1 @ - Quap—ap Q12 ® - ap+ (—DPag ® - - Q ap_1€(ap).
We consider Bfg. as a JxL-module via
a-(® - Qap) =aag a1 - Q ap.

Clearly, b’; is Jx£-linear. The map € : JxL = Bfm — Ox defines an Jx£ augmentation
for B% ,.

Proposition 9.1. The bar complex is a resolution of Ox as a Jx£-module. O

Proof. We need to prove that
B%, 5 0x—0

is acyclic. To this end, it suffices to construct a contracting homotopy as sheaves of
abelian groups. We do this as follows: we define h_; : Ox — B0 = JxLash_(f) = f-1

and for p > 0 we put
hpl@o® - Qap) =1RQa® -+ @ ap.

It is easy to verify that this is indeed a contracting homotopy. |

We need a variant on the construction of B)E( p- Put TxL =JIxL/(IL)9. Define

1B% . = P @xL)®xPr1,
p=0

In the same way as in the proof of Proposition 9.1, one proves that qB)E(. is a resolution
of Ox.

Lemma 9.2. For M € Dis(Jx£), we have

Hom$%(B% . M) = injlim Homy, £ (IB% ,. M)
q

(9.1)
= injlim Homo, (T xL)®*P, M). O
q
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Proof. With the notations as in Section 4.3, we have
Hom$H(BE ,, M) = inj lim HomSH(BE ,/ FnB% pr M)
where

FB§ = Y. (0™ &x - &x JZL™.
2ini=n

On the other hand, we have
injlim Homy, . (1B% ,. M) = injlim Homy, £ (B% ,/ GgB% ,. M)
q q
with

GqB}ﬁ(’p = Z(Jxﬁ)®xi ® (Jg‘(ﬁ)q ®X (Jxﬁ)®xp7i,
i

It now suffices to note that the filtrations (FnB}%p)n and (GqBép)q are cofinal
. . ﬁ
inside BX,p' |

Proposition 9.3. In D(Mod(QOx)), we have
L
Ox ®yyr Ox = Ox ®y,z B (9.2)
Furthermore for M € Dis(JxL), the composition

HOmHBE ., M) > Homyr (B .. M)

"
5 R?—LomJXL(B)%,, M) =RHomy, £ (Ox, M)

(with o, 7, and x the obvious natural maps) yields an isomorphism

(nro)™!
RHomy, £ (Ox. M) = HomSTH(BE,. M). (9.3)



4116 D. Calaque et al.

Proof. We first discuss (9.3) (see also [18, Theorem 0.3]). Let E® be an injective resolution
of M in Dis(JxL). According to Lemma 8.2, we know that injectives in Dis(L xL) are
acyclic for Homy, - (Ox, —). Hence, RHomy, . (Ox, M) = Hom,(Ox, E®).

Furthermore from the second line of (9.1), taking into account that (4 xL)®xP
is locally free over Ox and that direct limits are exact it follows that the cohomology
for the columns of the double complex Homcont(B)f, .- E®) is equal to Homcont(BX., ).
Thus, ’Hom“’nt(BX oM = Homcont(8§{ .- E°) as objects in D(Mod(Ox)).

We claim that the cohomology for the rows of Homcont(B}%., E®) is equal to
Homy, r(Ox, E®). Let E be a single injective in Dis(Jx£). Standard manipulations with
adjoint functors establish that

9E = Homy, r(JxL/(IxL)4, E)

is injective in Mod(9Jx£). Using the fact that qB)E( » is a resolution of Ox (as noted above),

we compute

H"(Hom S} (B% . 9E)) = lnj lim H"(Homay, £ (1B% . 1))

= inj hm Homay, o (Hn(qBX’ »)- E)
q

0 n>0

inj limq Homay, (Ox,9E) n=0

0 n>0

Homy, r(Ox, E) n=0.

Thus as objects in D(Mod(Ox)), we have Hom;, »(Ox, E®) = Homcont(Bff., E*®). We now

obtain a commutative diagram

Homy, £ (Ox. E*) —> HomSH (B . E*) —%—> Homy, (BS . E*)

- i

RHomy,(Ox, E®) RHomy, (B ,. E*)

1R

where the “=" denote quasi-isomorphisms. It follows that 7o is indeed an isomorphism
in D(Mod(Ox)).
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Now we discuss (9.2). It is easy to see that we have to show that
n L L
H™"Ox ®yyr Bx p) =0 forn> 0. (9.4)

We may check this locally. That is, we may assume Jx£ = Ox|[[x1, ..., X4]] and hence

B% = 0xlx", ... xF1 (9.5)

with Jx£ acting through the variables Xfl), e x((il).
Then Ox =JxL/(x1,...,%3) and (9.5) shows that (xi,...,xq) forms a regular
sequence on Bf(, P The required vanishing in (9.4) now follows in the usual way. |

10 Discussion of the Cup Product

We will consider D(Mod(Ox)) as a symmetric monoidal category through the derived

tensor product over Oy.
Proposition 10.1. There is a canonical isomorphism of algebra objects in D(Mod(Ox))
® : (HCY x)°PP —> RHomy,r(Ox, Ox) (10.1)

which sends the opposite of the cup product to the Yoneda product. |
Proof. We have

RHomj,c(Ox, Ox) = RHOmJXE(B;(’E, B;(’L).
Thus, ® is an element of

Homo, ((HC} 4)°PP, RHomy, (B ». By /)
or using the Hom-tensor relations (see Section 3.1), a map in D(Mod(Jx£L))

(HCE )P ®0y By =~ Bk -

Note that the tensor product is not derived since both factors are Ox-flat.
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Thus to define a morphism like in (10.1), it suffices to define a Jx£-linear action
of B%  on (HC'LX)Opp. One easily verifies that if the action makes B% r into a DG-module
over (HC% ,)°*" then @ is an algebra morphism.

For a section D =D; ® --- ® Dy, ofHCZX and a section o =g ® - - ® ag of Bf‘,’q,

we put

ao?Vp, a1 - "ZVDpap®Otp+1 ® --Qaq ifg=>p

DNa= (10.2)

0 otherwise
and for f a section of HC%’X = Ox we put
(@ - Qag) = fag® -+ ® aq.
This action is obviously Jx£-linear and furthermore it is an easy verification that
(D Na)=dg(D)Na+ (—1)'P'DNby ().

Hence, we have indeed defined a morphism as in (10.1). The fact that it sends the opposite

of the cup product to the Yoneda product follows from the easily verified identity:
(DUE)Na=(DPEIEN(DNa).
It is easy to see that the composition
HC} y — Homy,r (B .. Bg.) — Homy,(B%..Ox) (10.3)
is given by (we will pass silently over the special case p = 0 as it is easy)

g, 1) {ay, Dy) -+ {(ap, D if p=
D1®---®Dpr—> W ® - ®ag > ( ){a1, D1) (p p) p=q

0 otherwise
From this formula, it is easy to see that the image of ch x under (10.3) lies in

HomSIH(BE, 1, Ox) = HomS (IxL) P, Ox)
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and the resulting map
HCE , — Hom&S™ (JxL)®P, Ox)
is given by
D1 ® --®Dp— (11 Q- Qapr> (a1, D1) - (ap, Dp))

which by the discussion in Section 4.3 is an isomorphism.

We may now construct the following commutative diagram

HC. x Homy, (BS,. BS,) —= RHomy, .(B%,. BS,)

| | o s

HomFTE (B o Ox) —;— Homyy By, Ox) —> RHomy, £ (B ,, Ox).

Here the left square is commutative by the fact that (10.3) has its image inside
Hom"f’nt(l’)’)ﬁ., Oyx) (as we have discussed in the previous paragraph). The right horizon-

tal arrows are derived from the obvious Jx/£-linear actions

HomJXE(B§,Q’ B§,o) ®OX Bf{,. - Bf{,.’

Homy, £ (B%,. Ox) ®o, B, > Ox

(as explained in the beginning of the proof for the HC . x-action).
The curved arrow is an isomorphism by Proposition 9.3. It follows that (10.1) is

indeed an isomorphism. u
The following result was observed by the referee.
Proposition 10.2. The map of DG-algebras

(HC, )PP —> Homggfg(B)g,, B% )

obtained from the (continuous!) action of HC} , on Bx, through the cap product (see

(10.2)), is a quasi-isomorphism. O
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Proof. The proof is easy in principle but we have to be careful with taking products of
sheaves. In particular, the functor ’Homcont(BX .» —) is not exact. This problem is solved
by working on the presheaf level.

Looking at the leftmost square of (10.4) it is clearly sufficient to show that
the map

Tot(HomS$E (B .. B%..) — HomSE(B% ,. Ox) (10.5)

obtained from the augmentation is a quasi-isomorphism. In this framework, we regard
Homcont(B)L( o BE .) as a double complex located in the second quadrant. Thus, the hori-
zontal differential comes from the differential on the rightmost copy of Bx ..

We first replace our site with a new one X' containing only the objects U for
which Ly is free. Obviously X and X’ have the same sheaf theory. Let U be an object of
X'. We will show that

Tot(Hom$E (B .. B )(U) = Tot(Hom '} (B ,. B ,)) — Hom$} (B ,. Oy)

= Homcont(BX . Ox)(U) (10.6)

is a quasi-isomorphism. Thus, we obtain a presheaf version of the required quasi-
isomorphism. We finish by applying sheafification.

Some diagram chasing reveals that to prove that (10.6) is a quasi-isomorphism
it is sufficient to check that the rows of the double complex Homcom(Bg o BE ,) have the

correct cohomology. That is, for any n we must check that the map
Homggnﬂt(Bf,: w BU ) — Homgonﬁt(BU » Ov)

is a quasi-isomorphism.
Now the local form of Jyy £ (see (4.8)) implies that Bﬁ’n is topologically free. Denote
the indexing set for a basis by I. Then the functor

t
HomSZ (55, —)
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sends a sheaf M of complete linear topological JyL£-modules to M(U)!. Hence, it

remains to show that
BS ,(U) — Oy(U) — 0

is acyclic (since then we may invoke exactness for products of abelian groups).
The fact that I'(U, —) commutes with inverse limits and hence with completions

implies that
B ,(U) = BE(OW))
where

BEOW) = PUyLw)ExpH!
p=0

with the usual differential and
JuLU) = Oy(M)|[x, ..., x4l].

To finish the proof, one uses the same method as in the proof of Proposition 9.1 to show
that BS .(U) is quasi-isomorphic to Oy (U). |

11 Discussion of the Cap Product

Now we prove the following result.
Proposition 11.1. There is a canonical isomorphism in D(Mod(Oy))

L
W Ox ®y,c Ox —> HC%, (11.1)

which is compatible with & (see (10.1)) in the following sense: denote the action of

L
RHomj,r(Ox, Ox) on the second argument of Ox ®;,, Ox by “N”; then we have
DNY(w=®D)Nu (11.2)

L
for a section D of HC, and uof Ox ®;,, Ox. O
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Proof. By (9.2), we have
L c
Ox Ryl Ox =0x Rl BX,.'
We now define
v OX@JXEB)‘C(’. — HC)K(’. fRa® - Qapr> fe(ap)a ® - @ap
where we use the version of Hcfg. given by Proposition 7.1.
It is easy to see that W commutes with differentials and is an isomorphism of

complexes. This gives the required isomorphism in (11.1).

To verify (11.2), we need to check that the following diagram is commutative

v
Ox ®ixr Bg. — HC§’(’.

1®(Dﬂ)i J{Dﬂ

Ox Ryl B)L(’. - HC§(’.

where the cap product formulas are (10.2) and (7.4). This is again a simple

verification. u

12 Main Result

The following is our main result.

Theorem 12.1. There are isomorphisms

®: R'T(X, HCY ) —> HHZ(X)

W : HHE(X) — R I'(X, HC%,)
such that (&, ¥~!) defines an isomorphism
(R°I'(X,HC}. ), R°I'(X, HC}%,)) = (HH}(X), HH?(X))

compatible with the natural algebra and module structures. O
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Proof. Combining Propositions 10.1 and 11.1 with the discussions and the results of
Sections 6 and 7, we get the result except that R"I'(X, HC}. ;) is replaced by its opposite.
However, HCZﬁX is commutative as algebra object in D(Mod(ky)). Hence, R°T"(X, HC'LX)
is commutative as well. |

Appendix A. Jet Bundles as Formal Exponentiations of Lie Algebroids
A.1 Introduction

This appendix can be read more or less independently of the main paper. We show that
the jet bundle of a Lie algebroid is a formal groupoid (see Section A.2). For simplicity
of notation, we work over rings. Thus, L is a Lie algebroid locally free of rank d over a
commutative k-algebra R. This is not a restriction as we may easily pass to spaces by
sheafification.

We use self-explanatory variants of our earlier notations. For example, UgrL and
JgrL instead of UxL and Jx L.

The main result of this appendix appears without proof in [11, (A.5.10)]. At the
time when this paper was about to be published, Hessel Posthuma pointed out to us the
anterior paper [12], where a different proof that the jet bundle of a Lie algebroid is a
formal groupoid appears. We make precise the relation between our proof and theirs in
Remark A.10.

A.2 Statement of the main result

We will prove that a number of structures exist on JgL (some of which already appeared

before). All algebras and morphisms are unitary.

(1) A commutative, associative algebra structure on JrL (as in the main paper).

(2) Two “unit maps”

1;:R— JgL
I,:R— JgL

(with 11, being the R-algebra structure on JgrL appearing in the main pa-
per). The unit maps are algebra morphisms.

(3) A “comultiplication”

A :JRL — JRL ®Rr JRL
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which is an algebra morphism and also a morphism of R-R-bimodules
where R acts through 1I; on the left of JgL and through 1, on the right
of JrL. This convention is also used to interpret the tensor product JrL ®gr
JrL. Note that this convention is different from the one which was in use
in the main paper.

(4) A “counit” (as in the main paper)
e:JgrL - R

which is an algebra morphism and an R-R-bimodule morphism where R is
considered an R-bimodule in the obvious way.

(5) An invertible “antipode” which is an algebra morphism
S:JgrL — JgrL

and which exchanges the R-actions on JgrL through 11; and 1I,.
These structures satisfy the following additional properties

1. A is coassociative in the obvious sense.
€oll; =idg=€o0 1.

For all « € JRL, we have
Z(]ll o))z =a = Za(l)(]lz oe€)(a2)).
o o
4, TFor all « € JgL, we have

Zs(a(l))a(Z) = (I20€)(a),

Zau)s(a(z)) = (111 o €)(a).

We will also show
5. §%= idygrL-

Just as in the Hopf algebra case, this turns out to be a formal consequence of the com-
mutativity of JgL [13, Corollary 1.5.12].
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Remark A.1. The listed properties are precisely those enjoyed by the coordinate ring of

a groupoid. O

Remark A.2. If Ris finitely generated and smooth over a field kand L =T def Derg(R)
then JrL is the completion of R ®x R at the kernel of the multiplication map R ®x R — R.

In this case, the structure maps are given by the following formulas

1;(@ =a®1,

(@ =1&®a,
Aa®b) = (@®1)® (1®b),
e(a®b) = ab,
Sa@a®b)=b®a.

One easily verifies that these maps have the indicated properties. |

A.3 Proofs

The algebra structure on JgL and the counit ¢ were already introduced in the main
paper. See (4.6) and (5.1). We also introduced two commuting left UgL-module structures
on JrL, namely, ¢V and 2V (see Section 4.4). For consistency, we will denote °V here
by V.

Lemma A.3. The two actions 'V are compatible with the natural filtration on JgL. On

the associated graded algebra of JgL, which is equal to SgL*, the actions for !V and 2y

are as follows

(1) Forr e R, 'V, and 2V, are multiplication by r.

(2) Forl e L, %V, is the contraction by I and 'V; is the contraction by —I. |

For r € R C UgL, we define 1;(r) = !V,(1). Concretely 1;(r)(D) = rD(1) and L2(r)(D) =

D(r) and hence in particular

1;(1) =1=15(1). (A.1)
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Here the “1” in the middle is the algebra unit for JgrL (see Section 4.3). Through the
identification JgL = Homg(URL, R) it corresponds to the counit on UgrL which sends D
to D(1). Equation (A.1) expresses the fact that 11; and 11, preserve algebra units.

We must establish a number of trivial properties of V.

Lemma A.4. We have fora € JRL,r,s€ Randi =1, 2

Wra = 1i(r)a,

L;(rs) = L;(r) ().
Thus, the maps 1I; are algebra morphisms R — JgL. Furthermore, we have
€oll; =idg=€o0 1. =
Proof. Assuming the first claim, the second claim follows:
1;(rs)a = 'Vysa = 'V, Voo = 1; (1) i (s)er.
Taking o = 1 yields what we want.

Now we prove the first claim. We first consider the case i = 1. Let D € UgL. Then

we compute

(I (Na)(D) = Z(ﬂl(r))(D(l))Oé(D(z)) =re(D))a(D2))
D

= ra(e(D1))D) = ra(D) = (ra)(D) = (*V;a)(D).
Now we consider the case i = 2. We compute
(I2(Na)(D) = > (L2(M)(Dy)e(Dez)) = Y Day(re(Dz)
D D

=Y a(D)(r)D(z)) = a(Dr) = (*Vya)(D)
D

where in the fourth equality we have used the fact that UgL is a so-called Hopf algebroid

with anchor [17]. The third claim is a trivial verification. [ |
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Lemma A.5. We have

V(1) = (L 0 €)(D). O
Proof. The right-hand side is equal to iVD(l)(l). Hence replacing D by D — D(1) we must
prove that if D is such that D(1) = 0 then IVp(1) = 0. Such a D is of the form D'l, 1 € L.
Hence, we reduce to the case D =1. We now conclude by using the explicit formulas

for iv. |

We define two pairings between UgL and o € JgL:

(@, D); = e('Vpa)

fori =1, 2. We have («, D) = «(D). Hence, (—, —)2 is the pairing (—, —) in the main paper
(see Section 4.5). These pairings satisfy suitable linearity properties with respect to the

R-actions via 11;.

Lemma A.6. Forr e R, « € JgL, and D € UgrL, we have

(a,rD); =r{a, D)i = (allz(r), D)i, (A.2)

(o, Dr); = (11;(ra, D); (A.3)

where 7 = 3 — i and where in the second line we have used the right action of R on UgL

obtained from the inclusion R C UgL. O

Proof. The identities in (A.2) are a direct consequence of Lemma A.4. For (A.3), we

compute

(@, Dr); = €(Vpr(@)) = €(Vp' V(@) = e((Vp(1;(r)a)) = (1;(r)a, D);. m

Furthermore, we have the following properties.
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Lemma A.7. We have for D € UgL, o € JgrL:

(I, D)1 = (D) = (1, D)2, (A.4)
(a, 1)1 = €(@) = (a, 1)2. (A.5)
O

Proof. For (A.4), we need to prove (:Vp(1))(1) = D(1). For i = 2, this is immediate. The

case 1 = 1 follows by writing out D as a product of elements of L and working out the

expression !'Vp(1)(1). (A.5) is an immediate verification. [ |
Lemma A.8. The pairings (—, —); are non-degenerate R-linear pairings (in the sense of
Lemma 4.1) where R acts on JgrL via 11;. O

Proof. The casei =2 is Lemma 4.1. The case i = 1 is handled in a similar way by pass-

ing to associated graded objects and applying Lemma A.3 to the definition of (—, —);. H

Lemma A.9. We have for D € UgrL

Wp@B) =Y 'Vpu (@) Ve (B).
D

Proof. We have already encountered the case i = 1 in the main paper. It expresses the
fact that JgL is an R-algebra (via 11;) and that the multiplication on JgL is compatible
with the Grothendieck connection. See Section 4.3 and (4.11).

The case i = 2 is an easy verification

2Vp(af)(E) = (@B)(ED) = Y a(EqyD(1))B(E2)Diz)
E.D

= 2Vp, (@) (E1)*Vpy, (@)(E@) = *Vp,, (@)*Vp,, (@) (E).

We define the coproduct on JgrL through the following formula

e(}Vp2Vgp(a)) = Z(Ol(l), D)1{a), E)2
o
for all D, E € URL, @ € JgL. The non-degeneracy of the pairings (—, —);, i = 1,2 (see
Lemma A.8), implies that this formula yields indeed a well-defined element ), o1) ®
a) € JRL ®R JRL.
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Remark A.10. Keeping the previous notation, let us recall the simpler expression of [12]

for the coproduct:
«(DE) =) aq)(Dag)(E)). (A.6)
o

Without going into the details (for which we refer to [12] and references therein),
let us also mention that in [12] the authors consider a so-called “translation map”
D+ Y, Dy ® D_ which simplifies considerably the formula for the Grothendieck con-
nection, that is, !Vp(a)(E) = > p Di(x(D_E)). Using this, our definition for the coprod-

uct reads:
Y Di(@D-E) =) > Dileq)(D-)ag(E). (A.7)
D D «o

We now prove that the two definitions actually coincide. Suppose that (A.6) is satisfied,
then

Y Dy((D-E) =YY Dilaq(D-ax(E) = Y 'Vple)(e(E)
D o o

D

=Y a@E)' Vplea)(1) = > Y @) (E)Dy(aq)(D-).

D

Therefore, (A.7) is also satisfied. O

Lemma A.11. The coproduct is an algebra morphism and a morphism of R-R-

bimodules. O

Proof. The fact that the coproduct is a morphism of R-R-bimodules is an easy conse-

quence of the linearity properties of (—, —); 2 (see Lemma A.6).
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We check that A(1) =1 ® 1. This means
e('Vp?Vg(1)) = (D, 1)1(E, 1); = e(D)e(E)
(for the last equality we use (A.5)). We compute

e(!Vp?VEe(1)) = e(!Vp(lla(e(E))))  (Lemma A.5)
= (2(e(E)), D)
= e(E)(1, D), (A.2)
=¢(E)e(D). (A5

We now prove that the coproduct is compatible with multiplication. We compute

> {@B)a). D)1(E, (@B) )2 = (1 Vp*VE(ap))
of
=Y ('Y, Ve, @)e(' Vb, *VE, (B)

D.E

Z (@), Day1le@), Emy)2(Ba), D2))1{B2), E@))2
D.E.a,p
Z(Ol(l)ﬂ(l), D)1{a2)B2), E)2.
a,p ]

Lemma A.12. One has the following formulas

'Vpa = 11 ((e1), D)),

2Vpa = aq)l2((e2), D)2).

Hence in particular for D = 1, we get the counit axioms

a = (II; o e)(aa)a),

a = aq)(llz o €)(a(2)).
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Proof. To prove for example the first formula, we show that both sides give the same

results when applying (—, E)2. We compute

(1 {1y, DY1)agay, E)2 = (o), D)1{az), E)2

=e(*Vp?Vga)

=€ (2 VEI VDOl)

= (!Vpa, E)s.
The second formula is proved in the same way. |
Lemma A.13. The coproduct on JgL is coassociative. O

Proof. We compute the two sides of
*VE'Vp () = 'Vp*VE (@)
using the formulas from Lemma A.12. For the left-hand side, we find

Y ?VE'Vp(e) = Ti(l@q), D)1)*Ve(e()

=Y i@, D)D) L2((e@) @), E)2)a@a).
o
For the right-hand side, we find

> 1VpPVE(@) = Ta((ae), E)2)' Vb (aq)

= Z I2({a2), E)2) L1 ((ay1), D))
o
so that we get

Z I ((D, ay)DaeymL2((E, a@)2))2) = Z I ((D, aymy) Doy L2((E, a2))2)-
o

o
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Since this is true for any D, E we deduce by passing to associated graded objects and

invoking Lemma A.3
Z ) @ a@)1) @ a@z)e2) = Za(l)(l) X a1)2) ® A2
o o

which is precisely coassociativity. [ |

The antipode is defined using a similar formula as for the coproduct
(Sa, D)1 = (a, D)a.

Once again the non-degeneracy of the pairings (—, —); 2 implies that we obtain an

invertible map S: JgL — JgL.

Lemma A.14. S is an algebra morphism which furthermore exchanges the actions of
Ron JL through 1} and 1. O

Proof. The fact that S exchanges the two R-actions follows from the linearity property
of the pairings (—, —)1 2 (see Lemma A.6).

The fact that S in an algebra morphism follows in a similar way as for the
comultiplication. [ |

To verify the properties of the antipode, we need the following formula.

Lemma A.15. One has for D € UgL, « € JgL

Y (@), Dayr (), D)2 = D(e(@)). (A.8)
D, O

Proof. We first observe that by definition

{1y, Day)1 (@), Dizy)2 = et VD(l)ZVD(z) (@)).
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We first claim that (A.8) is multiplicative in D. Assume that (A.8) is correct for D, E €

URgrL. Then we claim it is also correct for DE.

(Vo) 1, VDB @) = €' VD1 Eq 2 VD Eg (@)
G(IV(DmIVE(DZVD@)ZVE(Z) (@)
€'V, Vg ' Va2 Vg (@)

= e(D(e(*Vg,,*VEg, (@)  (induction)
= D(e(* Vi, *VEg, (@)

= DE(e()) (induction).

Hence, it suffices to look at the cases D=rec R and D =1[¢€ L. These are easy

verifications. [ |

Lemma A.16. We have

Z“(I)S(aa)) = (11 o €)(a), (A.9)
> S(aayae = Iz 0 €)(@). (A.10)
« O

Proof. For (A.9), we compute

Z(a(l)s(a(z)), D) = Z(a(l), D)) 1(S(a2)), D2y)r

o o, D

= Z(Ol(l), Duy)1{e), D2))2
a,D
= D(e(a)) (Lemma A.15)

and

(D, 17 oe(a))1 = (De(), 1)1 (Lemma A.6)
= e(De(a)) (Lemma A.7)
= D(e(a)).

The proof for (A.10) is similar (one uses the cocommutativity of UgL). |
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Finally we verify:
Lemma A.17. One has S? = idj,z. O

Proof. The proof is based on the following computation. On the one hand
Z S* (1)) S(e2))ea) = Z S*(a1)) (1 0 €)(e(2))
o o
= Z S%(a)(lz 0 €)((2)))
o
= S%(a);
and on the other hand
> S Sla@)ae = Y S(Slen)ae)ae)
o o
=) S((Tz 0 €)(a1))ex(z)
o
= Z(ﬂl o €)(a))a(2)
o
= .
We have used the coassociativity, the counit axioms, and the fact that S is an algebra

morphism which intertwines the actions 1; and 1, of R on JgL. [ |
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Notes

1. Equivalently, an £-connection on M is determined by a map d¥ : M — £* ® x M satis-
fying a Leibniz type identity (see e.g., [6]).
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2. The “G" stands for Grothendieck, as this connection is often referred to as the

“Grothendieck connection.”

3. In [5], we used a shifted version of this complex (denoted by Dfmy x) to make the Lie

bracket degree zero. Since here we emphasize the cup product, we drop the shift.

: L L
4. In [5], we used the notation HCpoly,X for HCX’..
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